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Ïîëó÷åíî àíàëèòè÷åñêîå âûðàæåíèå äëÿ äèñïåðñèè îøèáêè ýêñòðàïîëÿöèè, ïîçâîëÿþùåå äëÿ ðàçëè÷íûõ 
íà÷àëüíûõ óñëîâèé ðàññ÷èòàòü îøèáêó ïðîñòðàíñòâåííîãî ïðîãíîçà ìåòåîâåëè÷èíû äëÿ ëþáîãî èíòåðâàëà 

âðåìåíè èçìåðåíèÿ. Äëÿ àíàëèçà áûë âûáðàí àëãîðèòì ôèëüòðàöèè, èñïîëüçóþùèé â êà÷åñòâå ìîäåëè íà-
áëþäåíèé ïðîñòðàíñòâåííûé ïîëèíîì âòîðîãî ïîðÿäêà. 

 
Â ðàíåå îïóáëèêîâàííûõ ñòàòüÿõ [1, 2] áûëà 

ïðåäëîæåíà ìåòîäèêà ñèíòåçà àëãîðèòìîâ ïðîñòðàí-
ñòâåííîé ýêñòðàïîëÿöèè çíà÷åíèé ìåòåîðîëîãè÷å-
ñêèõ âåëè÷èí íà îñíîâå ôèëüòðàöèè Êàëìàíà. Èñ-
ñëåäîâàíèÿ òî÷íîñòè âñåõ àëãîðèòìîâ ïðîâîäèëèñü 
ñ èñïîëüçîâàíèåì ðåàëüíûõ àýðîëîãè÷åñêèõ äàííûõ. 
Îêîí÷àòåëüíàÿ îøèáêà îöåíèâàíèÿ çàâèñåëà îò óñ-
ëîâèé, îáúåìà è õàðàêòåðèñòèê êîíêðåòíîé âûáîðêè 
èçìåðåíèé. Âîçíèêàåò ïðàâîìåðíûé âîïðîñ î ïîòåí-
öèàëüíûõ âîçìîæíîñòÿõ àëãîðèòìîâ è î ïîâåäåíèè 
îøèáîê ýêñòðàïîëÿöèè âî âðåìåíè ïî ìåðå ïîñòóï-
ëåíèÿ èçìåðåíèé. Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ 
ïîëó÷åííîå íàìè àíàëèòè÷åñêîå âûðàæåíèå äëÿ äèñ-
ïåðñèè îøèáêè ýêñòðàïîëÿöèè, ïîçâîëÿþùåå äëÿ 

ðàçëè÷íûõ íà÷àëüíûõ óñëîâèé ðàññ÷èòàòü îøèáêó 

ïðîñòðàíñòâåííîãî ïðîãíîçà ìåòåîâåëè÷èíû äëÿ ëþ-
áîãî èíòåðâàëà âðåìåíè èçìåðåíèÿ. Äëÿ àíàëèçà áûë 
âûáðàí àëãîðèòì ôèëüòðàöèè, èñïîëüçóþùèé â êà-
÷åñòâå ìîäåëè íàáëþäåíèé ïðîñòðàíñòâåííûé ïîëè-
íîì âòîðîãî ïîðÿäêà. 

 

Ïîñòàíîâêà çàäà÷è 
 
Ïóñòü çíà÷åíèå ìåòåîðîëîãè÷åñêîé âåëè÷èíû 

ξi(t) â i-é òî÷êå çàäàííîé ïëîñêîñòè â ìîìåíò âðå-
ìåíè t îïðåäåëÿåòñÿ ïîëèíîìîì âòîðîãî ïîðÿäêà: 
 

 ξi(t) = X1(t) + X2(t)xi + X3(t)yi + 

 + X4(t)xi 

yi + X5(t)xi
2
 + X6(t)yi

2
, (1) 

ãäå xi è yi − äåêàðòîâû êîîðäèíàòû ñòàíöèé, ïðî-
âîäÿùèõ èçìåðåíèÿ; X1(t) – X6(t) – íåèçâåñòíûå 
êîýôôèöèåíòû, îïðåäåëÿþùèå çíà÷åíèå ìåòåîðîëî-
ãè÷åñêîé âåëè÷èíû â êàæäûé ìîìåíò âðåìåíè äëÿ 
ëþáîé òî÷êè â ïðåäåëàõ ìåçîìàñøòàáíîãî ïîëèãîíà. 
Îöåíêà íåèçâåñòíûõ êîýôôèöèåíòîâ ïîëèíîìà îñó-
ùåñòâëÿåòñÿ ñ ïîìîùüþ äèñêðåòíîãî âàðèàíòà ôèëüò-
ðà Êàëìàíà. Ïðè ýòîì âåêòîð ñîñòîÿíèÿ äëÿ äèñ-
êðåòíûõ ìîìåíòîâ âðåìåíè tk èìååò âèä 

 X(k) = |Õ1(k), Õ2(k), Õ3(k), Õ4(k), Õ5(k), Õ6(k)|Ò. (2) 

Çäåñü ñèìâîë Ò îçíà÷àåò òðàíñïîíèðîâàíèå. Äèíà-
ìèêà èçìåíåíèÿ ñîñòàâëÿþùèõ âåêòîðà ñîñòîÿíèé 

(2) ìîæåò áûòü îïèñàíà ñèñòåìîé ðàçíîñòíûõ óðàâ-
íåíèé ñëåäóþùåãî âèäà (l = 1, …, 6): 

 + = + ω( 1) ( ) ( ),l l lX k X k k  (3) 

ãäå 

 Ω =│ω1(k) ω2(k) ω3(k) ω4(k) ω5(k) ω6(k)│Ò 

– ñëó÷àéíûå âîçìóùåíèÿ ñèñòåìû (ïîðîæäàþùèå 
øóìû, øóìû ñîñòîÿíèÿ). Ìîäåëü èçìåðåíèé ïðåä-
ñòàâëåíà â âèäå àääèòèâíîé ñìåñè èñòèííîãî çíà÷å-
íèÿ ìåòåîðîëîãè÷åñêîãî ïàðàìåòðà ξi(k) è îøèáêè 
èçìåðåíèÿ εi(k): 

 Yi(k) = ξi(k) + εi(k). (4) 

Â òåðìèíàõ ïåðåìåííûõ ñîñòîÿíèÿ (2) ìîäåëü 
èçìåðåíèé (4) ìîæíî çàïèñàòü [2]: 

 Yi(k) = X1(k) + X2(k)xi + X3(k)yi + 

 + X4(k)xi yi + X5(k)xi
2
 + X6(k)yi

2
 + εi(k).  (5) 

Óðàâíåíèÿ (3) è (5) ïîëíîñòüþ îïðåäåëÿþò 

ñòðóêòóðó ëèíåéíîãî ôèëüòðà Êàëìàíà, îáåñïå÷è-
âàþùåãî îöåíêó êîýôôèöèåíòîâ ïîëèíîìà (1) ñ ìè-
íèìàëüíîé ñðåäíåêâàäðàòè÷åñêîé îøèáêîé. Àëãî-
ðèòì ïðîñòðàíñòâåííîé ýêñòðàïîëÿöèè â çàäàííóþ 
òî÷êó j ïîëèãîíà èìååò âèä 

 

ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ ˆ ˆ( ) ( ) ( ) ,
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2 2
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j j j

j j j j

Y k X k X k x X k y

X k x y X k x X k y

= + + +

+ + +

 
(6)

 

ãäå ˆ ˆ( ), ( )i jX k Y k  – îöåíêà âåêòîðà ñîñòîÿíèÿ è ýêñò-

ðàïîëèðîâàííîå çíà÷åíèå ìåòåîâåëè÷èíû äëÿ ìîìåí-
òà âðåìåíè k; xj, yj – êîîðäèíàòû òî÷êè ýêñòðà- 
ïîëÿöèè. Äèñïåðñèÿ îøèáêè îöåíèâàíèÿ (ïðîñòðàí-
ñòâåííîé ýêñòðàïîëÿöèè) ìåòåîðîëîãè÷åñêîé ïåðå-
ìåííîé Yj(k) íà êàæäîì øàãå ïðîãíîçà, óñðåäíåí-
íàÿ ïî àíñàìáëþ ðåàëèçàöèé, îïðåäåëÿåòñÿ âûðà-
æåíèåì 



 

  Îöåíêà ïîòåíöèàëüíîé òî÷íîñòè àëãîðèòìà ýêñòðàïîëÿöèè ìåòåîðîëîãè÷åñêèõ âåëè÷èí… 349 
 

 { }ˆ( ) ( ) – ( ) ,⎡ ⎤=
⎣ ⎦

2

EY j jD k Y k Y k  (7) 

ãäå Å – îïåðàòîð ìàòåìàòè÷åñêîãî îæèäàíèÿ; Yj(k) – 
èñòèííîå çíà÷åíèå ïðîãíîçèðóåìîé ïåðåìåííîé; 
ˆ ( )jY k  –

 

îöåíåííîå çíà÷åíèå ïðîãíîçèðóåìîé ïåðå-

ìåííîé. Ïîäñòàâëÿÿ óðàâíåíèå (6) â óðàâíåíèå (7), 
ìîæíî ïîëó÷èòü çàâèñèìîñòü äèñïåðñèè îøèáêè îöå-
íèâàíèÿ Yj(k) îò îøèáîê îöåíèâàíèÿ êîýôôèöèåí-
òîâ ïîëèíîìà Õi(k): 

 DY(t) = D11(t) + xj
2D22(t) + yj

2D33(t) + xj
2yj

2D44(t) + 

 + xj
4D55(t) + yj

4D66(t) + 2xjD12(t) + 2yjD13(t) + 

 + xjyjD14(t) + 2xj
2D15(t) + 2yj

2D16(t) + 2xjyjD23(t) + 

 + 2xj
2yjD24(t) + 2xj

3D25(t) + 2xjyj
2D26(t) + 

 + 2xjyj
2D34(t) + 2xj

2yjD35(t) + 2yj
3D36(t) +  

 + 2xj
3yjD45(t) + 2xjyj

3D46(t) + 2xj
2yj

2D56(t),  (8) 

ãäå Dlm(k) – ýëåìåíòû ìàòðèöû êîâàðèàöèé îøè-
áîê îöåíèâàíèÿ êîýôôèöèåíòîâ D(tk) (2). 

 

Ìåòîäèêà ðåøåíèÿ çàäà÷è 
 
Äëÿ ëèíåéíîãî ôèëüòðà Êàëìàíà ðàñ÷åò ìàòðè-

öû êîâàðèàöèé îøèáîê îöåíèâàíèÿ ýëåìåíòîâ âåê-
òîðà ñîñòîÿíèé ìîæíî âûïîëíèòü àïðèîðè, ñ ïîìî-
ùüþ ðåøåíèÿ ìàòðè÷íîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ Ðèêêàòè [3, 4]: 

   

T T

T –1

( ) ( ) ( ) ( ) ( ) ( ) ( ) –

– ( ) ( ) ( ) ( ) ( ),

d
t t t t t t t

dt

t t t t t
ε

= + +

D
F D D F G R G

D H R H D

Ω

 

(9)

 

ãäå F(t) = 0 – ïåðåõîäíàÿ ìàòðèöà ñîñòîÿíèé; G(t) – 
åäèíè÷íàÿ ïåðåõîäíàÿ ìàòðèöà øóìîâ ñîñòîÿíèé 
(diag G(t) = │1 1 1 1 1 1│); RΩ(t) = 0 – ìàòðèöà êî-
âàðèàöèé øóìîâ ñîñòîÿíèé, ïðè óñëîâèè, ÷òî øóìû 
îòñóòñòâóþò (3); 

 H =

2 2

11 11 11 11 11 11

2 2

22 22 22 22 22 22

2 2

33 33 33 33 33 33

2 2

44 44 44 44 44 44

2 2

55 55 55 55 55 55

2 2

66 66 66 66 66 66

1 ( ) ( )

1 ( ) ( )

1 ( ) ( )

1 ( ) ( )

1 ( ) ( )

1 ( ) ( )

x y x y x y

x y x y x y

x y x y x y

x y x y x y

x y x y x y

x y x y x y

⋅

⋅

⋅

⋅

⋅

⋅

 

– ïåðåõîäíàÿ ìàòðèöà èçìåðåíèé; Rε(t) – êîâàðèà-
öèîííàÿ ìàòðèöà øóìîâ íàáëþäåíèé (diag Rε(t) = 

= 
ε ε ε ε

σ σ σ σ
2 2 2 2 ). 

Äëÿ ðåøåíèÿ (9) íåîáõîäèìî çàäàòü íà÷àëüíîå 
çíà÷åíèå ìàòðèöû äèñïåðñèé îøèáîê îöåíèâàíèÿ 

D(0), êîòîðàÿ ðàâíà ìàòðèöå äèñïåðñèé êîìïîíåíò 
îöåíèâàåìîãî ïðîöåññà X(t) â ìîìåíò t = 0. Çíà÷å-
íèå ýòîé ìàòðèöû ïðè ñèíòåçå àëãîðèòìîâ çàäàåòñÿ 

íà îñíîâå àïðèîðíûõ äàííûõ. Â ðàáîòå èñïîëüçîâàí 

îäèí èç ñïîñîáîâ àíàëèòè÷åñêîãî ðåøåíèÿ óðàâíå-
íèÿ (9), ïîäðîáíî îïèñàííûé â [4]. Ïðèíöèï ðåøå-
íèÿ îñíîâûâàåòñÿ íà çàìåíå (9) ñèñòåìîé ëèíåéíûõ 
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìàòðèöåé 2n×2n 

(ãäå n – ðàçìåðíîñòü âåêòîðà ñîñòîÿíèé). Íèæå ïðè-
âåäåíî çàìêíóòîå ðåøåíèå óðàâíåíèÿ Ðèêêàòè â ìàò-
ðè÷íîì âèäå: 

 
= + ×⎡ ⎤⎣ ⎦

× +⎡ ⎤⎣ ⎦

11 12

–1

21 22

( ) ( ) (0) ( )

( ) (0) ( ) .

t t t

t t

D C D C

C D C

 
(10)

 

Äëÿ îïðåäåëåíèÿ áëî÷íîé ìàòðèöû Ñ(t) èñïîëüçó-
åòñÿ âûðàæåíèå 

 Ñ(t) = 11 12

21 22

( ) ( )

( ) ( )

t t

t t

C C

C C
 = ‡–1{[sI – A]–1}, (11) 

ãäå ‡–1– îïåðàöèÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ëàï-
ëàñà; I – åäèíè÷íàÿ ìàòðèöà (2n×2n); s – ïàðàìåòð 
ïðåîáðàçîâàíèÿ Ëàïëàñà; 

 
T –1 T

–

Ω

ε

=

T
F GR G

A
H R H F

 

– âñïîìîãàòåëüíàÿ áëî÷íàÿ ìàòðèöà. 
Äëÿ ìîäåëåé (3) è (5) áëî÷íàÿ ìàòðèöà A áóäåò 

èìåòü ñëåäóþùèé âèä: 

 
T –1

0 0

0
ε

=

⋅ ⋅

A
H R H

. (12) 

 

Ðåçóëüòàòû èññëåäîâàíèÿ 
 
Ïðîâåäåíû èññëåäîâàíèÿ ñðåäíåêâàäðàòè÷åñêîé 

îøèáêè ýêñòðàïîëÿöèè σ = ( )Y YD t  äëÿ òðåõ êîíôè-

ãóðàöèé ïîëèãîíà ðèñ. 1, à, âêëþ÷àþùèõ ñòàíöèè:  
1 – Áîëîãîå–Ñóõèíè÷è–Ñìîëåíñê–Ðÿçàíü–Ìîñêâà; 
2 – Ñìîëåíñê–Ñóõèíè÷è–Êóðñê–Ðÿçàíü–Ìîñêâà; 
3 – Ñóõèíè÷è–Êóðñê–Ðÿçàíü–Íèæíèé Íîâãîðîä–
Ìîñêâà. 

Íà÷àëüíàÿ êîâàðèàöèîííàÿ ìàòðèöà îøèáîê 
çàäàâàëàñü â äèàãîíàëüíîì âèäå: D(0) = σ2I, ãäå  
I – åäèíè÷íàÿ ìàòðèöà ñ ðàçìåðíîñòüþ (n×n). Ïå-
ðèîä èññëåäîâàíèé – 5 ñóò, ñ òåìïîì ïîñòóïëåíèÿ 
èçìåðåíèé 12 ÷ [1]. Äëÿ êîíôèãóðàöèè ïîëèãîíà 1 
íà ðèñ. 1, á ïðèâåäåíû ðåçóëüòàòû èññëåäîâàíèé 
âëèÿíèÿ íà÷àëüíûõ çíà÷åíèé D(0) íà σY (ïðè 
σ = 1; 2; 3 è σ

ε
 = 1). Èññëåäîâàíî èçìåíåíèå σY 

äëÿ ðàçíûõ ñòàíöèé è êîíôèãóðàöèé ïîëèãîíà 
ðèñ. 1, â (ïðè σ = 2, σ

ε
 = 1). Íà ðèñ. 1, ã ïðåäñòàâ-

ëåíû ãðàôèêè èçìåíåíèÿ σY äëÿ âñåõ ðàññìîòðåí-
íûõ êîíôèãóðàöèé ïîëèãîíà ñ òî÷êîé ýêñòðàïîëÿ-
öèè ñòàíöèè ã. Ìîñêâà. Ïðîâåäåííîå èññëåäîâàíèå 
âëèÿíèÿ îøèáêè èçìåðåíèÿ σ

ε
 íà σY íå âûÿâèëî 

çíà÷èìîé çàâèñèìîñòè â äèàïàçîíå çíà÷åíèé 
σ
ε
 = 0,5; 1; 1,5; 2 è σ = 1; 1,5; 2. Âñå ðàñ÷åòû ïðî-

âîäèëèñü ïðè ïîìîùè ïðîãðàììíîãî îáåñïå÷åíèÿ 
Mathcad 2001. 
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Ðèñ. 1. Ñõåìà âàðèàíòîâ êîíôèãóðàöèé ïîëèãîíà (à), à òàêæå ãðàôèêè ïîâåäåíèÿ ñðåäíåêâàäðàòè÷åñêèõ îøèáîê îöåíèâà-
íèÿ ìåòåîâåëè÷èíû âî âðåìåíè: á – äëÿ ñòàíöèè Ìîñêâà (ïîëèãîí 1) ïðè σ = 1, 2, 3 è σε = 1; â – äëÿ ñòàíöèé Áîëîãîå, 
Ðÿçàíü, Ñóõèíè÷è, Ñìîëåíñê (ïîëèãîí 1), äëÿ ñòàíöèè Êóðñê (ïîëèãîí 2), äëÿ ñòàíöèè Íèæíèé Íîâãîðîä (ïîëèãîí 3);  
  ã – äëÿ ñòàíöèè Ìîñêâà ïðè σε = 1 è σ = 2 äëÿ êîíôèãóðàöèé ïîëèãîíà (1, 2, 3) 

 

Âûâîäû 

 

 

1) Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò îöåíèòü 
ïîòåíöèàëüíóþ òî÷íîñòü ýêñòðàïîëÿöèè ïðè ðàç-
ëè÷íûõ çíà÷åíèÿõ îøèáîê èçìåðåíèÿ. 

2) Íàèáîëüøåå âëèÿíèå íà ñêîðîñòü ñõîäèìî-
ñòè ôèëüòðà îêàçûâàåò çíà÷åíèå ýëåìåíòîâ íà÷àëü-
íîé ìàòðèöû êîâàðèàöèé σ, ïðè ýòîì ìèíèìóì σY 
îáåñïå÷èâàåòñÿ ïðè σ = 1,0. 

3) Èññëåäîâàíèå âëèÿíèÿ îøèáêè èçìåðåíèÿ σ
ε
 

íà σY íå âûÿâèëî çíà÷èìîé çàâèñèìîñòè â äèàïàçîíå 
çíà÷åíèé σ

ε
 = 0,5; 1; 1,5; 2 ïðè σ = 1; 1,5; 2. 

4) Ìèíèìàëüíàÿ îøèáêà σY ïîëó÷åíà äëÿ 

ñò. Ìîñêâà è Ñóõèíè÷è, êîòîðûå ðàñïîëîæåíû 
âíóòðè âûáðàííûõ ïîëèãîíîâ, ÷òî ïîëíîñòüþ ñî-
ãëàñóåòñÿ ñ äàííûìè [5]. 
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Yu.B. Popov, À.I. Popova. Estimate of potential accuracy of the algorithm for meteorological parameter 
extrapolation by the state space method. 

An analytical formula is derived for extrapolation error dispersion allowing a computation of the spatial 
prognosis error for some meteoparameter for any initial conditions and any measurement interval. For the 
analysis, the filtration algorithm was chosen, which uses a spatial polynomial of the second order as the obser-
vational model. 


