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Ïîëó÷åíû íîâûå ìîìåíòíûå ñîîòíîøåíèÿ, ñâÿçûâàþùèå ôóíêöèþ àáåððàöèé îïòè÷åñêîé ñèñòåìû  

ñ ÷èñëîâûìè õàðàêòåðèñòèêàìè ðàñïðåäåëåíèÿ èíòåíñèâíîñòè â èçîáðàæåíèè. Íà èõ îñíîâå ïðåäëîæåí ìå-
òîä âîññòàíîâëåíèÿ âîëíîâîãî ôðîíòà ïî èçîáðàæåíèÿì èñòî÷íèêà â íåñêîëüêèõ ïàðàëëåëüíûõ ïëîñêîñòÿõ. 

 

Ââåäåíèå 

Ñðåäè ìåòîäîâ âîññòàíîâëåíèÿ âîëíîâîãî 
ôðîíòà (ÂÔ) â îïòè÷åñêîé ñèñòåìå (ÎÑ) íàèáîëåå 
ïðîñòûì â ðåàëèçàöèè è ìåíåå èçó÷åííûì ÿâëÿåòñÿ 
ìåòîä, îñíîâàííûé íà àíàëèçå èçîáðàæåíèé òî÷å÷-
íîãî èñòî÷íèêà â íåñêîëüêèõ ïëîñêîñòÿõ, ïàðàë-
ëåëüíûõ ôîêàëüíîé ïëîñêîñòè. 

Åñëè èñêàæåíèÿ ÂÔ ïðåäñòàâëåíû â âèäå ðàç-
ëîæåíèÿ â ðÿä ïî íåêîòîðîé ñèñòåìå áàçèñíûõ 
ôóíêöèé ñ íåèçâåñòíûìè êîýôôèöèåíòàìè, òî çà-
äà÷à âîññòàíîâëåíèÿ ÂÔ ñâîäèòñÿ ê îöåíêå ýòèõ 
êîýôôèöèåíòîâ ïî èçîáðàæåíèÿì èëè ïî ôóíêöèî-
íàëàì îò íèõ. 

Ïóñòü ( , )exp[ ( , )]G A k= ξ η Φ ξ η  − ôóíêöèÿ çðà÷-

êà ÎÑ, îïèñûâàþùàÿ àìïëèòóäíûå A(ξ, η) è ôàçî-
âûå Φ(ξ, η) èñêàæåíèÿ âîëíîâîãî ïîëÿ â êàæäîé 
òî÷êå (ξ, η) îáëàñòè âûõîäíîãî çðà÷êà Ω; k = 2π/λ − 
âîëíîâîå ÷èñëî. Îáîçíà÷èì ÷åðåç I(x, y, z) ðàñïðå-
äåëåíèå èíòåíñèâíîñòè â ïëîñêîñòè èçîáðàæåíèÿ 
z = const (z = 0 ñîîòâåòñòâóåò ôîêàëüíîé ïëîñêîñòè). 
 Èìååòñÿ íåñêîëüêî ïîäõîäîâ âîññòàíîâëåíèÿ 
ÂÔ ïî èçîáðàæåíèÿì. 

1. Ïî èçâåñòíûì ðàñïðåäåëåíèÿì I(x, y, zs), 
1, ,s S=  â îãðàíè÷åííîé îáëàñòè íàéòè âîëíîâóþ 

ôóíêöèþ G. 
2. Ïî èçâåñòíûì ðàñïðåäåëåíèÿì I(x, y, z

s), 
1, ,s S=  â îãðàíè÷åííîé îáëàñòè è àìïëèòóäå A 

íàéòè ôóíêöèþ àáåððàöèé Φ. 
3. Ôóíêöèÿ àáåððàöèé çàäàíà ÷àñòè÷íîé ñóì-

ìîé ðÿäà 

 ( ), ,k kcΦ = ϕ ξ η∑  

íàéòè îöåíêè êîýôôèöèåíòîâ kñ
�  (ìîä) â âèäå 

ôóíêöèîíàëîâ èçîáðàæåíèé ( )kñ I�  ïðè èçâåñòíîé 

èëè íåèçâåñòíîé àìïëèòóäå. 
Íàèáîëåå ãèáêèì ìåòîäîì ðåøåíèÿ çàäà÷ 1, 2 

ÿâëÿåòñÿ ìåòîä, ñâîäÿùèé èõ ðåøåíèå ê ãåîìåòðè-
÷åñêîé çàäà÷å íàõîæäåíèÿ îáùåé òî÷êè çàäàííûõ 
ìíîæåñòâ. Çàäà÷à 1 ìîæåò áûòü ðåøåíà â ãåîìåòðè-

÷åñêîé òðàêòîâêå ÷èñëåííûì àëãîðèòìîì Ôàéíàïà 
[1] èëè àëãîðèòìîì óâåëè÷åíèÿ ðàçìåðíîñòè [2], 
çàäà÷à 2 – àëãîðèòìîì Ãåðøáåðãà–Çàêñòîíà [3]  
è àëãîðèòìîì óâåëè÷åíèÿ ðàçìåðíîñòè. Ðåøåíèå 
çàäà÷è 3 ìîæíî èçâëå÷ü èç ðåøåíèÿ çàäà÷ 1, 2 èëè 
ðåøèòü ñàìîñòîÿòåëüíî èòåðàöèîííûì ìåòîäîì  
[4–6]. Íî çàäà÷à 3 äîïóñêàåò ðåøåíèå â ÿâíîì âè-
äå. Îäèí èç òàêèõ ïîäõîäîâ îñíîâàí íà âû÷èñëåíèè 
èëè èçìåðåíèè ôóíêöèîíàëîâ èçîáðàæåíèÿ âèäà 
 

 
( )0k

p q
k

d I
x y dxdy

dz

+∞

−∞

∫ ∫ . (1) 

Â ýòîì ìåòîäå, íàçâàííîì ìîìåíòíûì [7, 8], 
èñïîëüçóþòñÿ ëèíåéíûå ñîîòíîøåíèÿ, ñâÿçûâàþùèå 
grad Φ ñ âåëè÷èíàìè (1). 

Â äàííîé ðàáîòå ïîëó÷åíû íîâûå ñîîòíîøåíèÿ 
áîëåå îáùåãî âèäà, ÷åì (1), ñâÿçûâàþùèå ôóíêöèþ 
àáåððàöèé âîëíîâîãî ôðîíòà ñ ÷èñëîâûìè õàðàêòå-
ðèñòèêàìè (ìîìåíòàìè) ðàñïðåäåëåíèÿ èíòåíñèâíî-
ñòè â èçîáðàæåíèè. Ïðåäëîæåí ìàòåìàòè÷åñêèé 
àïïàðàò, îñíîâàííûé íà ôóíêöèÿõ êîìïëåêñíîãî 
ïåðåìåííîãî, óïðîùàþùèé íàõîæäåíèå ÿâíîé çàâè-
ñèìîñòè îöåíîê kñ

�  îò ôóíêöèîíàëîâ èçîáðàæåíèé. 
 

1. Îáîáùåííîå ìîìåíòíîå  

ñîîòíîøåíèå 

Ïóñòü óäàëåííûé òî÷å÷íûé èñòî÷íèê íàõîäèò-
ñÿ íà îïòè÷åñêîé îñè è R – ðàäèóñ èäåàëüíîãî ÂÔ 
(ñôåðû Ãàóññà). Ïîïåðå÷íûå àáåððàöèè ëó÷åé r   
â ôîêàëüíîé ïëîñêîñòè ñâÿçàíû ñ âîëíîâûìè àáåð-
ðàöèÿìè ðàâåíñòâîì [9]: 

 gradr R= Φ . 

Òî÷êå ( , )r x y=  íà ôîêàëüíîé ïëîñêîñòè ñîîòâåòñò-

âóåò ìíîæåñòâî íà çðà÷êå 

 ( ) {( , ) : grad ( , ) }.r R rΩ = ξ η ∈ Ω Φ ξ η =  

Ìíîæåñòâî ( )rΩ  çàäàåò ýëåìåíòû èñêàæåííîãî 

ÂÔ, ñâåòîâàÿ ýíåðãèÿ êîòîðûõ ïåðåíîñèòñÿ ëó÷àìè, 

13*. 
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ïðîõîäÿùèìè ÷åðåç òî÷êó .r  ×åðåç ýëåìåíò dxdy, 
ñîäåðæàùèé òî÷êó ,r  ïðîõîäèò ýíåðãèÿ I(x, y) dxdy, 

ïåðåíîñèìàÿ ëó÷àìè èç ìíîæåñòâà ( ).rΩ  Â ðàìêàõ 
ãåîìåòðè÷åñêîé îïòèêè èìååì ýíåðãåòè÷åñêîå ðà-
âåíñòâî 

 2

( , ) ( )

( , ) ( , ) .
r

I x y dxdy A d d
ξ η ∈Ω

= ξ η ξ η∑  

Ïóñòü ( )rϕ  – ôóíêöèÿ îò (x, y). Ýòà ôóíêöèÿ ìî-

æåò áûòü è êîìïëåêñíîçíà÷íîé. Ýëåìåíò ýíåðãèè 
I(x, y) dxdy èìååò ìîìåíò  

( ) ( )

2

,

( , ) ( , ) ( grad ) ( , )
r

x y I x y dxdy R A d d
ξ η ∈Ω

ϕ = ϕ Φ ξ η ξ η =∑  

 2

( , ) ( )

[ grad ( , )] ( , ) .
r

R A d d

ξ η ∈Ω

= ϕ Φ ξ η ξ η ξ η∑  

Ïîëíûé ìîìåíò âñåõ ýëåìåíòîâ ýíåðãèè áóäåò ðà-
âåí 

 
2

( , ) ( , )

[ grad ( , )] ( , ) .

x y I x y dxdy

R A d d

+∞

−∞

Ω

ϕ =

= ϕ Φ ξ η ξ η ξ η

∫ ∫

∫∫
 

(2)

 

Ýòî è åñòü îáîáùåííîå ìîìåíòíîå ñîîòíîøåíèå. 

Äëÿ ñòåïåííîé ôóíêöèè 

p q
x yϕ =  ðàâåíñòâî (2) áûëî 

äîêàçàíî íà îñíîâå âîëíîâîé òåîðèè ñâåòà â [7, 8] 
äëÿ äîñòàòî÷íî ãëàäêîé ôóíêöèè çðà÷êà è äîêàçàíî 
[8] íà îñíîâå ãåîìåòðè÷åñêîé îïòèêè áåç òðåáîâà-
íèÿ ãëàäêîñòè àìïëèòóäû A. 

Ìîìåíòíîå ñîîòíîøåíèå  
â êîìïëåêñíîé ôîðìå 

Òî÷êè ïëîñêîñòè çðà÷êà (ξ, η) è ôîêàëüíîé 
ïëîñêîñòè (x, y) îïðåäåëÿþò êîìïëåêñíûå ïåðåìåí-

íûå ( )/ exp( )i a iζ = ξ + η = ρ θ  è ( / )( ),w a R x iy= λ +  

ãäå a – õàðàêòåðíûé ðàçìåð âûõîäíîãî çðà÷êà. 
Ôóíêöèþ àáåððàöèé ïðåäñòàâèì â âèäå 

 ( )Re ,Φ = λ Ψ ζ ζ , (3) 

ãäå ôóíêöèÿ Ψ èìååò ïðîèçâîäíûå ïî ñâîèì àðãó-
ìåíòàì. Òîãäà  

 / ( / )Re( / / ),a∂Φ ∂ξ = λ ∂Ψ ∂ζ + ∂Ψ ∂ζ  

 
/ ( / )Re ( / / )

( / )Im( / / ).

a i

a

∂Φ ∂η = λ ∂Ψ ∂ζ − ∂Ψ ∂ζ =

= λ −∂Ψ ∂ζ + ∂Ψ ∂ζ
 

Âåêòîð grad Φ çàäàåò êîìïëåêñíîçíà÷íóþ ôóí- 
êöèþ 

 
( / )[( / ) / ]

( / / )

R a

R i x iy

λ ∂Ψ ∂ζ + ∂Ψ ∂ζ =

= ∂Φ ∂ξ + ∂Φ ∂η = +
 

ïåðåìåííîé ζ. Îòñþäà ñëåäóåò, ÷òî èñêàæåíèÿ ÂÔ, 
îòêëîíÿþùèå ñâåòîâûå ëó÷è, çàäàþò ôóíêöèþ êîì-
ïëåêñíîãî ïåðåìåííîãî 

 ( ) ( / ) / ,w w= ζ = ∂Ψ ∂ζ + ∂Ψ ∂ζ  

êîòîðàÿ ïðåîáðàçóåò òî÷êè âûõîäíîãî çðà÷êà â òî÷-
êè ôîêàëüíîé ïëîñêîñòè. Ìîìåíòíîå ñîîòíîøåíèå 
(2) â êîìïëåêñíîé ôîðìå ïðèíèìàåò âèä 

 
2 2

( ) ( , )

[ ( )] ( , ) .

w I x y dxdy

a w A d d

+∞

−∞

Ω

ϕ =

= ϕ ζ ρ θ ρ ρ θ

∫ ∫

∫∫
 

(4)

 

Ïðåäñòàâëåíèå ïåðâè÷íûõ àáåððàöèé  
â êîìïëåêñíîé ôîðìå 

 Îáùèé íàêëîí ÂÔ âíîñèò â ôóíêöèþ Φ ñî-
ñòàâëÿþùóþ 

 ( ) ( )1

1/ cos sin Re ,A B CΦ λ = ρ θ + ρ θ = ζ  

ãäå C = A – iB è îïðåäåëÿåò ïðåîáðàçîâàíèå 

 1 1

1 1( / ) .w C= ∂Ψ ∂ζ =  

Àñòèãìàòèçì âíîñèò ñîñòàâëÿþùóþ 

 ( ) ( )2 2 2 2

2/ cos 2 sin 2 ReA B CΦ λ = ρ θ + ρ θ = ζ  

è îïðåäåëÿåò ïðåîáðàçîâàíèå 

 2

2 2 .w C= ζ  

Êîìà âíîñèò ñîñòàâëÿþùóþ 

 1 2 2

3/ [ cos( ) sin( )] ReA B CΦ λ = ρ ρ θ + ρ θ = ζ ζ  

è îïðåäåëÿåò ïðåîáðàçîâàíèå 

 1 2

3 2 .w C C= ζζ + ζ  

Ðàñôîêóñèðîâêà è ñôåðè÷åñêàÿ àáåððàöèÿ âíîñÿò 
ñîñòàâëÿþùèå 

 0 2

2/ (2 1) (2 1),A AΦ λ = ρ − = ζζ −  

 0 4 2 2

4/ (6 6 1) [6( ) 6 1]A AΦ λ = ρ − ρ + = ζζ − ζζ +  

è îïðåäåëÿþò ïðåîáðàçîâàíèÿ 

 0

2 4w A= ζ  è 0

4 12 (2 1).w A= ζ ζζ −  

Êîìïëåêñíîå ïðåäñòàâëåíèå  
ïðåîáðàçîâàíèé, ñîîòâåòñòâóþùèõ  

ïîëèíîìàì Öåðíèêå 

 Â ñëó÷àå êðóãëîãî çðà÷êà ðàäèóñà a ôóíêöèÿ 
àáåððàöèé ÷àñòî ðàñêëàäûâàåòñÿ ïî ïîëèíîìàì 
Öåðíèêå. Êàæäàÿ ñîñòàâëÿþùàÿ â ðàçëîæåíèè èìå-
åò â äåéñòâèòåëüíîé ôîðìå âèä [9]: 

 ( , ) ( )[ cos( ) sin( )],m m m m

n n n n
V R A m Bρ θ = ρ θ + θ  

ãäå  

  
( )/2

2 22
,

0

( ) ( ) ( ),

n m n m
s

m m m m m

n n s n

s

R D r

−
−

−

=

ρ = ρ ρ = ρ ρ∑  

n – m ≥ 0 – ÷åòíîå ÷èñëî è 
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 ( ) ( )
,

1 !/ ! ! ! .
2 2

sm

n s

n m n m
D n s s s s

+ −⎡ ⎤⎛ ⎞ ⎛ ⎞
= − − − −⎜ ⎟ ⎜ ⎟⎢ ⎥

⎝ ⎠ ⎝ ⎠⎣ ⎦
 

Ïîëàãàÿ ,m m m
n n nÑ A iB= −  ïîëó÷èì êîìïëåêñíóþ 

ôîðìó ÷ëåíîâ ðàçëîæåíèÿ ïî ïîëèíîìàì Öåðíèêå: 
 

 Re ( ),m m m m
n n nV C r= ζ ζζ  

îïðåäåëÿåìûõ ôóíêöèÿìè 

 ( , ) ( ).m m m

n n
rΨ ζ ζ = ζ ζζ  

×ëåíû ðÿäà îïðåäåëÿþò ïðåîáðàçîâàíèÿ ( ),m

n
w ζ  

âèä êîòîðûõ çàâèñèò îò m è n. Ïðè n > m = 0 

 0 0 02 ( )
n n n

w A r ′= ζ , 

ãäå 0( )nr ′  – ïðîèçâîäíàÿ ïî ïåðåìåííîé .ζζ  

Ïðè n = m > 0 

 1
.

m m m

m n
w mC

−= ζ  

Ïðè n > m > 0 

 1 1( ) ( ) .m m m m m m m m

n n n n n n
w C mr r C r

− +⎡ ⎤′ ′= ζ + ζζ + ζ⎣ ⎦  

Ïðåîáðàçîâàíèÿ ,

m

n
w  ñîîòâåòñòâóþùèå ïåðâè÷-

íûì àáåððàöèÿì, áûëè ïîëó÷åíû â [9]. Ïðåäñòàâ-

ëåíèå ïðåîáðàçîâàíèé m

n
w  â êîìïëåêñíîé ôîðìå 

äåëàåò èõ áîëåå íàãëÿäíûìè è â áîëåå îáùåì âèäå. 
Îêðóæíîñòè ρ = const ïåðåõîäÿò ñ ïîìîùüþ ïðåîá-
ðàçîâàíèé â êðèâûå, íàçûâàåìûå àáåððàöèîííûìè. 

Ïðåîáðàçîâàíèåì 

0

nw  ðàäèóñû-âåêòîðû òî÷åê îêðóæ-

íîñòè ρ = const ïîëó÷àþò îäèíàêîâîå ðàñòÿæåíèå. 
Ïîýòîìó àáåððàöèîííûå êðèâûå ÿâëÿþòñÿ îêðóæ-

íîñòÿìè. Ïðåîáðàçîâàíèå 

m

m
w  îñóùåñòâëÿåò óêàçàí-

íîå ðàñòÿæåíèå, ïîâîðîò íà óãîë ( )arg 2m

m
C m+ − θ   

è ñèììåòðèþ îòíîñèòåëüíî äåéñòâèòåëüíîé îñè. 

Ïðåîáðàçîâàíèå , 1l
nw n > , ñâîäèòñÿ ê ñëåäóþ-

ùåìó: ðàâíîìåðíîìó ðàñòÿæåíèþ, ïîâîðîòó íà óãîë 

arg
l
nC + θ  è ñìåùåíèþ íà âåëè÷èíó l-ãî ñëàãàåìîãî 

â âûðàæåíèè äëÿ l
nw . Ïîýòîìó àáåððàöèîííûå 

êðèâûå ïðåîáðàçîâàíèÿ l
nw  ÿâëÿþòñÿ ñìåùåííûìè 

îêðóæíîñòÿìè. 

Ïðåîáðàçîâàíèå , 1,m

n
w n m> >  ìîæåò áûòü çà-

ïèñàíî â âèäå  

{ }2(1/ ) ( ) [ ( ) ] ( )m m l m m l m m m m m
n n n n n nw C mr r C r

− − ′ ′= ζ ζζ + ζζ + ζ  

è ïðåäñòàâëÿåò ñîáîé êîìïîçèöèþ äâóõ ïðåîáðàçî-
âàíèé: 

 (1/ ) ( ) ,m m l m
n n lw w

−= ζ ⊗  

ãäå ïðåîáðàçîâàíèå ( )m
n lw  àíàëîãè÷íî ïðåîáðàçîâà-

íèþ ,

l
nw  â êîòîðîì ïîâîðîò îñóùåñòâëÿåòñÿ íà óãîë 

arg (2 ) .m

n
C m l+ − θ  

Íàõîæäåíèå ìîä Öåðíèêå  
ïî ðàñïðåäåëåíèþ èíòåíñèâíîñòè  

â ïðîñòðàíñòâå èçîáðàæåíèÿ 

 Ìîìåíòíîå ñîîòíîøåíèå (4) çàïèñàíî äëÿ  
ôîêàëüíîé ïëîñêîñòè. Åñëè èçìåðåíèå îñóùåñòâëÿ-
åòñÿ â íåôîêàëüíîé ïëîñêîñòè z ≠ 0, òî ïðè íå-
áîëüøèõ z ýòî èçìåðåíèå ñîîòâåòñòâóåò èíòåíñèâíî-
ñòè â ôîêàëüíîé ïëîñêîñòè äëÿ èçìåíåííîé ôóíê-
öèè çðà÷êà íà ôàçîâûé ìíîæèòåëü [9]: 

 2 2exp[ ( /2 ) (2 1)].ik a R z− ρ −  

Ýòî èçìåíåíèå ñâîäèòñÿ ê èçìåíåíèþ êîýôôèöèåí-

òà ðàñôîêóñèðîâêè Öåðíèêå 0

2 ,A  êîòîðûé íàäî çà-

ìåíèòü íà 

 

0 0 2 0

2 2 2

2

( ) ( /2 ) / (1/8 ) ,

( / ) .

A z A a R z A z

z k a R z

= − λ = − π

=

 

Ðàñïîëàãàÿ èíòåíñèâíîñòüþ I(x, y, z), òðåáóåò-

ñÿ íàéòè ìîäû Öåðíèêå .

m

n
C  Îäèí èç ïóòåé ðåøå-

íèÿ ýòîé çàäà÷è ñîñòîèò â ñëåäóþùåì. Äëÿ ðàçëè÷-
íûõ ϕ íåîáõîäèìî ñîñòàâèòü ñèñòåìó óðàâíåíèé èç 
ñîîòíîøåíèé (4) ñ èçâåñòíîé ëåâîé ÷àñòüþ äëÿ îï-
ðåäåëåíèÿ ìîä. Â ïðàâóþ ÷àñòü ñîîòíîøåíèÿ (4) 
âõîäèò àìïëèòóäà À, êîòîðàÿ äîëæíà áûòü èçìåðå-
íà èëè íàéäåíà ïî èíòåíñèâíîñòè I(x, y, z) èç ñî-
îòâåòñòâóþùèõ ìîìåíòíûõ ñîîòíîøåíèé [8]. 

Èäåàëüíûé ñëó÷àé ðåøåíèÿ çàäà÷è íàõîæäå-

íèÿ ìîä ñîñòîèò â âûáîðå òàêèõ ôóíêöèé ,

m
nϕ  ïðè 

êîòîðûõ ëåâûå ÷àñòè ñîîòíîøåíèé (4) ñðàçó äàþò 

îöåíêè ìîäû .

m

n
Ñ�  Ðåøåíèå â òàêîì âèäå ïîêà íå 

èçâåñòíî. Îäíàêî äëÿ ñëó÷àÿ, êîãäà àìïëèòóäà íå 
çàâèñèò îò óãëîâîé êîîðäèíàòû A = A(ρ), áóäåò 
ïîêàçàíî, ÷òî äëÿ êàæäîãî m = m0 ìîæíî âûáðàòü 
òàêèå ëèíåéíûå êîìáèíàöèè ìîìåíòîâ (1), êîòîðûå 

áóäóò çàâèñåòü òîëüêî îò ìîä 0
.

m

n
Ñ  Ýòî îçíà÷àåò, 

÷òî ìîäû, ñîîòâåòñòâóþùèå ðàçëè÷íûì m, ìîæíî 
íàõîäèòü ðàçäåëüíî. 

Ïóñòü ôóíêöèÿ àáåððàöèé ñ ó÷åòîì êîíòðîëè-
ðóåìîé ðàñôîêóñèðîâêè z îïðåäåëÿåòñÿ ÷àñòè÷íîé 
ñóììîé ðÿäà 

 Re[ ( , ) (1/8 ) (2 1)],zΦ = λ Ψ ζ ζ − π ζζ −  

ãäå 

 
( )

0

( , ) ( , ).
M N m

m m

n n

m n m

C

= =

Ψ ζ ζ = Ψ ζ ζ∑∑  

Èñêàæåíèþ ÂÔ ñîîòâåòñòâóåò ïðåîáðàçîâàíèå 

 

( )

0

( , ) ( ) (1/2 )

( ) (1/2 ) .

N mM

m

n

m n m

w w z w z

w z

= =

= ζ = ζ − π ζ =

= ζ − π ζ

∑∑
 

Âîçüìåì ôóíêöèþ ϕ ðàâíîé ( ) ,

k l l
w w w

+

ϕ =  0 ≤ k ≤ M. 

Åé  ñîîòâåòñòâóåò  ìîìåíòíîå  ñîîòíîøåíèå (4) âèäà 
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( ) ( )

( ) ( ) ( )

2

2 2

, ,

, , .

k k l l
k l

k l l

M z w w I x y z dxdy

a w z w z A d d

+∞

+

+

−∞

+

Ω

= =

= ζ ζ ρ ρ ρ θ

∫ ∫

∫∫
 

Òàê êàê ( ),w zζ  ëèíåéíî çàâèñèò îò ,z  òî ìîìåíò 

( )2

k
k lM z
+

 åñòü ìíîãî÷ëåí k + 2l ñòåïåíè îò .z  

Ñ ïîìîùüþ ôîðìóëû Ëåéáíèöà äëÿ ïðîèçâîä-
íîé âûñøåãî ïîðÿäêà îò ïðîèçâåäåíèÿ íàéäåì, ÷òî 

( 2 1) ( ) ( 1)
0

1
[ ( , ) ( , )] ( ) ( )

2 1
k l l k l k l k l l l

z

l
w z w z w w

k l

+ + − + + −

=

−⎛ ⎞
ζ ζ = +⎜ ⎟+ −⎝ ⎠

 

( )( 1)( ) ( )
2 1

lk l k l l
l

w w
k l

+ + −
⎛ ⎞

+ =⎜ ⎟
+ −⎝ ⎠

 

 
2 1

1
1 1

( )! ! ( )
2 1 2

k l

k l l
l

k l l w
k l

+ −

+ −
−⎛ ⎞ ⎛ ⎞= + − ζ ζ ζ +⎜ ⎟ ⎜ ⎟+ − π⎝ ⎠⎝ ⎠

 

2 1

11
( )! ! ( )

2 1 2

k l

k l l
l

k l l w
k l

+ −

+ −
⎛ ⎞ ⎛ ⎞+ + − ζ ζ ζ =⎜ ⎟ ⎜ ⎟+ − π⎝ ⎠⎝ ⎠  

 

2 1

1 1

( 2 1)!( 1/2 )

[ ( ) ( ) ( )].

k l

k l l k l l

k l

l w k l w

+ −

+ − + −

= + − − π ×

× ζ ζ ζ + + ζ ζ ζ

 

Ïîýòîìó 

 ( 2 1) 2 1 2
2[ (0)] ( 2 1)!( 1/2 )k k l k l

k lM k l a
+ − + −

+
= + − − π ×

 

2 1

1 1 2

0 0

[ ( ) ( ) ( )] ( ) .k l l k l l
l w k l w A d d

π

+ − + −× ζ ζ ζ + + ζ ζ ζ ρ ρ ρ θ∫ ∫  (5) 

Ðàññìîòðèì èíòåãðàë ïî θ â ðàâåíñòâå (5): 

( )

2

0

2

1 1

0 0

[...]

[ ( ) ( ) ( )]

N mM

k l l m k l l m
n n

m n m

d

l w k l w d

π

π

+ − + −

= =

θ =

= ζ ζ ζ + + ζ ζ ζ θ =

∫

∑∑ ∫

 

 
{

( )

}

2

1 1

0 0

1

[ [ ( ) ]

( )

N mM

k l l m m m m m
n n n

m n m

m m m
n n

l C mr r

C r d

π

+ − −

= =

+

′= ζ ζ ζ + ζ ζ +

′+ ζ θ +

∑∑ ∫
 

 
( ) {

}

2

1 1

0

1

[ ( ) ]

( ) ]

k l l m m m m m
n n n

m m m
n n

k l C mr r

C r d

π

+ − −

+

′+ + ζ ζ ζ + ζ ζ +

′+ ζ θ =

∫
 

 
{

( )

}

2

1 1

0 0

[ [ ( ) ]

( )

N mM

m m k l l m m k l l m
n n n

m n m

m k l m l m
n n

l C mr r

C r

π

+ + − − + +

= =

+ +

′= ζ ζ + ζ ζ +

′+ ζ ζ +

∑∑ ∫
 

 
( ) {

}

2

1 1

0

1

[ ( ) ]

( ) ].

m k l m l m k l m l m
n n n

m m k l m
n n

k l C mr r

C r d

π

+ − + − + +

+ +

′+ + ζ ζ + ζ ζ +

′+ ζ ζ θ

∫
 

Íåíóëåâîé âêëàä äàþò èíòåãðàëû, êîòîðûå çà-

âèñÿò òîëüêî îò ïðîèçâåäåíèÿ .ζζ  

Ïðè k = 0  

 [ ]
( )2 0

0 0

00

... 8 ( ) ( ) .

N

l
n n

n

d lA r

π

=

′θ = π ζζ∑∫  

Ïðè k ≠ 0 

 [ ] {
( )2

00

... 2 ( ) ( )

N k

k k l k
n n

n

d C l r

π

+

=

′θ = π ζζ +∑∫  

 }1( )[ ( ) ( ) ( ) ]k l k k l k
n nk l k r r

+ − + ′+ + ζζ + ζζ =
 

 
( )

1

0

2 [( 2 )( ) ( ) ( ) ( ) ].

N k

k k l k k l k
n n n

n

C k l r k l k r
+ + −

=

′= π + ζζ + + ζζ∑  

Ñ ó÷åòîì èíòåãðàëîâ ïî θ ïîëó÷èì âèä ïðîèçâîä-
íûõ ïðè k = 0: 

 
( )

( )

0 2 1

2

10

2 0 2 0 2

2 2

0 0

[ (0)]

(2 1)!
4 ( ) ,

( 2 )

l
l

N

l
n nl

n

M

l
a l A r A d

−

−

=

=

−
′= − ρ ρ ρ ρ

− π
∑ ∫

 
(6)

 

ïðè k ≠ 0 

2 1 2

2 2 2

( 2 1)!
[ (0)]

( 2 )

k k l
k l k l

k l
M a

+ −

+ + −

+ −
= − ×

− π
 

( )
2 0 2( 1) 2

0 0

( 2 ) ( ) ( ) ( ) .

lN k

k k k l
n n n

n

C k l r k k l r A d
+ −

=

⎡ ⎤′× + ρ + + ρ ρ ρ ρ⎣ ⎦∑ ∫  

  (7) 

Ñîîòíîøåíèÿ (6) è (7), çàïèñàííûå ïðè ðàç-
ëè÷íûõ l, ñëóæàò äëÿ ðàçäåëüíîãî îïðåäåëåíèÿ 

êîýôôèöèåíòîâ k
nÑ  ïðè çàäàííîì k. Ñîîòíîøåíèå 

(6) ïîëó÷àåòñÿ èç (7) óìíîæåíèåì íà äâà. 

Íàõîæäåíèå ïåðâè÷íûõ àáåððàöèé  
èç ìîìåíòíûõ ñîîòíîøåíèé 

Ïóñòü ÂÔ îïðåäåëÿåòñÿ òîëüêî ïåðâè÷íûìè 
àáåððàöèÿìè 

 
{

}

0 0 2

2 4

1 1 2 2

1 3 2

Re (2 1) [6( ) 6 1]

(3 2) .

A A

C C C

Φ = λ ζζ − + ζζ − ζζ + +

+ ζ + ζζ − ζ + ζ
 

Òîãäà ïðè k = 0 è l = 1, 2 èìååì ñèñòåìó äëÿ îïðå-

äåëåíèÿ 0

2A  è 0

4 :A  

0

2

1 1

2 0 2 2 0 2 2 2

2 4

0 0

[ (0)]

8 ( ) 3 (2 1) ( ) ,

M

a A A d A A d

′ =

⎡ ⎤
⎢ ⎥= − ρ ρ ρ ρ + ρ ρ − ρ ρ ρ
⎢ ⎥
⎣ ⎦
∫ ∫
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( )

( ) ( )

0 2

4 2

1 1

0 4 2 0 4 2 2

2 4

0 0

3!
[ (0)] 16

2

3 (2 1) .

M a

A A d A A d

′′′ = − ×
π

⎡ ⎤
⎢ ⎥× ρ ρ ρ ρ + ρ ρ − ρ ρ ρ
⎢ ⎥
⎣ ⎦
∫ ∫

 

Ïðè k = 1 è l = 1, 2 èìååì ñèñòåìó äëÿ îïðå-

äåëåíèÿ 1

1C  è 1

3:C  

1 1

1 2 1 2 1 2 2

1 1 3

0 0

(0) 2 ( ) (6 2) ( ) ,M a C A d C A d

⎡ ⎤
⎢ ⎥= π ρ ρ ρ + ρ − ρ ρ ρ
⎢ ⎥
⎣ ⎦
∫ ∫  

 

1

3

1 1

2 1 2 2 1 2 2 2

1 3

0 0

[ (0)]

/ 2 ( ) (15 4) ( ) .

M

a C A d C A d

′′ =

⎡ ⎤
⎢ ⎥= π ρ ρ ρ ρ + ρ ρ − ρ ρ ρ
⎢ ⎥
⎣ ⎦

∫ ∫
 

Ïðè k = 2 è l = 0 èìååì óðàâíåíèÿ äëÿ îïðå-

äåëåíèÿ 2

2 :C  

 

1

2 2 2 2 2

2 2

0

[ (0)] 4 ( ) .M a C A d′ = − ρ ρ ρ ρ∫  

2. Ïðèìåíåíèå êîìïëåêñíîãî  

ïðåäñòàâëåíèÿ ÂÔ â çàäà÷å  

âîññòàíîâëåíèÿ ìîä ïî äàííûì  

äàò÷èêà Ãàðòìàíà 

Â ìåòîäå Ãàðòìàíà èçìåðÿþòñÿ ëîêàëüíûå íà-
êëîíû ÂÔ íà äèñêðåòíîì ìíîæåñòâå òî÷åê âûõîä-
íîãî çðà÷êà ω. Çàäà÷à ñîñòîèò â ïîëó÷åíèè îöåíêè 
ôóíêöèè àáåððàöèè ïî åå ãðàäèåíòó íà äèñêðåòíîì 
ìíîæåñòâå ω. Ñóùåñòâóåò íåñêîëüêî ìåòîäîâ ðåøå-
íèÿ ýòîé çàäà÷è. Îäèí èç íèõ çàêëþ÷àåòñÿ â ïðåä-
ñòàâëåíèè ôóíêöèè Φ â âèäå îòðåçêà ðÿäà ïî íåêî-
òîðîé ñèñòåìå áàçèñíûõ ôóíêöèé ñ íåèçâåñòíûìè 
êîýôôèöèåíòàìè, êîòîðûå íàõîäÿòñÿ ìåòîäîì íàè-
ìåíüøèõ êâàäðàòîâ. Âûáîð ñèñòåìû áàçèñíûõ 
ôóíêöèé ñóùåñòâåííî âëèÿåò íà ñëîæíîñòü âû÷èñ-
ëåíèÿ êîýôôèöèåíòîâ ðÿäà. Â äàííîì ðàçäåëå 
ïðåäëàãàåòñÿ òàêîå ðàçëîæåíèå ôóíêöèè Φ, êîòî-
ðîå, ïî ìíåíèþ àâòîðîâ, ñóùåñòâåííî óïðîùàåò 
âû÷èñëåíèå èñêîìûõ êîýôôèöèåíòîâ. 

Çàäàäèì ôóíêöèþ Φ ñîîòíîøåíèåì (3), â êî-
òîðîì êîìïëåêñíóþ ôóíêöèþ Ψ ïðåäñòàâèì ÷àñ-
òè÷íîé ñóììîé ðÿäà âèäà 

 ( )
0

.

M

m m

m

C

=

Ψ = ζζ ζ∑  (8) 

Òðåáóåòñÿ íàéòè äåéñòâèòåëüíûé C0 è êîìïëåêñíûå 
C

m êîýôôèöèåíòû, çàâèñÿùèå îò àðãóìåíòà 
2.ζζ = ρ  Ïðåäñòàâëåíèå Φ ðàâåíñòâàìè (3), (8) 

âêëþ÷àåò ðàçëîæåíèå ïî ïîëèíîìàì Öåðíèêå. Äàí-
íûå Ãàðòìàíà çàäàþò íà ω çíà÷åíèÿ ïðåîáðàçîâà-
íèÿ w(ζ). Ñ ó÷åòîì (8)  

 0 1 1

1

( ) 2 ( ) [ ( ) ] ( ) .

M

m m m m m

m

w C mC C C
− +

=

′ ′ ′ζ = ζ + ζ + ζζ + ζ∑  

Ïðåäïîëàãàåòñÿ, ÷òî ïî çíà÷åíèÿì w(ζ) íà ω ìîæíî 
îöåíèòü w(ζ) â òî÷êàõ ζk = ρexp(i2πk/N), 0 ≤ k ≤ N – 1, 
ãäå íàòóðàëüíîå ÷èñëî N = 2M + 1 îïðåäåëÿåòñÿ 
òåîðåìîé îòñ÷åòîâ. Òîãäà â òî÷êå ζk  

 

0 2

1

( ) ( ) 2( )

exp( 2 / ) ( )

exp[ 2 ( )/ ] ( ),

k k k

M

m

m

N m

w w C

i km N a

i k N m N a

=

−

′ζ = ζ ζ = ρ +

+ − π ρ +

+ − π − ρ

∑  

ãäå îáîçíà÷èëè 

 2 2( ) [ ( ) ], ( ) ( ) .m m m m m

m N ma mC C a C
+

−
′ ′ρ = ρ + ρ ρ = ρ  

Ïîëîæèì 0 2

0 2( ) ,a C ′= ρ  òîãäà  

 ( )

0

1

1

1

0

( ) ( ) exp( 2 / ) ( )

exp( 2 / ) ( )

exp( 2 / ) ( ), 0, 1.

M

mk

m

M

N m

m

N

m

m

w a i km N a

i k N m N a

i km N a k N

=

−

=

−

=

ζ = ρ + − π ρ +

+ − π − ρ =

= − π ρ = −

∑

∑

∑

 

Èç ýòîãî ðàâåíñòâà ñëåäóåò, ÷òî çíà÷åíèÿ ( )kwζ  

ÿâëÿþòñÿ êîîðäèíàòàìè âåêòîðà äèñêðåòíîãî ïðå-

îáðàçîâàíèÿ Ôóðüå îò âåêòîðà (a0(ρ), …, aN–1(ρ)), 
ïîýòîìó  

1

0

( ) (1/ ) exp( 2 / )( ) , 0, 1.
N

m k

k

a N i km N w m N

−

=

ρ = π ζ = −∑  

Òàêèì îáðàçîì, ïî çíà÷åíèÿì w(ζk) ìîæíî 
íàéòè âåëè÷èíû am(ρ), à ïî íèì ïîëó÷èòü  

 2 0

02 ( )Ñ a′ρ =   (9) 

è 

 2( ) ( ) ( ), 1, .m m

m N mm C a a m M
−

ρ ρ = ρ − ρ =  (10) 

Èç ðàâåíñòâ (10) íåïîñðåäñòâåííî îïðåäåëÿþò-

ñÿ âåëè÷èíû 2( ),m m

Cρ ρ  âõîäÿùèå â ðàçëîæåíèå 

(3), (8). Ðàâåíñòâî (9) îïðåäåëÿåò òîëüêî ïðîèç-

âîäíóþ êîýôôèöèåíòà 0 2( ),Ñ ρ  ïî êîòîðîé íóæíî 

îöåíèòü ñàì êîýôôèöèåíò, õàðàêòåðèçóþùèé âðà-
ùàòåëüíî-ñèììåòðè÷íóþ ñîñòàâëÿþùóþ ÂÔ.  

Çàêëþ÷åíèå 

Ìåòîä ïîëó÷åíèÿ ìîìåíòíûõ ñîîòíîøåíèé (2) 
è èõ ïðèëîæåíèÿ äàþò òåîðåòè÷åñêóþ îñíîâó äëÿ 
ñîçäàíèÿ è îáîñíîâàíèÿ àëãîðèòìîâ âîññòàíîâëåíèÿ 
ìîä ÂÔ ïî èçîáðàæåíèÿì èñòî÷íèêà. Ðàçëîæåíèÿ 
(3), (8) ðàöèîíàëüíû â òîì ñìûñëå, ÷òî äàííûå 
Ãàðòìàíà è êîýôôèöèåíòû ðàçëîæåíèÿ ñâÿçàíû 
ïðîñòîé çàâèñèìîñòüþ, äèñêðåòíûì ïðåîáðàçîâàíèåì 
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Ôóðüå. Ïðè ýòîì èíòåãðèðîâàíèå íåîáõîäèìî òîëü-
êî äëÿ íàõîæäåíèÿ êîýôôèöèåíòà, ñîîòâåòñòâóþ-
ùåãî íóëåâîé ÷àñòîòå. 
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New relations connecting the function of wavefront aberrations of an optical system and numerical charac-
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