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Propagation of solar radiation in the ” atmosphere — ocean” system is described
using the model of two media with reflecting and transmitting smooth or wavy
interface. The solution is represented in the form of linear and nonlinear functionals
forming the optical transfer operator whose kernel is a vector function of the influence
of the atmosphere and ocean. The vector function of the influence for horizontally
homogeneous problem is the response of each medium to the external unidirectional

radiation flux incident from the interface.

The present paper deals with the mathematical models
constructed for the detailed study of the radiation field
formation and image transfer in the atmosphere—ocean
system based on the numerical experiments. The method of
the influence functions (IF) or fundamental solutions was
developed as applied to two—medium problems with
reflecting and transmitting smooth or wavy interface.!™
The basis for mathematical apparatus for constructing the
IF models and optical transfer operator (OTO) is provided
with a series of perturbation theory, theory of generalized
solutions of kinetic equations, and theory of fundamental
solutions of equations with differential operators in terms of
partial derivatives. The complete solution of the problem on
account of nonlinear approximations in the multiplicity of
radiation interaction (reflection and transmission) with the
interface is reduced to finding of the influence functions of
the atmosphere and ocean, i.e., to the fundamental solutions
of linear problems of the transfer theory independently for
each medium and to calculation of nonlinear functionals
whose kernels are the influence functions of the atmosphere
6, and ocean 6_. As a result, in addition to the complete

solution, the explicit relation, which describes the optical
transfer operator of the system, is determined between the
measured radiative characteristics and the parameters of the
interface between the media. The new results of the
proposed approach are the reduction of numerical solution
of a single boundary—value problem for two media to that
of the two boundary—value problems independently for each
medium and formulation of the OTO in the matrix form
with the kernel being a two—component vector {® =00 _}.

a oc
The constructed mathematical models of the IF and OTO
allow one to develop new algorithms for remote sensing
of the atmosphere—ocean system and image transfer
theory.

In this paper we restrict ourselves to consideration
of a horizontally homogeneous problem, though the
aforementioned approach was developed for the problem
with inhomogeneities in horizontal planes. As we show
below for homogeneous smooth or wavy interfaces the
IF’s of the atmosphere and ocean are the responses of the
media to the propagation of an unidirectional wide beam.

PROBLEM FORMULATION

Propagation of solar radiation in the atmoshere—ocean
system is described by two classes of problems:

1) problems with a nonorthotropic boundary in which
the ocean is modeled as a reflecting base (Fig. 1) and
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2) problems in the atmosphere—ocean system with an
internal interface reflecting and transmitting the radiation
(Fig. 2).
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The problems with a nonorthotropic surface were
considered in detail in Refs. 1—4. In this paper we call
attention to the problems in the atmosphere—ocean system
(Fig. 2).

The direction of radiation propagation is specified by
the vector s={u, ¢}, p=cosv, pe[—1, 1] on a unit
sphere Q =[—1, 1] x [0, 2n], where v e [0, 180°] is the
zenith angle counted off from the positive direction of the z
axis and ¢ € [0, 2n] is the azimuth. The value ¢ =0 is
assumed to lie in a plane of solar vertical, i.e., a solar flux
is incident on the layer boundary z =0 in the direction
sy = {1g @9} at the zenith angle v, e [0, 90°], where
Ho = cos v, and the azimuth ¢, = 0.

For downward transmitted radiation we introduce the
hemisphere of directions Q" = {(n, ¢): > 0} and for upward
reflected radiation we introduce Q™ ={(y, ¢): p < O0};
Q=Q"uQ~

The boundary conditions are written down using the sets

[p=1{219:2=0,5seQ"}, ITy={29:2=H,5sQ7},

Tpe={z9:z=hseq, Il={z9:2=hseQ}.
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At the altitude z = / there is an interface between the
two media. The radiation transmission through this interface

A A
is described by the reflection R, and R, and transmission

AN AN
T, and T, operators, where the subscript 1 corresponds to

the upper layer (it is usually the atmosphere) and the
subscript 2 — to the lower layer (ocean)

A
[RDNz="h,s)= fq)(z =, YR, sHds', seQ;

Q+

[IAQZ(D_](Z =0, s)= f D(z =1, s) Ry(s, s ds', seQ”;

Q

[%db*](z =0, )= fCD(z =h,s") T(s,s)ds", seQ;

Q+

[?‘Zﬂ)—](z =ns) = f Dz =h,s)T,(s,s)ds', seQ;

Q

The optical properties of the atmosphere and ocean are
determined by vertical distributions of the coefficients of
extinction ¢(2) = 6(2) + o,, (2), absorption o, (2), total

scattering 6 (2) = 6,(2) + 5, (2) including aerosol o,(z) and
molecular o, (z) components as well as by the total
scattering phase function

o,(2) c,.(2)
e W) =5 ) v 0+

5@ )

which, in the general case, incorporates the aerosol y,(z, %)
and molecular y (%) = 3(1 — cos?y),/(16n) components.

m
The integro—differential operator of the kinetic equation

AN AN AN AN
K =D —S contains the transfer operator D = (s, grad) + ¢ (2)

AN
and the collision integral S® = o (2) f ®yds'. For the one—

Q
dimensional plane problem (with horizontal homogeneity) the
transfer operator is

Pl A A A
Zzugﬁ'ce(z), KZEDZ_S‘

A

D

ON SEPARATION IN THE CONTRIBUTIONS OF THE
ATMOSPHERE AND OCEAN

Let us consider the boundary—value problem for the
radiative transfer equation in the atmosphere—ocean system
with the interface

A AN
Ko=0, ¢>|r0=fo, d)er:qRHd),
A A (1)

AN AN
_ _ + _ + _
c1>|rh+—R2q> +T,,0", c1>|rh_—R1c1> + T,y ®

without comprehensive analysis of the forms of the
reflection and transmission operators. We make use of linear
properties of the boundary—value problem in the form of
Eq. (1) with respect to the sources and represent the total
radiation field of the system in the form of a superposition
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P=0"+D + O+ D, D,

whose components are the solutions of the following
problems.

The direct attenuated solar radiation ®° is the
solution of the problem

B o0 0
Do’ =0, ®|r0=[an(S—SO)],

ol =0, @ =0, o =0
Trr |Fh+ |rh_

for the upper layer z € [0, 2] and ®° = 0 only for s = Sy

The background radiation of the atmosphere @, is the

solution of the problem with null boundary conditions for
the layer z e [0, /]

AN _/\0 _ _
R, =[50, @] =0, @ =0,

=0.
Ty=

‘Da l"h+ =0, (I)a

The radiation of the atmosphere reflected from the
interface is the solution of the boundary—value problem for

the layer z € [0, /2] with the source located at z = h

-0. @ -0
Ty ’ aR|Ty; ’
()

=R @, + [R (0 + )]
aRr l'h— 17 aR 1 a

and can be found as the sum of two components
— ®Y hz
(DHR q)nR + (DHR :

The component (IJ(;R is the contribution to atmospheric

haze due to scattering in the upper layer of the direct
attenuated  radiation  reflected from the interface
(z € [0, h]):

A

KZcDaR_ 0, (I)aR Ty =0, (I)aR Ty =0,
3
@’ =0 c1>°| — R, + [R,F]
aR l"h+ ’ aR l'h— 17 aR 1 .

Scattering of a diffuse component of haze reflected
from the interface produces the component q)l:]le being the

solution of the problem in the atmosphere (z € [0, 2])

=0, thz =0,

2 hz hz
qu)aR_ 0, D ar|Ty

T

0
4)

hz — hz

ot =0, ol

- hz* Bt
= - R1(I)aR + [R1cba ] .

The radiation produced in the atmosphere and incident on
the interface z = £ is the source of the light field component
of the system @ . in the formation of which the ocean is

directly involved (® . # 0 for z € [0, H])
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AN
qu)oc =0 ’ (Doc FO =0 ’ (Doc FH =0 ’
B - 47 + 2 0 + +
oc| I+ - R2(D0c + T12®oc + [T12((D + q)n + (D;IR)] ’ ()
AN A _
D, r,- - R1(D0c + T12(D0c‘

After detailed examination we can introduce the
superposition

— 50 hz
(I’O(‘ - (I)oc + cDoc

with separation of the brightness field components
associated with the direct solar radiation cDg .

2 0 0
qu)oc =0, @y ry 0, @ Ty =0,
VAN A A
0 — 0— 0+ 0 0
oc|I;+ - RZq)oc + T12®0c + [T12(® + (D;IR)] ’ )
VAN A
0 — 0+ ()—
oc|T)— - Riq)oc + T21q)oc

and with the atmospheric haze q)gﬁ

AN

Ra=0. oy =0. ol =0,

(I)hl — I/é q)hzf + f‘ (I)hz+ + [/7\~ ((I)+ + ther)] (7)
oc | T+ 2% oc 127 oc 12" a aR ’

(I)hz — 1/% (I)thr + % (I)hzf
oc |~ 17 oc 217 oc

The contribution of the illumination from the
reflecting ocean bottom is found as a solution of the
boundary—value problem

VAN VAN
Ko,=0, o]|. =0, ®q|rH=qRHCI)q+[qE],

AN A (8)
® =Ry, + Ty!, @

AN
a|T),+ q’ qglt,— R1(I)(/ + T21(I)q ’

Ty

in which the source of radiation is the illuminance of the

VAN
ocean bottom E = R @ .
o oc

For the Lambertian ocean bottom in the case of one—
dimensional plane problem E = const and the solution of
boundary—value problem (8) can be sought based on the
formula

AN
@z, 1, 0) = gE¥(z, , 0)/(1 — qcy) , ¢y =RY

determining the explicit dependence of the illumination on
the albedo of the ocean bottom ¢ in terms of the
transmission function of the W—solution of the problem with
isotropic insolation at z = H

K¥=0, ¥ =1,

=0 ‘Pll.H

oA A N AN ~ ©
Wlp = R T YlGlr—R1‘I’ + T, .
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EQUATIONS FOR THE INFLUENCE FUNCTIONS OF
THE ATMOSPHERE AND OCEAN AND THE OPTICAL
TRANSFER OPERATOR

The solution of the problems for the atmospheric
radiation components given by Egs. (2)—(4) was studied in
Refs. 1—4, where the ocean was taken into account as a
reflecting nonorthotropic or Lambertian surface. The
components of the field CDQ , ®1§j3, and @, , were calculated
in terms of the influence function of the atmosphere, i.e.,
the solution of the boundary—value problem
{KZOaZO, Oa F():()? Oa l—h7=5(s—37). (10)

Aforementioned problems (5)—(7) for determining the
individual components of radiation formed in the ocean can
be written down in the general form

AN
qu)oc =0 ’ q)oc 1"0 =0 ’ q)oc FH =0 ’
A
D, I+ - n(RZFoc + T12(D0(‘ + Eoc(s)) ’ (1D
0 — [y oA +
q)oc r,- - n(Riq)oc + T21q)oc Ea(s)) ’

where the radiation sources are the illumination of the
ocean from above, i.e., from the atmosphere, E OC(s) and the
illumination of the atmosphere from below, i.e., from the
ocean, E (s). In particular, for problem (5) we have

VAN
_ (1] + +
E (s) =T, (0" + @} + ®}p),

for problem (6)

AN
E, () =T (@ + dp)

for problem (7)
/\ P
E, () =T (@] + b,

and for all three problems (5)—(7) E (s) = 0.

Let us introduce a perturbation series for solving
problem (11)

(12)

o = z n'"®,
n=1
with the parameter n, which is indicative of the event of
passing through the interface, and the two—component

vectors

o, = ,o Y E={E E} 06={,0/]. (13)

an’ ocn oc oc

In the linear approximation (z = 1) the problem with
two sources E, (s) and E_ (s)

Ko=0, o =0,

z

=0, q>|
FO 1FH

(I)1 l"h+ = EO(‘(S) ’ (:D1|rh, = Ea(s)
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separates into two problems: for the ocean (z € [h, H])

AN
{KZ(I)O(‘1 =0 ’ (I)O(‘1 FH =0 ) ¢’0(‘1 E (S) (14)
and for the atmosphere (z € [0, 2])

A
{qu)a1 =0, q)a 1 |FO =0, (Du1|l"h— = Ea(s) ’

where @, = 0 since E,(s) = 0
Let us represent the illumination as a functional

1
Ep = J B0 G -5 ds',
n+
then the solution of problem (14) can be written down as a
linear functional (s € Q, z € [h, H]

E )= o fEOC(S*)GOC(z, s, s7) ds*,

Q+

(z,5)=1(0

or 1 oc’

whose kernel is the influence function of the ocean, i.e., the
solution of the problem for the layer z € [/, H]

{Ro =0, 06| =0,06/|  =ss—s). (15)

oc l"h

In the second approximation (7 =2) the problem
(z (0, HD

AN

Ro,=0. @) =0, af =0,
A SR A

‘I’2|rh+_R2‘I’1 + T, (16)
A A

q’2|r,f_R1‘I’1 + Ty

VAN A

separates into two problems (R,®} =0, T ,®; =0): for
the layer z € [0, /]

AN AN _
{qu);l 2 =0 ’ q)a 2|F0 =0 ’ (D;\2|l"h— = T21q)oc1
and for the layer z € [h, H]

AN AN _
{qu)ocZ =0 ’ q)ocZ FH =0 ’ q)ocZ l"h+ = R2®()(t1 .

The solution of problem (16) is written down for two
components in the form of linear functionals

AN
®, (2, 5) =(0,, T, @, )=

oc 1

Ml_

f 0( 1](5 )9(2 S, S —)ds™ =
Q-

1 1 A
=5 0.(z, s, s)ds™ P f [T,,0,.1Gs7) E,_ (s7) dsT
Q+

e}
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0( 2(2 S) ( 0(’ R (D(Tr 1) =

f [R, @, 1(s7) 0, (2, 5 57)ds" =

1 1 A
= [ oG s ds o [ IR0, (s ds)

ot ot
or
o, =0, (T,05, E,)) = (0, 1,00, E,)) ,
= (0, (R, E,)) = (0, R0, E,)) .

For the third and subsequent approximations (n > 3)
the total problem (z € [0, H])

(13”2(), q)nl"O:O’

NN >

AN _ A N VAN " A _
o, T+ - R2¢7l—1 + T12(I)71—1 . D, r,- - R1(Dn—1 + T21(I)71—1

separates into two problems according to the sources: for
the layer z e [0, /1]

A AN n A =
{K ®,, = 0, q)n n|1‘0 =0, (Da 71,|l"h— - R1(Dn nt T T21(D

oc n—1

and for the layer z e [/, H]

N
zq)oc = 0 ’ (Doc "|FH =0 ’
B ot
q)oc n|T,+ - R2(I)oc n—1 - T12q)a n—1"

Let us write down the linear functionals for several
successive approximations including the terms engendered
by the source E,

n=1
o =, E),
0( 1 (eo(’ Eoc) )
n=2
A
o, =0, Ra' +T,0 ),
(Doc2 (()(’R(D(r1 +T12®;T1);
n>3
JaN -
(9 R (I)nn 1 + T21®oc 71—1) )
A
o . = RCD +T,0,, ).

ocn oc’ oc n—1 an—1

We now determine the linear vector functional

O, )= f 0.(z, 5. 5 (s) ds,

@, f) =

(6 )——fe (z, 5, sHf, (s ds*

0("
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and the operation at the interface z = &

x>

AN
T o, 1)
?’f - ﬁ(@, f) _ 1 21 a la _

A\ A
T12 R2 (60(" foc)

AN AN A N AN _
R1(en’ fa) + T21(eoc’ foc) (R1en’ fa) + (T21eoc’ foc)

A AN
T12(9a’ fa) + RZ(OOC’ foc)

(@00 £+ Ry 1,0

oc’

where

(Ro:1s s = J RyGs. ) 0:(h, 51, s ds, s 5 e @ ;

Q+

/f + 7_f Nor(h. s s) ds' + o — .
[T,,0:1s, s)=) T (s, )0}(h, s, s)ds, s e Qs e Q;

Q+

VAN
[R,0,.1(s, s) = fR2(S, s)0,.(h, s, s)ds', s, 5" e QF;

Q

A
[T,,0,.1Cs, s)= f T, (s, s) 0, (h, s, s)ds, sex, s"ex,
o

so that

[Pf1(s) = P(®, £)(s) =

-
% f {[k\ﬁZ](s, s [+

Q

< + [?’216&](5, ) foc(s*)} dsm,se Q—,

% f {[?129:](& s*) fa(SJ') +

Q

\_+ [IAQQGJC](S, s*)foc(er)} ds*, s e Q' .

an

Let us write the nth approximation in the vector form
and make use of definition (17):

0 @, E,)
(I)1 N |:q)oc 1j| - (9 Eoc) = (®v E) s

oc’

~>

21 Poct

AN AN AN
F, = Po, = P(®, E) = PE =

AN
R, ®

011
AN AN AN
®,=(®, F,) = (8, PE) = (0, Po)) = (8, P(©, E)) ,

+ e
1@, + Ty @,

oc 2

x>

AN AN AN AN
F,=P®, = P(®, F,) = PF, = P’E =

o>

VAN
- +
2 Py T1p®P

T.A. Sushkevich

AN AN AN
@, = (O, F,) = (0, P0,) = (8, PD,) =(®, P’E),

AN AN AN AN AN A
F, = Po, = P(®, F,) = PF, = P(®, P’E) = P°E .

It can clearly Dbe seen that two successive
approximations are related by the recurrent formula

AN
(I)" = (®’ P(I)”71) )

which comprises the matrix operator describing the single
passage through the interface z = h. Thus, the two—
component vector specifies the source at the interface z = £
in the problem for the nth approximation

JANEVAN
A R1 T21 @:][_1(2 = Il, S)
F,_, =Po, = i
i e NA — iy
Ty, Ry |L P iz =h9)
AL A
_ R1(I)a n—1 + T21(I)0C et
= ot
RQ(I)O(' et + T12(I)a i
Let for n > 2

AN
o, = (0, P'E) .

Then for the (n + 1)th approximation the problem

A
Ko

z n+1:0’ (I)nﬂ 1"020’ q)n+1 FH:()’
AN

D,y T+ - R2q)n + T12(Dn ’
NN

q)71+1 |l",r - R1(I)” + T21(I)n

separates into two problems: for the layer z € [0, /]

A
qu)a n+1 =0 ) q)a n+1 1"0 =0,
A A
D@, iy r,- - R1(Dn n T T21(I)oc n

and for the layer z € [h, H]

A
qu)oc el 0, (Doc n+1 FH =0,
AN _ AN n
(I)oc n+t |+ - R2(I)oc n + T12(I)a n’

and the two—component solution is obtained in the form of
linear functionals

@, . (2 )= (0, R, + Ty, ), 20, hl,

an ocn

AN _ A 4
Ry, + T,

an’

q)oc n+1(2’ s) = (6 PARS] [/1, H],

oc’
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or in the vector form

A A A A
., =(0 Po,)=(6 Ko, P"'E)=(e, P'E).

n-n

So, for n 2 1 (F, = E)
A A A
Fn = Pan1) = Pq)n =P"E ’

AN AN
®,=(, F, )=(0, Po, ) =(0 P"'E),

n—1

o= 2 ®,=(0, E) + 22(@), Pr1E) = (0, B) +

n=1 n=

+ (@, ) f)’”E) =(®, E) + (@, > f)“E) =

n=2 n=1

= (@, > f)"E) - (o, ZE)

n=0

where

N>

ee}
b
1=0

n=

Thus, the terms of the parametric series are the terms
of the Neumann series in multiplicity of radiation passage
through the interface.

By separating out a background component @O+ (Da,

caused by radiation propagation only in the atmosphere,
from the total radiation of the system, the contribution of
the ocean influence can be described by boundary—value
problem (11) with two nonzero sources

A 0 + _7 0 +
Ea - R1(® + q)a) ’ Eoc - T12(® + q)n) .

Before  calculation  of  functionals of  any
approximation, we must calculate the expressions

AN AN AN AN
[R0,(s, s7) , T, 0,1Cs, s7), [Ty8,. s, s7), and [R,9,.I(s, s7)

in discrete or analytical form as functions of the direction s
and the parameters s~ and s*.

ON ACCOUNT OF THE CONTRIBUTION OF
REFLECTING OCEAN BOTTOM

At the lower boundary of the system (z = H) the law
of reflection is prescribed by the operator

[i\%HcD] = % f o(z = H, s)ds'
n+

for the Lambertian orthotropic surface or by the operator

A
[R,D]1(s) = f O(z = H, s)n(s, s') ds'
Q+
for the nonorthotropic (e.g., Fresnel) surface.
The solution of the problem for the illumination
produced by the ocean bottom located at the altitude z = H

Vol. 5, No. 8 /August 1992/ Atmos. Oceanic Opt. 529

AN AN

Ko, =0, o =0, &/ =qRy®, +qEy,
= (R0 + T ,,0°)

(Dq|Fh+ = (Ry®y + Tp®p)e,

[

(Bt a
q - (R1(I)(] + T21q)(/)8

Ty=

is found in the form of a parametric perturbation series
©

@,z ) = Lehao,,

In the zeroth approximation (k = 0) the radiation field
is formed due to the illumination £/,

AN

Rao,=0. @y =0,
_ AN

Poo|r,, = ARPg + 4L

(I)(/O I+ =0, (D(]O = =0

and is considered only in the ocean (z e [h, H]). Taking
into account the n—fold interaction with the interface we
can obtain the problem for the system (z e [0, H])

A A
qu)qn =0, q)qn Ty =0, q)qn FH = qRH(an ’
— B a AN
(I)(/n I R2(I)(] n—t ¥ T12(I)(] n—1-’ (18)
A N AN _
q)qn|l'h— - R1(Dq nt T T21q)q n—1

which can be separated into individual problems for the
layers z € [0, 2] and z e [h, H]. Let us introduce the
superposition of radiation components produced by the
rereflection from the ocean bottom and passage through the
interface

o =ad +

qn qn qn °

Then we obtain the problem for the system z € [0, H]

Rad =0, @ 0, o 0
zq)qn Y (an r, U7 (an ry =
0 Ay P +
(I)(/n rs RZ(D(/ n—t © T12q)(] n—1-’ (19)
() A n AN _
q)qn|l"h— - R1(Dq net T T21q)q n—1

and for the layer z € [h, H]

AN
(Ko7 =0, @

zoqn qn

i S q S 0
Tyt =0, P l"H: GR, @7, + qR @y, . (20)

qn qn

The solution of problem (19) is reduced to the
solution of two problems: for the layer z € [0, 7]

=0, o

qna [T, — = Ea n—1

{IA<<1>0 =0, o

z gna gna 1"0
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with the source

AN A
=R D} + T

E qn—1

()

an—1 21 ;71—1

and for the layer z € [/, H]

{I/% @Y

z - qnoc

=0, o =0,

0 =
qnoc| Ty q)qnoc Fh+ Eoc n—1

with the source

AN A
R,® +T,,0

— — +
oc n—1 qn—1 qgn—1

Using the obtained results we find

), @ =(o

gnoc oc’ ~oc n—1

(| J—
(ann - (ea’ E

an—1 ) .
Problem (20) is the problem for the layer with the

reflecting Lambertian or nonorthotropic surface!™ and its

solution can be written in the form of the functional

(D(q)n(z’ s) = Eq; feH(Z, S, SH) dSH X

Q

qn

x {Egn(sH) + Eq; f [IQOH](SH, 31) E0 (51)(131 +
o
© k

q —1
+ %W S R0 15,y 5 ds, .
e

JAN
f (RO IS, 50 5y ) dsyp
o

S TR Gy 510 E ) ds,H} .

Q
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This explicit expression determines the relation between the
. . . E) JAN 0 . .
illumination anRH(un and the law of reflection R;; in

terms of the influence function of the ocean 6,,(z, s, s,,) being
the solution of the problem.

A
{Roy =0 o] =0, 0y, =86 —s) .

This method of reduction of the boundary—value
problem for two media with the interface to two boundary—
value problems for each medium separately provides more
comprehensive study of the radiation transfer in such a
complex system as atmosphere—ocean. The constructed models
of the influence functions of the atmosphere and ocean are
general—purpose and invariant under the properties of the
boundaries. New formulation of the optical transfer operator
of the atmosphere—ocean system turns out to be effective for
the problems of remote sensing. The results presented here for
a horizontally homogeneous problem are generalized for a
three—dimensional problem with horizontal inhomogeneity of
the interface and will be published in future.
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