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Ðàññìàòðèâàåòñÿ ïðèìåíåíèå ìåòîäà ôàçîâûõ ôóíêöèé ê îïòèêå íåïîãëîùàþùèõ ñôåðè÷åñêèõ ÷àñòèö ñ 
ðàäèàëüíî-íåîäíîðîäíûìè ïîêàçàòåëÿìè ïðåëîìëåíèÿ. Âûâåäåíû óðàâíåíèÿ, îïèñûâàþùèå ðàäèàëüíûå çàâè-
ñèìîñòè ôàçîâûõ ôóíêöèé. Íàéäåíû ñîîòíîøåíèÿ, ïîçâîëÿþùèå ðàññ÷èòûâàòü õàðàêòåðèñòèêè ñâåòîðàññåÿ-
íèÿ ÷àñòèö ñ ãëàäêîé ðàäèàëüíîé çàâèñèìîñòüþ ïîêàçàòåëÿ ïðåëîìëåíèÿ. Ïîêàçàíà äîñòàòî÷íàÿ òî÷íîñòü 
ïðåäëàãàåìîãî ìåòîäà. 

 
 

Ðàñ÷åò; õàðàêòåðèñòèê ñâåòîðàññåÿíèÿ ìàëûõ ñôåðè÷åñêèõ ÷àñòèö ñ ðàäèàëüíî-íåîäíîðîäíûìè 
ïîêàçàòåëÿìè ïðåëîìëåíèÿ â ïîñëåäíåå âðåìÿ, ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ [1—3]. Îäíàêî ýòà 
çàäà÷à ðåøàåòñÿ àíàëèòè÷åñêè ëèøü äëÿ íåêîòîðûõ ñïåöèàëüíûõ âèäîâ ðàäèàëüíûõ çàâèñèìîñòåé 
ïîêàçàòåëÿ ïðåëîìëåíèÿ [1, 2], ïîýòîìó âîçíèêàåò íåîáõîäèìîñòü ÷èñëåííîãî åå ðåøåíèÿ. Íåïîñðåä-
ñòâåííîå èíòåãðèðîâàíèå âîçíèêàþùèõ â òåîðèè óðàâíåíèé çàòðóäíåíî èç-çà ñèëüíûõ îñöèëëÿöèé 
ïîëó÷àþùèõñÿ ðåøåíèé [2]. Èñïîëüçóþùèåñÿ æå â íàñòîÿùåå âðåìÿ ìåòîäû íåäîñòàòî÷íî òî÷íû è 
òðåáóþò çíà÷èòåëüíûõ çàòðàò ìàøèííîãî âðåìåíè [4]. 

Äëÿ èññëåäîâàíèÿ ñâåòîðàññåÿíèÿ íåïîãëîùàþùèõ ðàäèàëüíî-íåîäíîðîäíûõ ÷àñòèö ïðèìåíÿåòñÿ 
èçâåñòíûé â êâàíòîâîé ìåõàíèêå ìåòîä ôàçîâûõ ôóíêöèé [5]. Âîçìîæíîñòü åãî ïðèìåíåíèÿ ê ðàñ÷åòó 
îïòè÷åñêèõ õàðàêòåðèñòèê ñôåðè÷åñêèõ ÷àñòèö ðàññìàòðèâàëàñü â [4]. Â íàñòîÿùåé ñòàòüå ýòîò ìåòîä 
ïîëó÷èë ñâîå äàëüíåéøåå ðàçâèòèå. 

Ðàññìîòðèì ðàññåÿíèå ñâåòà ñôåðè÷åñêîé ÷àñòèöåé ðàäèóñîì à ñ äåéñòâèòåëüíûì ïîêàçàòåëåì 
ïðåëîìëåíèÿ n(r). Áóäåì ñ÷èòàòü, ÷òî n(r) — íåïðåðûâíàÿ, äèôôåðåíöèðóåìàÿ ôóíêöèÿ, îïðåäåëåí-
íàÿ ïðè 0  r  à. Îáîçíà÷èì k = 2/ — âîëíîâîå ÷èñëî, x = ka — ïàðàìåòð äèôðàêöèè ÷àñòèöû. 
Êàê è â ñëó÷àå îäíîðîäíîé ñôåðè÷åñêîé ÷àñòèöû, ñâåòîðàññåÿíèå ïîëíîñòüþ îïðåäåëÿåòñÿ êîýôôèöè-
åíòàìè ðÿäà ðàññåÿíèÿ al è bl [2, 6], êîòîðûå äëÿ øàðà ñ ðàäèàëüíîé íåîäíîðîäíîñòüþ ïîêàçàòåëÿ 
ïðåëîìëåíèÿ èìåþò âèä [2] 
 

 
 

 (1) 
 

ãäå 
 

 
 

 (2) 
 

 = kr; l — ôóíêöèÿ Ðèêêàòè—Áåññåëÿ; l — ôóíêöèÿ Ðèêêàòè—Ãàíêåëÿ ïåðâîãî ðîäà; ôóíêöèè 
Gl() è Wl() îïðåäåëÿþòñÿ óðàâíåíèÿìè [1, 2]: 
 

 
 

 (3) 
 

Ðåøåíèå óðàâíåíèé (3) ÿâëÿåòñÿ îñíîâíûì çàòðóäíåíèåì òåîðèè ðàññåÿíèÿ íà ðàäèàëüíî-
íåîäíîðîäíîé ñôåðè÷åñêîé ÷àñòèöå. Ïðèìåíèì äëÿ èõ ðåøåíèÿ ìåòîä, èçâåñòíûé â êâàíòîâîé ìåõà-
íèêå êàê ìåòîä ôàçîâûõ ôóíêöèé [3]. Çàïèøåì ôóíêöèè Gl è Wl â âèäå 
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ãäå w
lA  è c

lA — àìïëèòóäíûå, w
l  è c

l — ôàçîâûå ôóíêöèè; I — ôóíêöèÿ Ðèêêàòè—Áåññåëÿ. 
Ñëåäóÿ [5], íàëîæèì äîïîëíèòåëüíûå óñëîâèÿ íà àìïëèòóäíûå è ôàçîâûå ôóíêöèè. Ïîòðåáóåì, 

÷òîáû 
 

 
 

 (5) 
 

Íåîáõîäèìîñòü íàëîæåíèÿ óñëîâèé (5) îáúÿñíÿåòñÿ òåì, ÷òî â (4) âìåñòî äâóõ íåèçâåñòíûõ 
ôóíêöèé Gl è Wl ââîäÿòñÿ ÷åòûðå. Óñëîâèÿ (5) ýêâèâàëåíòíû ñëåäóþùèì óñëîâèÿì: 
 

 
 

(6) 
 
Ïîäñòàíîâêà (4) â (3) äàåò 
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Óðàâíåíèÿ (6) è (7) îáðàçóþò äâå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà, äîñ-
òàòî÷íûõ äëÿ îïðåäåëåíèÿ ôóíêöèé ,c c

l lA   è ,w w
l lA   ñîîòâåòñòâåííî. Èñêëþ÷èì ïðîèçâîäíûå ôóíê-

öèé c
lA  è ,w

lA  èñïîëüçóÿ ñâîéñòâî âðîíñêèàíà ôóíêöèé Ðèêêàòè—Áåññåëÿ: 
 

 
 

Â ðåçóëüòàòå ïîëó÷àåì äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ ôàçîâûõ ôóíêöèé: 
 

 (8) 
 

 
 

 
 
ñ íà÷àëüíûìè óñëîâèÿìè: 
 

 (9) 
 
êîòîðûå ñëåäóþò èç òðåáîâàíèÿ îãðàíè÷åííîñòè ôóíêöèé Gl è Wl â íà÷àëå êîîðäèíàò [5]. 

Óðàâíåíèÿ (8) çà èñêëþ÷åíèåì íåêîòîðûõ ñïåöèàëüíûõ âèäîâ çàâèñèìîñòåé n(r) ðåøàþòñÿ òîëü-
êî ÷èñëåííî. Ïîäñòàâëÿÿ èõ ðåøåíèÿ â (1), ïîëó÷àåì âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ ðÿäà ðàññåÿíèÿ:  
 

  (10) 
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Êàê ñëåäóåò èç âûðàæåíèé (10), êîýôôèöèåíòû ðÿäà ðàññåÿíèÿ çàâèñÿò ëèøü îò ôàçîâûõ ôóíê-
öèé è íå çàâèñÿò îò àìïëèòóäíûõ, ÷òî çíà÷èòåëüíî óïðîùàåò ðåøåíèå çàäà÷è. 
 

   
 

Ðèñ. 1. Óãëîâûå çàâèñèìîñòè âåëè÷èí G1() (à) è G2() (á): êðèâàÿ 1 — ðåçóëüòàòû àíàëèòè÷åñêèõ 
ðàñ÷åòîâ, 2 — ïî ôîðìóëàì (10) 

 
Áûëè ïðîèçâåäåíû ðàñ÷åòû õàðàêòåðèñòèê ñâåòîðàññåÿíèÿ ÷àñòèö ñ ðàäèàëüíîé çàâèñèìîñòüþ ïî-

êàçàòåëÿ ïðåëîìëåíèÿ, äëÿ êîòîðûõ èçâåñòíî àíàëèòè÷åñêîå ðåøåíèå óðàâíåíèé (3). Íà ðèñ. 1 ïðåä-
ñòàâëåíû óãëîâûå õàðàêòåðèñòèêè ðàññåÿíèÿ ÷àñòèö ñ ïàðàìåòðîì äèôðàêöèè õ = 5,0 è ïðîôèëåì 
êîýôôèöèåíòà ïðåëîìëåíèÿ n() = (2—(/õ)2)1/2 (ëèíçà Ëóíåáåðãà [2]). Íà ðèñ. 1,à è 1,á èçîáðàæå-
íû óãëîâûå çàâèñèìîñòè âåëè÷èí 
 

 
 

ñîîòâåòñòâåííî, ðàññ÷èòàííûå àíàëèòè÷åñêè [2] è ïîëó÷åííûå ìåòîäîì ôàçîâûõ ôóíêöèé, ãäå [6] 
 

 
 

 (11) 
 

Ñîîòâåòñòâèå ìåæäó àíàëèòè÷åñêèìè è ÷èñëåííûìè ðàñ÷åòàìè âïîëíå óäîâëåòâîðèòåëüíîå. 
 

 
 

Ðèñ. 2. Óãëîâàÿ çàâèñèìîñòü âåëè÷èíû G(): êðèâàÿ 1 — ñîãëàñíî àíàëèòè÷åñêèì ðàñ÷åòàì, 2 —
 ðàññ÷èòàííàÿ ìåòîäîì ôàçîâûõ ôóíêöèé 

 

Íà ðèñ. 2 ïðåäñòàâëåíû óãëîâûå çàâèñèìîñòè âåëè÷èíû 
2 2

1 2( ) ( ) ( ) ,G S S      ïîëó÷åííûå àíà-

ëèòè÷åñêè [1] è ðàññ÷èòàííûå ìåòîäîì ôàçîâûõ ôóíêöèé äëÿ ðàäèàëüíîé çàâèñèìîñòè êîýôôèöèåíòà 
ïðåëîìëåíèÿ n() = 1,5/(1+0,00512) ïðè ïàðàìåòðå äèôðàêöèè õ = 5,0. Õîðîøåå ñîâïàäåíèå ðåçóëü-
òàòîâ àíàëèòè÷åñêèõ è ÷èñëåííûõ ðàñ÷åòîâ ïîêàçûâàåò, ÷òî ïðèìåíåíèå ìåòîäà ôàçîâûõ ôóíêöèé 
ïîçâîëÿåò äîâîëüíî òî÷íî âû÷èñëÿòü îïòè÷åñêèå õàðàêòåðèñòèêè ÷àñòèö. 

Òàêèì îáðàçîì, â ðàáîòå ïðåäëîæåí íîâûé ìåòîä ðàñ÷åòà õàðàêòåðèñòèê ñâåòîðàññåÿíèÿ íåïî-
ãëîùàþùèõ ñôåðè÷åñêèõ ÷àñòèö ñ ðàäèàëüíî-íåîäíîðîäíûì ïîêàçàòåëåì ïðåëîìëåíèÿ, îñíîâàííûé 
íà ïðèìåíåíèè ìåòîäà ôàçîâûõ ôóíêöèé ê ðåøåíèþ îñíîâíûõ óðàâíåíèé (3), âîçíèêàþùèõ â îïòèêå 
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ðàäèàëüíî-íåîäíîðîäíûõ ÷àñòèö. Âûâåäåíû óðàâíåíèÿ (9), ïîçâîëÿþùèå ðàññ÷èòûâàòü õàðàêòåðèñòè-
êè ñâåòîðàññåÿíèÿ ÷àñòèö ñ ãëàäêîé ðàäèàëüíîé çàâèñèìîñòüþ ïîêàçàòåëÿ ïðåëîìëåíèÿ. Ñîïîñòàâëå-
íèå ðåçóëüòàòîâ, ïîëó÷åííûõ ñ èñïîëüçîâàíèåì ïðåäëàãàåìîé ìåòîäèêè, ñ ðåçóëüòàòàìè àíàëèòè÷å-
ñêèõ ðàñ÷åòîâ äëÿ ðàçëè÷íûõ âèäîâ ðàäèàëüíûõ çàâèñèìîñòåé ïîêàçàòåëÿ ïðåëîìëåíèÿ ïîêàçûâàåò 
äîñòàòî÷íóþ òî÷íîñòü ðàññìàòðèâàåìîãî ìåòîäà. 
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N.N. Belov, S.Î. Suslîv. A Technique for Calculating Light Scattering Characteristics of Nonabsorbing Ra-
dially Inhomogeneous Particles. 
 

The method of phase functions in application to optics of nonabsorbing spherical particles with radially nonuniform 
distribution of the refractive index is analyzed. Equations describing the radial behavior of the phase functions are derived, 
and the expressions are suggested, which allow one to calculate scattering characteristics of particles with smooth radial 
distribution of the radiative index. The accuracy of the suggested approach is shown to be quite sufficient. 


