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Ïðåäëàãàåòñÿ ïåðåõîä îò èíòåãðèðîâàíèÿ ïî òðàåêòîðèÿì ê îáûêíîâåííîìó èíòåãðèðîâàíèþ ïî àìïëè-
òóäàì ãàðìîíèê. Â ðåçóëüòàòå ïîëó÷åíî âûðàæåíèå äëÿ ïîëÿ, ïîçâîëÿþùåå èññëåäîâàòü øèðîêèé êëàññ çàäà÷ 
êàê â ëèíåéíûõ, òàê è â íåëèíåéíûõ ñëó÷àéíî-íåîäíîðîäíûõ ñðåäàõ. Íà îñíîâå ïðåäëàãàåìîãî âûðàæåíèÿ 
äëÿ ïîëÿ ïîëó÷åíî îáùåå âûðàæåíèå äëÿ ïðîñòðàíñòâåííî-âðåìåííîé êîððåëÿöèîííîé ôóíêöèè ïðîèçâîëü-
íûõ ôëóêòóàöèé èíòåíñèâíîñòè â òóðáóëåíòíîé àòìîñôåðå. 

 
 

Â ëèíåéíîé ñëó÷àéíîé ñðåäå ñ êðóïíîìàñøòàáíûìè íåîäíîðîäíîñòÿìè äèýëåêòðè÷åñêîé ïðîíè-
öàåìîñòè (ïî ñðàâíåíèþ ñ äëèíîé âîëíû) ðàñïðîñòðàíåíèå îïòè÷åñêîé âîëíû îïèñûâàåòñÿ ëèíåéíûì 
ñòîõàñòè÷åñêèì ïàðàáîëè÷åñêèì äèôôåðåíöèàëüíûì óðàâíåíèåì. Èçâåñòíî, ÷òî ðåøåíèå ëèíåéíîãî 
ïàðàáîëè÷åñêîãî óðàâíåíèÿ ìîæåò áûòü ïðåäñòàâëåíî â âèäå êîíòèíóàëüíîãî èíòåãðàëà [1—4], âîç-
ìîæíîñòü èñïîëüçîâàíèÿ êîòîðîãî ïîêàçàíà â [5—9] íà ïðèìåðå ðàñ÷åòà õàðàêòåðèñòèê èçëó÷åíèÿ â 
îáëàñòè ñèëüíûõ è ñëàáûõ ôëóêòóàöèé èíòåíñèâíîñòè â òóðáóëåíòíîé àòìîñôåðå. 

Äëÿ îïèñàíèÿ íåëèíåéíîãî âçàèìîäåéñòâèÿ ëàçåðíîãî èçëó÷åíèÿ ñî ñëó÷àéíîé ñðåäîé ìîæíî 
òàêæå âîñïîëüçîâàòüñÿ êîíòèíóàëüíûì èíòåãðàëîì, îñíîâûâàÿñü íà ïîíÿòèè T-îòîáðàæåíèÿ [10]. T-
îòîáðàæåíèå ïðåäïîëàãàåò ó÷åò ýôôåêòà çàïàçäûâàíèÿ (èëè ðåëàêñàöèè) â âåëè÷èíàõ, çàâèñÿùèõ îò 
íåèçâåñòíîé ôóíêöèè. Äëÿ èíòåðïðåòàöèè T-îòîáðàæåíèÿ ìîæíî èñïîëüçîâàòü íåëèíåéíîå äèôôå-
ðåíöèàëüíîå óðàâíåíèå, îïèñûâàþùåå ïðîöåññ ðàñïðîñòðàíåíèÿ îïòè÷åñêîé âîëíû 
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ãäå ê = 2/ — âîëíîâîå ÷èñëî;  — äëèíà âîëíû ëàçåðíîãî èçëó÷åíèÿ; õ, y, z — äåêàðòîâûå êîîð-
äèíàòû; ëàçåðíîå èçëó÷åíèå ðàñïðîñòðàíÿåòñÿ âäîëü êîîðäèíàòû õ; p = iy + jz — âåêòîð â ïîïåðå÷-
íîé ê íàïðàâëåíèþ ðàñïðîñòðàíåíèÿ ïëîñêîñòè; t — âðåìÿ; u(õ, ó, z, t) = e–iêxÅê(õ, y, z, t), 
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ðå÷íûé Ëàïëàñèàí; ä(õ, y, z, t) — îòêëîíåíèå äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè ñðåäû îò åå ñðåäíåãî 
çíà÷åíèÿ; 0(x, ó, z, t) — ìíèìàÿ ÷àñòü äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè ñðåäû, îïèñûâàþùàÿ ïîãëî-
ùåíèå ëàçåðíîãî èçëó÷åíèÿ; T(x, ó, z, t) — ñðåäíÿÿ òåìïåðàòóðà ñðåäû äî åå íàãðåâà ëàçåðíûì èçëó-
÷åíèåì; Tñë(õ, ó, z, t) — îòêëîíåíèå òåìïåðàòóðû îò T(x, y, z, t) âñëåäñòâèå ñëó÷àéíî-íåîäíîðîäíîãî 
õàðàêòåðà ñðåäû; Tíë(x, ó, z, t) — îòêëîíåíèå òåìïåðàòóðû îò Ò(õ, ó, z, t) âñëåäñòâèå íàãðåâà ñðåäû 
ëàçåðíûì èçëó÷åíèåì. Òíë(õ, ó, z, t) ÿâëÿåòñÿ ôóíêöèîíàëîì îò èíòåðåñóþùåé íàñ ôóíêöèè 
u(õ, ó, z, t): Òíë(õ, ó, z, t) = F[u(x, ó, z, t)]. 

Ôóíêöèîíàë F îïèñûâàåò íåëèíåéíîå âçàèìîäåéñòâèå ëàçåðíîãî èçëó÷åíèÿ ñî ñðåäîé. 
Èç ôèçè÷åñêèõ ñîîáðàæåíèé ÿñíî, ÷òî èçìåíåíèå òåìïåðàòóðû ñðåäû Òíë(õ, ó, z, t) ïðîèñõîäèò 

çà íåêîòîðûé ïðîìåæóòîê âðåìåíè Ò. Ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî Tíë(õ, ó, z, t) çàâèñèò îò çíà÷åíèé 
íåèçâåñòíîé ôóíêöèè äî íåêîòîðîãî ïðåäøåñòâóþùåãî ìîìåíòà âðåìåíè t—Ò. Â ñâÿçè ñ ìàëîé âåëè-
÷èíîé Ò òàêîé çàâèñèìîñòüþ îáû÷íî ïðåíåáðåãàþò. Îäíàêî ïðè ñîñòàâëåíèè ðàçíîñòíîé ñõåìû ðåøå-
íèÿ ïîäîáíûõ óðàâíåíèé [11] ôàêò çàïàçäûâàíèÿ, ïî ñóùåñòâó, ó÷èòûâàåòñÿ, ïîñêîëüêó äëÿ âû÷èñ-
ëåíèÿ Òíë(õ, ó, z, t2) â ìîìåíò âðåìåíè t2 èñïîëüçóþòñÿ çíà÷åíèÿ u(x, ó, z, t1) â ïðåäûäóùèé ìîìåíò 
âðåìåíè t1. Â ýòîì ñìûñëå ââåäåííîå Â.Ï. Ìàñëîâûì [10] ïîíÿòèå T-îòîáðàæåíèÿ ñòîèò áëèæå ê ðå-
àëüíûì ôèçè÷åñêèì ïðîöåññàì, ÷åì óðàâíåíèå (1). Â [10] ïîêàçàíî, ÷òî ìåòîä T-îòîáðàæåíèé òåñíî 
ñâÿçàí ñ ïîíÿòèåì íåëèíåéíîãî êîíòèíóàëüíîãî èíòåãðàëà, êîòîðûé ìîæåò áûòü èíòåðïðåòèðîâàí êàê 
ìåòîä ïîñòðîåíèÿ ðåøåíèÿ øàãàìè ïî t. Èñïîëüçóÿ ââåäåííîå Ìàñëîâûì Â.Ï. ïîíÿòèå T-îòîáðàæåíèÿ, 
íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå (1) ìîæíî ïðåäñòàâèòü â âèäå êîíòèíóàëüíîãî èíòåãðàëà 
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Ê íàñòîÿùåìó âðåìåíè ìåòîäîâ âû÷èñëåíèÿ êîíòèíóàëüíûõ èíòåãðàëîâ íå ñóùåñòâóåò çà èñêëþ-
÷åíèåì ñëó÷àÿ, êîãäà èíòåãðàë äåéñòâèÿ (â (2)—ýòî èíòåãðàë â ýêñïîíåíòå) èìååò êâàäðàòè÷íûé âèä. 
Íî ïðè îïèñàíèè êàê ëèíåéíûõ, òàê è íåëèíåéíûõ ýôôåêòîâ èíòåãðàë äåéñòâèÿ òàêîãî âèäà, êàê 
ïðàâèëî, íå èìååò. Â ñâÿçè ñ ýòèì âîçíèêàåò íåîáõîäèìîñòü èñïîëüçîâàòü ïðèáëèæåííûå ìåòîäû äëÿ 
ðàñ÷åòîâ. Â ÷àñòíîñòè, âîçìîæíû ïðèáëèæåíèÿ, ñâÿçàííûå ñ ó÷åòîì ëèøü îäíîé òðàåêòîðèè, äàþùåé 
îñíîâíîé âêëàä â êîíòèíóàëüíûé èíòåãðàë. Â [12] â êà÷åñòâå òàêîé òðàåêòîðèè ïðåäëàãàåòñÿ âûáèðàòü 
ïðÿìûå ëèíèè, ñîåäèíÿþùèå äâå êîíöåâûå òî÷êè. Äëÿ îïðåäåëåíèÿ îñíîâíîé òðàåêòîðèè ìîæíî èñïîëü-
çîâàòü óðàâíåíèå Ýéëåðà, èìåþùåå ðåøåíèå ïðè ñóùåñòâåííûõ ïðèáëèæåíèÿõ è îãðàíè÷åíèÿõ [13]. 

Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ ó÷èòûâàòü ëþáûå òðàåêòîðèè ñ ïîìîùüþ èõ ïðåäñòàâëåíèÿ â 
âèäå ñóïåðïîçèöèè ïðîèçâîëüíî íàïðàâëåííîé ïðÿìîé ëèïíè è íàáîðà ðàçëè÷íûõ ãàðìîíèê. Ïðè 
ýòîì ïðîèçâîäèòñÿ ïåðåõîä îò èíòåãðèðîâàíèÿ íî òðàåêòîðèÿì ê îáûêíîâåííîìó èíòåãðèðîâàíèþ ïî 
àìïëèòóäàì ãàðìîíèê. 

Èçâåñòíî [2, 10], ÷òî èíòåãðèðîâàíèå ïî òðàåêòîðèÿì â (2) àíàëîãè÷íî ïðåäñòàâëåíèþ â âèäå ïðåäåëà 
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ãäe ðN = p, x = x/N. 

Çàïèñè âûðàæåíèé (2) è (3) îçíà÷àþò, ÷òî u(x, ð, t) íàõîäèòñÿ êàê ñóììà (èíòåãðàë) ïî òðàåêòîðè-
ÿì, ïðîèçâîëüíî ñîåäèíÿþùèì âñå òî÷êè èñòî÷íèêà ñ òî÷êîé ð íà êîíöå òðàññû. Âêëàä â ñóììó ïî ðàç-
ëè÷íûì òðàåêòîðèÿì ìîæåò áûòü ïðîèçâîëüíûì, â òîì ÷èñëå è ïðîòèâîïîëîæíûì äðóã äðóãó. Äëÿ óäîá-
íîãî àíàëèçà âêëàäà â ñóììó ïî ðàçëè÷íûì âèäàì òðàåêòîðèé ïðåäñòàâèì èõ ñëåäóþùèì îáðàçîì: 
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Êðîìå òîãî, äëÿ óäîáíîé çàïèñè âûðàæåíèÿ (3) îñóùåñòâëÿåòñÿ ñëåäóþùàÿ çàìåíà: 
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, (6) 

 

ãäå ( ) sin( / ) / 2 sin( / 2 )).l x l x x N l N      

Â ñâÿçè ñ òåì, ÷òî ìàñøòàáû èçìåíåíèÿ ä, Ò è 0, êàê ïðàâèëî, ïðåâûøàþò ðàçìåðû ëàçåðíûõ 
ïó÷êîâ è ä, Ò, 0 — ñòàöèîíàðíû çà âðåìÿ èçëó÷åíèÿ, ìîæíî ïðåíåáðå÷ü çàâèñèìîñòüþ ýòèõ âåëè÷èÿ 
îò ïîïåðå÷íûõ êîîðäèíàò è âðåìåíè. Òîãäà 
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
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
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x
x p

0
 + 
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l=1

N–1

 
l
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l
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
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
 

 
  , (7) 

 

 
ãäå (õ) = ê0(õ) — êîýôôèöèåíò ìîëåêóëÿðíîãî ïîãëîùåíèÿ, 2(x) = –ä(õ)/Ò(õ). Äëÿ äèàïàçîíà 
äëèí âîëí  = 0,220 ìêì ìîæíî âîñïîëüçîâàòüñÿ ñëåäóþùåé ïðèáëèæåííîé ôîðìóëîé 

[15]: 6 2
ä

( )
( ) 2 10 (77,6 0,584 ).

( )
P x

x
T x

 
    


 Äëÿ ñòàíäàðòíûõ óñëîâèé Ð(õ) = 1013,25 ìá, Ò(õ) = 288Ê 
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
2
 = 


 

 

–2.25  10
–6

 
1
K äëÿ  = 0.2 ìêì

–1.89  10
–6

 
1
K äëÿ  = 20 ìêì

  . 

 

Îáû÷íî 2 ïðèíèìàåòñÿ ðàâíîé — 6 1
2 10 .

K
  Âåëè÷èíà  

 


2
(x)T

ñë








x, 



1 – 

x
x p

0
 + 

x
x  p + 

l=1

N–1

 
l
(x)b

l
, t  = 

1
T

ñë








x, 



1 – 

x
x p

0
 + 

x
x  p + 

l=1

N–1

 
l
(x)b

l
, t   

 
îïèñûâàåò ôëóêòóàöèè äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè ñðåäû èç-çà åå ñëó÷àéíîé íåîäíîðîäíîñòè. 
Åñëè â (7) ïðåíåáðå÷ü èíòåãðèðîâàíèåì ïî àìïëèòóäàì ãàðìîíèê bl, òî ïîëó÷àåòñÿ âûðàæåíèå 
 

u(x, p, t) = 
k

2ix exp









 – 
1
2


0

x
 

 
dx(x) + 

ik
2 



0

x
 

 
dx

Ä
(x)  




–


 

 
d

2
p

0

 
u

0
(p

0
,
 
t) exp



 ik
2x (p

 

–
 

p
0
)
2

 + 
ik
2 



0

x
 

 
dx

 

 
   

 





 

 

1



x, 



1 – 

x
x p

0
 + 

x
x  p ,t  + 

2
(x) T

íë



x, 



1 – 

x
x p

0
 + 

x
x  p, t


 
 

  ,  (8) 

 

ñîâïàäàþùåå ñ ðàíåå èçâåñòíûì âûðàæåíèåì äëÿ ïîëÿ â ôàçîâîì ïðèáëèæåíèè ìåòîäà Ãþéãåíñà-
Êèðõãîôà [16], Èç ôèçè÷åñêèõ ñîîáðàæåíèé ïîíÿòíî, ÷òî îñíîâíîé âêëàä â èíòåãðàë (7) äàþò ïåð-
âûå íèçêî÷àñòîòíûå ãàðìîíèêè. Ïîýòîìó, ñ îäíîé ñòîðîíû, äëÿ ðàñ÷åòîâ ìîæíî èñïîëüçîâàòü íå-
áîëüøîå ÷èñëî ãàðìîíèê, à ñ äðóãîé — îïðåäåëÿòü òî÷íîñòü ïðèíÿòûõ îãðàíè÷åíèé. 

Çàïèñàííîå âûðàæåíèå (7) äëÿ ïîëÿ ëàçåðíîãî èçëó÷åíèÿ â ñëó÷àå ëèíåéíîãî (Tíë = 0) è íåëè-
íåéíîãî âçàèìîäåéñòâèÿ êàê ñ íåïîäâèæíîé, òàê è ñ äâèæóùåéñÿ ñëó÷àéíî-íåîäíîðîäíîé ñðåäîé ïî-
çâîëÿåò èññëåäîâàòü øèðîêèé êëàññ çàäà÷ íà ïðÿìûõ è ëîêàöèîííûõ òðàññàõ. 

Âîçìîæíîñòü èñïîëüçîâàíèÿ (7) ìîæíî ïðîäåìîíñòðèðîâàòü íà ïðèìåðå ïîëó÷åíèÿ âûðàæåíèé 
äëÿ ïðîñòðàíñòâåííî-âðåìåííîé êîððåëÿöèîííîé ôóíêöèè ôëóêòóàöèé èíòåíñèâíîñòè Âl â òóðáó-
ëåíòíîé àòìîñôåðå ïðè Òíë = 0 
 

B
I
(x, p

1
, p

2
, ) = <I(x, p

1
, t) – <I(x, p

2
, t + )> – <I(x, p

1
, t) I(x, p

2
, t + ) , (9) 

 

ãäå I(õ, ð, t) = u(õ, p, t)u*(x, ð, t) — èíòåíñèâíîñòü ëàçåðíîãî èçëó÷åíèÿ; ñêîáêè ...  îçíà÷àþò ñòà-

òèñòè÷åñêîå ñðåäíåå ïî àíñàìáëþ ðåàëèçàöèé äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè ñðåäû 1. Â äàëüíåé-
øåì ïðåäïîëàãàåòñÿ èñïîëüçîâàòü Ãàóññîâ çàêîí ðàñïðåäåëåíèÿ è -êîððåëèðîâàííîñòü ôëóêòóàöèé 1 
è ïðèìåíÿòü ãèïîòåçó î «çàìîðîæåííîñòè» òóðáóëåíòíîñòè [17]. Â ýòîì ñëó÷àå ñ ó÷åòîì (7) ìîæíî 
çàïèñàòü ñëåäóþùèå îáùèå âûðàæåíèÿ: 
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Ñêîáêè ...  îçíà÷àþò óñðåäíåíèå ïî ôëóêòóàöèÿì èñòî÷íèêà; G(0, R; x, ð, t) — ôóíêöèÿ Ãðèíà; 
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(i) — òðåõìåðíûé ïðîñòðàíñòâåííûé ñïåêòð ôëóêòóàöèé äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè; 
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;(15) 

 

v(x) — âåêòîð ñêîðîñòè âåòðà. Êàê ïðàâèëî, èññëåäîâàíèÿ ôëóêòóàöèîííûõ õàðàêòåðèñòèê, îïðåäå-
ëÿåìûõ ñ ïîìîùüþ âûðàæåíèÿ (9) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ð1, ð2, , ïðîâîäèòñÿ â îáëàñòè ñëàáûõ 
( 2

0 1  ) è ñèëüíûõ ( 2
0 1  ) (ôëóêòóàöèé èíòåíñèâíîñòè. Çäåñü 2 2 7/6 11/6

0 0,31C ê x  — ýôôåêòèâíûé 

ïàðàìåòð, îïðåäåëÿþùèé èíòåíñèâíîñòü òóðáóëåíòíîñòè íà òðàññå. 2C — ñòðóêòóðíàÿ õàðàêòåðèñòèêà 

ôëóêòóàöèé äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè. Â ñâÿçè ñ òåì, ÷òî ôóíêöèÿ Í ïðîïîðöèîíàëüíà ïàðà-
ìåòðó 2

0,  âòîðóþ ýêñïîíåíòó â (15) ïðè 2
0 1   ìîæíî ïðåäñòàâèòü â âèäå åõ  1 + õ. Â ýòîì ñëó÷àå 

óäàåòñÿ ïðîèíòåãðèðîâàòü ïî ïåðåìåííûì bl, Âl è îïðåäåëèòü ïðåäåë: 
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Â îáëàñòè ñèëüíûõ ôëóêòóàöèé èíòåíñèâíîñòè ( 2
0 1  ) ìîæíî âîñïîëüçîâàòüñÿ àñèìïòîòè÷åñêèì 

ðàçëîæåíèåì, îïèñàííûì â [5, 6], ïîçâîëÿþùèì ïðîâåñòè èíòåãðèðîâàíèå ïî bl, Âl â âûðàæåíèè (15) 
è íàéòè ïðåäåë: 
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Ôàçîâîå ïðèáëèæåíèå ìåòîäà Ãþéãåíñà—Êèðõãîôà íå îïèñûâàåò ôëóêòóàöèè èíòåíñèâíîñòè 
ñôåðè÷åñêîé âîëíû è íåêîãåðåíòíîãî èñòî÷íèêà. Äëÿ ïîëó÷åííûõ âûøå âûðàæåíèé ïîäîáíûå îãðà-
íè÷åíèÿ îòñóòñòâóþò. 

Â êà÷åñòâå ïðèìåðà ìîæíî ïîëó÷èòü îòíîñèòåëüíóþ äèñïåðñèþ ôëóêòóàöèé èíòåíñèâíîñòè ñôå-

ðè÷åñêîé âîëíû 
22 ( , 0, 0, 0) / ( , 0, ) .I IB x I x t   Äëÿ ðàñ÷åòîâ âîñïîëüçóåìñÿ êîëìîãîðîâñêèì ñïåê-

òðîì ôëóêòóàöèé äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè 2 11/3( ) 0,033 .C 
  i i  Äëÿ ñôåðè÷åñêîé âîëíû 

0 0 2

2
( , ) ( ),u t u

ê


 p p  2
0( , 0, ) ( / ) .I x t u êx  Èñïîëüçóÿ âûðàæåíèÿ (9), (11), (13), (16), â îáëàñòè 
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ñëàáûõ ôëóêòóàöèé èíòåíñèâíîñòè ( 2
0 1  ) èìååì 
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à â îáëàñòè ñèëüíûõ ôëóêòóàöèé èíòåíñèâíîñòè ( 2
0 1  ) (èñïîëüçóþòñÿ ôîðìóëû (9), (11), (13), (17)) — 
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Ïîëó÷åííûå âûðàæåíèÿ (18) è (19) ñîâïàäàþò ñ èçâåñòíûìè ðàíåå ðåçóëüòàòàìè [17, 6]. 
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V . Ì .  B u l d a k o v . Use of Continuous Integral in Studies of Laser Beam Propagation Through Randomly 
Inhomogeneous Media. 
 

The use of ordinary integration over the harmonics amplitudes is suggested instead of the integration over trajec-
tories. This allowed us to derive an analytical expression for the light field well applicable to solution of a wide class 
of problems on laser beam propagation both in linear and nonlinear randomly inhomogeneous media. Based on the use 
of this expression for light field a general expression has been derived for the spatio-temporal correlation function of 
arbitrary fluctuations of intensity in the turbulent atmosphere. 


