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(ÓÏÈ) äëÿ ïëîñêîé ãåîìåòðèè íà ñëó÷àé ó÷åòà äèñïåðñèè äëèí ïóòåé ðàññåÿííîãî ñâåòà â ïåðåäíþþ ïîëóñôåðó 

íàïðàâëåíèé âèçèðîâàíèÿ. Ðåøåíèå îñíîâàíî íà ðàçëîæåíèè êîñèíóñà óãëà âèçèðîâàíèÿ â ðÿä Òåéëîðà ñ ñî-
õðàíåíèåì äâóõ ïåðâûõ ÷ëåíîâ áåç ïåðåõîäà â ÓÏÈ ê äèôôóçèîííîìó ïðèáëèæåíèþ. Ïîëó÷åííîå ðåøåíèå ïðàê-
òè÷åñêè ñîâïàäàåò ñ òî÷íûì ðåøåíèåì â ïåðåäíåé ïîëóñôåðå íàïðàâëåíèé âïëîòü äî ãëóáèííîãî ðåæèìà. 
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ïðîñòðàíåíèÿ èçëó÷åíèÿ; anisotropic scattering, small angle approximation, photon path distribution function. 
 

 

Ââåäåíèå 

 
Ïðèðîäíûå ñðåäû, â êîòîðûõ ìîæåò ðàñïðîñòðà-

íÿòüñÿ ñâåòîâîå èçëó÷åíèå, õàðàêòåðèçóþòñÿ òèïè÷-
íûì ðàçìåðîì ðàññåèâàþùèõ ñâåò íåîäíîðîäíîñòåé, 
ñóùåñòâåííî ïðåâûøàþùèõ äëèíû âîëí âèäèìîãî 
ñâåòà, ÷òî ñîãëàñíî òåîðèè ðàññåÿíèÿ Ìè ïðèâîäèò 
ê ñèëüíî àíèçîòðîïíîìó ðàññåÿíèþ ñâåòà. Äëÿ ðåøå-
íèÿ çàäà÷ â ñëó÷àå ñèëüíî àíèçîòðîïíîãî ðàññåÿíèÿ 
èñïîëüçóåòñÿ ñïåöèàëüíîå ìàëîóãëîâîå ïðèáëèæåíèå 
(ÌÓÏ) [1]. 

Â íàñòîÿùåå âðåìÿ ðàçðàáîòàíû ýôôåêòèâíûå 
àëãîðèòìû ðåøåíèÿ óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ 
(ÓÏÈ) äëÿ ïëîñêîé ãåîìåòðèè [2], ïî ýôôåêòèâíî-
ñòè è ñêîðîñòè ðàñ÷åòà ïðåâûøàþùèå ÌÓÏ, ÷òî ñíè-
çèëî àêòóàëüíîñòü òàêèõ ìåòîäîâ. Òåì íå ìåíåå ñî-
õðàíÿåòñÿ ïðîáëåìà ðåøåíèÿ ÓÏÈ äëÿ ñèëüíî àíè-
çîòðîïíîãî ðàññåÿíèÿ, ãäå èñïîëüçóþòñÿ àëãîðèòìû 
ñãëàæèâàíèÿ èíäèêàòðèñ ðàññåÿíèÿ [2, 3]. Â òî æå 
âðåìÿ âîçìîæíîñòè ñîâðåìåííîé àïïàðàòóðû äèñ-
òàíöèîííîãî çîíäèðîâàíèÿ [4] ïðåäúÿâëÿþò âñå áî-
ëåå âûñîêèå òðåáîâàíèÿ ê òî÷íîñòè àëãîðèòìîâ îá-
ðàáîòêè äàííûõ. 

Â ðàáîòå [5] óêàçàí ïóòü ïðåîäîëåíèÿ äàííîé 
ïðîáëåìû, îñíîâàííûé íà ïðåäñòàâëåíèè ðåøåíèÿ  
â âèäå ñóììû ÌÓÏ è ðåãóëÿðíîé ÷àñòè. Îäíàêî  
â ýòîé ðàáîòå èñïîëüçóåòñÿ ÌÓÏ â ôîðìå Goudsmit–
Saunderson [6], íå ïîçâîëÿþùåé ó÷åñòü äèñïåðñèþ 
äëèí ïóòåé ðàñïðîñòðàíåíèÿ èçëó÷åíèÿ. Ó÷åò åå ïî-
çâîëèò ñóùåñòâåííî ïîâûñèòü ýôôåêòèâíîñòü äàí-
íîãî àëãîðèòìà. 
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Ðàññìîòðèì âîçìîæíîñòè ó÷åòà äèñïåðñèè ïó-
òåé â êðàåâîé çàäà÷å äëÿ ïëîñêîãî ìîíîíàïðàâëåí-
íîãî (ÏÌ) èñòî÷íèêà ñ íîðìàëüíûì ïàäåíèåì íà 
ãðàíèöó ïëîñêîãî ñëîÿ 
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∫  (1) 

ãäå L(θ, ϕ) – óãëîâîå ðàñïðåäåëåíèå ÿðêîñòè; 
õ(θ, ϕ, θ′, ϕ′) – èíäèêàòðèñà ðàññåÿíèÿ; Λ – àëüáåäî 
îäíîêðàòíîãî ðàññåÿíèÿ; τ – îïòè÷åñêàÿ òîëùèíà; 
μ = cosθ – êîñèíóñ óãëà ðàññåÿíèÿ. Â ïîñëåäíåì ñëà-
ãàåìîì â ëåâîé ÷àñòè óðàâíåíèÿ (1) èíòåãðèðîâàíèå 
ïðîèçâîäèòñÿ ïî âñåé ñôåðå íàïðàâëåíèé. 

Â îñíîâå ÌÓÏ [1] ëåæàò çàìåíà μ ≈ 1 ïðè ïðî-
èçâîäíîé ïî τ â ëåâîé ÷àñòè óðàâíåíèÿ (1) è ïðå-
íåáðåæåíèå âòîðûì ãðàíè÷íûì óñëîâèåì ïðè τ = τ0. 
Â ýòîì ñëó÷àå ðåøåíèå èçâåñòíî [6]: 
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ãäå Pk(⋅) – ïîëèíîìû Ëåæàíäðà. Êîýôôèöèåíòû 

ðàçëîæåíèÿ (2) â ìàëîóãëîâîì ïðèáëèæåíèè âûðà-
æàþòñÿ â âèäå 

 ( ) exp –(1– ) ,k kZ xτ = Λ τ⎡ ⎤⎣ ⎦  (3) 

xk – êîýôôèöèåíòû ðàçëîæåíèÿ èíäèêàòðèñû ðàñ-
ñåÿíèÿ ïî ïîëèíîìàì Ëåæàíäðà: 
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Îòñóòñòâèå ó÷åòà äèñïåðñèè äëèí ïóòåé ðàñïðî-
ñòðàíåíèÿ â ðåçóëüòàòå ðàññåÿíèÿ íà ìàëûå óãëû 

îáóñëîâëåíî ãðóáîñòüþ óïðîùàþùåãî ïðåäïîëîæåíèÿ 
μ ≈ 1, èãíîðèðóþùåãî ìàëûå îòêëîíåíèÿ ðàññåÿííî-
ãî èçëó÷åíèÿ îò ïåðâîíà÷àëüíîãî íàïðàâëåíèÿ ðàñ-
ïðîñòðàíåíèÿ. Îäíàêî ïðè áîëüøèõ äëèíàõ ïóòè 

ðàñïðîñòðàíåíèÿ èçëó÷åíèÿ â ìóòíîé ñðåäå ýòè ýô-
ôåêòû ìîãóò îêàçàòüñÿ ñóùåñòâåííûìè. Íåîäíî-
êðàòíî ïðåäïðèíèìàëèñü ïîïûòêè ïðåîäîëåòü óêà-
çàííîå îãðàíè÷åíèå ïóòåì ó÷åòà ñëåäóþùèõ ÷ëåíîâ 
ðàçëîæåíèÿ [7–9]: 

 2
1– 2μ ≈ θ +… , (5) 

íî ìàòåìàòè÷åñêèå òðóäíîñòè ðåøåíèÿ ïîëó÷åííûõ 
óðàâíåíèé íåèçáåæíî ïðèâîäèëè ê íåîáõîäèìîñòè 
èõ äàëüíåéøåãî óïðîùåíèÿ – ïðåîáðàçîâàíèÿ èíòå-
ãðàëà ðàññåÿíèÿ ê äèôôóçèîííîìó ïðèáëèæåíèþ 
ñî âñåìè åìó ïðèñóùèìè íåäîñòàòêàìè. 

Ðàçäåëèì îáå ÷àñòè óðàâíåíèÿ (1) íà êîñèíóñ 
óãëà ðàñïðîñòðàíåíèÿ èçëó÷åíèÿ μ: 
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Â îáëàñòè ìàëûõ óãëîâ ðàññåÿíèÿ ïåðåéäåì ê ðàç-
ëîæåíèþ μ–1 â ðÿä Òåéëîðà: 

 2
1 1 2μ ≈ + θ +… , (7) 

îãðàíè÷èâàÿñü â ðàçëîæåíèè êâàäðàòè÷íûì ÷ëåíîì 
ïî θ. Òîãäà ïîëó÷èì èç (6) ïðèáëèæåííîå óðàâíåíèå 
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Ñ ó÷åòîì èçâåñòíîé ñâÿçè ïîëèíîìîâ Ëåæàíäðà 
ñ öèëèíäðè÷åñêèìè ôóíêöèÿìè [10] ïðè θ → 0 

 0(cos ) ( ),kP J kθ ≈ θ  (9) 

ðàçëîæåíèå (2) â ìàëîóãëîâîì ïðèáëèæåíèè àñèìïòî-
òè÷åñêè ïåðåõîäèò â ïðåîáðàçîâàíèå Ãàíêåëÿ: 
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è àíàëîãè÷íîå àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå ñïðà-
âåäëèâî äëÿ ðàçëîæåíèÿ èíäèêàòðèñû ðàññåÿíèÿ â ðÿä 
ïî ïîëèíîìàì Ëåæàíäðà (4). 

Òàêèì îáðàçîì, â ìàëîóãëîâîì ïðèáëèæåíèè 
êîýôôèöèåíòû ðàçëîæåíèé (2) è (4) ïðåäñòàâëÿþò 
ñîáîé ïðåîáðàçîâàíèÿ Ãàíêåëÿ îò óãëîâîãî ðàñïðåäå-
ëåíèÿ òåëà ÿðêîñòè L(θ) è èíäèêàòðèñû ðàññåÿíèÿ 

xk(θ) ñîîòâåòñòâåííî. Ïîñêîëüêó ïðè ñèëüíî âûòÿíó-

òûõ òåëå ÿðêîñòè è èíäèêàòðèñå ðàññåÿíèÿ â óêàçàí-
íûõ ðàçëîæåíèÿõ k êîýôôèöèåíòû ìàëî îòëè÷àþò-
ñÿ îò (k + 1), ìîæíî ïðèáëèæåííî ïðèíÿòü íåïðå-
ðûâíûå çàâèñèìîñòè îò èíäåêñîâ ýòèõ êîýôôèöèåí-
òîâ xl = x(l) è Zk = Z(k) ñîîòâåòñòâåííî. Ïîäñòàâ-
ëÿÿ óãëîâîå ðàñïðåäåëåíèå ÿðêîñòè â ôîðìå ïðåîá-
ðàçîâàíèÿ Ãàíêåëÿ (10) è àíàëîãè÷íîå ïðåäñòàâëå-
íèå äëÿ èíäèêàòðèñû ðàññåÿíèÿ â óðàâíåíèå (8), 
ïîëó÷èì óðàâíåíèå äëÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ 
òåëà ÿðêîñòè Zk: 
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ãäå ïîïåðå÷íûé k-ëàïëàñèàí Δk⊥ îïðåäåëÿåòñÿ êàê 
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Ïðè âûâîäå óðàâíåíèÿ (11) ó÷òåíû èçâåñòíûå 
òåîðåìû äëÿ ïðåîáðàçîâàíèÿ Ãàíêåëÿ Í {⋅}, óñòàíàâ-
ëèâàþùèå åãî ñâîéñòâà îòíîñèòåëüíî èíòåãðàëüíîé 
ñâåðòêè ôóíêöèé è îïåðàöèè äèôôåðåíöèðîâàíèÿ 
 

 Í {f * g} = Í {f}Í {g}, (13) 

 Í {fθ2} = –Δk⊥Í {f}, (14) 

ñèìâîë «*» îçíà÷àåò îïåðàöèþ èíòåãðàëüíîé ñâåðò-

êè ôóíêöèé. 
Ïðèáëèæåííàÿ íåïðåðûâíàÿ çàâèñèìîñòü êîýô-

ôèöèåíòîâ xk îò èíäåêñà k ìîæåò îêàçàòüñÿ íåäèô-
ôåðåíöèðóåìîé ïðè k = 0, â ðåçóëüòàòå ÷åãî ìîãóò 

âîçíèêíóòü çàòðóäíåíèÿ ïðè ÷èñëåííîì ðåøåíèè 

óðàâíåíèÿ (11). 
Ïî ýòîé ïðè÷èíå ðàññìîòðèì ïîäðîáíåå ïîñëåä-

íåå ñëàãàåìîå ëåâîé ÷àñòè óðàâíåíèÿ (8), â ñîñòàâ 
êîòîðîãî âõîäèò èíòåãðàëüíàÿ ñâåðòêà óãëîâîãî ðàñ-
ïðåäåëåíèÿ ÿðêîñòè ñ èíäèêàòðèñîé ðàññåÿíèÿ íà 
ñôåðå íàïðàâëåíèé. Â ñëó÷àå, êîãäà ñòåïåíü àíèçî-
òðîïèè èíäèêàòðèñû ðàññåÿíèÿ ñèëüíî ïðåâûøàåò 
ñòåïåíü àíèçîòðîïèè òåëà ÿðêîñòè, äîïóñòèìî ïðè-
áëèæåííîå ïðåîáðàçîâàíèå ðàññìàòðèâàåìîãî ñëà-
ãàåìîãî ê âèäó, îáåñïå÷èâàþùåìó íåîáõîäèìóþ ðå-
ãóëÿðèçàöèþ óðàâíåíèÿ (11). Òàê, äëÿ ñëåäóþùåé 
ñâåðòêè äâóõ ôóíêöèé îäíîãî ïåðåìåííîãî ñïðàâåä-
ëèâû ïðåîáðàçîâàíèÿ 

 t(f * g) = ( ) ( ) ( ) ( ) ( )t f t g t t dt t t f t g t t dt′ ′ ′ ′ ′ ′ ′− = − − +∫ ∫  

 ( ) ( )t f t g t t dt′ ′ ′ ′+ −∫  = (tf) * g + f * (tg), (15) 

ò.å. ðàññìàòðèâàåìàÿ ñâåðòêà ïðåäñòàâèìà â ôîðìå 
ñóììû äâóõ ñëàãàåìûõ. 

Äâóêðàòíûì ïðèìåíåíèåì ôîðìóëû (15) ìîæ-
íî ïîêàçàòü, ÷òî 

 t2(f * g) = t[(ft) * g + f * (gt)] = (ft2) * g + 

 + 2(ft) * (gt) + f * (gt2) ≈ f * (gt2), (16) 

ãäå ïîñëåäíåå ïðèáëèæåííîå ðàâåíñòâî èìååò ìåñòî 
â ðàññìîòðåííîì âûøå ñëó÷àå. Ýòà ôîðìóëà íåïî-
ñðåäñòâåííî îáîáùàåòñÿ íà äâóìåðíûé ñëó÷àé, åñëè 
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â èíòåãðàëàõ ñâåðòêè íà ñôåðå íàïðàâëåíèé â ôîð-
ìóëàõ (1)–(8) è â ìàëîóãëîâîì ïðèáëèæåíèè ïå-
ðåéòè ê èíòåãðèðîâàíèþ â äåêàðòîâûõ êîîðäèíàòàõ 
θx = θcosϕ, θy = θsinϕ, ó÷èòûâàÿ, ÷òî 

 dΩ = sinθdθdϕ ≈ dθxdθy è 2 2 2
.x yθ = θ + θ  

Â ñëó÷àå, êîãäà îáå ôóíêöèè f è g èìåþò âû-
ðàæåííûé ìàêñèìóì ïðè t = 0 è áûñòðî ñòðåìÿòñÿ 
ê íóëþ ïðè îòêëîíåíèè t îò íóëÿ, ïðè÷åì îäíà èç 
ýòèõ ôóíêöèé èìååò áîëåå øèðîêèé ìàêñèìóì, ÷åì 
äðóãàÿ, ñîîòâåòñòâóþùåå ñëàãàåìîå â (15) âíîñèò 
îïðåäåëÿþùèé âêëàä â ñóììó. Â ÷àñòíîñòè, ïðè 
f = åõð(–at2) è g = åõð(–bt2) íåñëîæíî óáåäèòüñÿ 
â òîì, ÷òî 

 t(f * g) = 
2exp – ( )abt a b

a b
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 = (tf) * g + f * (tg), (17) 

ïðè÷åì ïðè a >> b(tf) * g << f * (tg). 

Ïîñêîëüêó óæå ïðè ðàñïðîñòðàíåíèè îïòè÷åñêî-
ãî èçëó÷åíèÿ íà íåñêîëüêî äëèí ñâîáîäíîãî ïðîáåãà 
óãëîâàÿ øèðèíà òåëà ÿðêîñòè ñóùåñòâåííî ïðåâûøà-
åò óãëîâóþ øèðèíó èíäèêàòðèñû ðàññåÿíèÿ, àíàëî-
ãè÷íûìè âûêëàäêàìè ìîæíî ïîêàçàòü: 

 θ2(x * L) ≈ x * (θ
2L), (18) 

÷òî ïîçâîëÿåò ïðèáëèæåííî çàïèñàòü óðàâíåíèå (11) 
â ôîðìå 

 –(1– ) 1– .
2

k k
k k

Z
x Z

⊥∂ Δ⎛ ⎞
= Λ ⎜ ⎟

∂τ ⎝ ⎠
 (19) 

Îòìåòèì, ÷òî åñëè â ïðàâîé ÷àñòè óðàâíåíèÿ (19) 
ïðåíåáðå÷ü ëàïëàñèàíîì Δk⊥ (ïî ñðàâíåíèþ ñ åäè-
íèöåé), òî îñòàâøååñÿ óðàâíåíèå ïîëíîñòüþ ñîîò-
âåòñòâóåò óðàâíåíèþ äëÿ ôóíêöèè êîãåðåíòíîñòè 
ïîëÿ Γ11 â ìàðêîâñêîì ïðèáëèæåíèè, ñâÿçü êîòîðîé 
ñ ÿðêîñòüþ âïåðâûå óñòàíîâëåíà â [11]. Ïðè ýòîì 
åãî ðåøåíèåì ÿâëÿåòñÿ ÌÓÏ â ôîðìå Goudsmit–
Saunderson. 

Ïðè ïðàêòè÷åñêîé ðåàëèçàöèè îïåðàòîð Ëàïëà-
ñà Δk⊥ çàìåíÿåòñÿ êîíå÷íî-ðàçíîñòíîé àïïðîêñèìà-
öèåé [12]: 

 1 1 1 1

2 2

– 2 –
,

2

k k k k k
k

Z Z Z Z Z

h kh

− + + −

⊥

+
Δ = +  (20) 

ãäå h – øàã äèñêðåòèçàöèè, êîòîðûé â öåëî÷èñëåí-
íîé ñõåìå ðàâåí åäèíèöå. 

Ãðàíè÷íûå óñëîâèÿ äëÿ ðåøåíèÿ óðàâíåíèÿ (19) 
ïðèíèìàëèñü ñëåäóþùèå: 
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∂
 (21) 

ãäå N – ìàêñèìàëüíûé íîìåð ãàðìîíèêè â ðàçëî-
æåíèè ðàññåÿííîé ÷àñòè èçëó÷åíèÿ. 

Ãðàíè÷íîå óñëîâèå ïðè k = 0 ñîîòâåòñòâóåò 
ãðàíè÷íîìó óñëîâèþ äëÿ êîððåëÿöèîííîé ôóíêöèè 
ïîëÿ. Ãðàíè÷íîå óñëîâèå ïðè k = N ñëåäóåò èç òî-
ãî, ÷òî ïðè k → ∞ êîýôôèöèåíòû Zk → e–τ, ÷òî ôè-
çè÷åñêè ñîîòâåòñòâóåò ïðÿìîìó íåðàññåÿííîìó èç-
ëó÷åíèþ. Ãðàíè÷íîå óñëîâèå ïðè τ = 0 ñîîòâåòñòâó-
åò èçëó÷åíèþ ÏÌ-èñòî÷íèêà íîðìàëüíîãî ïàäåíèÿ: 
Zk(τ = 0) = 1 ïðè âñåõ k. 

Ïðåíåáðåæåíèå ëàïëàñèàíîì â ïðàâîé ÷àñòè óðàâ- 
íåíèÿ (19) ïðèâîäèò ê òðàäèöèîííîìó ÌÓÏ äëÿ 
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ îòíî-
ñèòåëüíî íåèçâåñòíûõ êîýôôèöèåíòîâ ðàçëîæåíèÿ 
òåëà ÿðêîñòè Zk .  Ðåøåíèÿ ýòîé çàäà÷è, âîîáùå ãî-
âîðÿ, íå óäîâëåòâîðÿþò ñôîðìóëèðîâàííûì ãðàíè÷-
íûì óñëîâèÿì, ÷òî ñîîòâåòñòâóåò õàðàêòåðó êëàññè-
÷åñêîãî ÌÓÏ. Ïðèáëèæåííîå âûðàæåíèå äëÿ íåèç-
âåñòíûõ êîýôôèöèåíòîâ Zk  áóäåì èñêàòü â êëàññå 
âñþäó äèôôåðåíöèðóåìûõ ôóíêöèé, â òîì ÷èñëå  

ïðè k  =  0.  Ïîèñê ïðèáëèæåííîãî ðåøåíèÿ â äðóãèõ 

êëàññàõ ôóíêöèé òðåáóåò ôîðìóëèðîâêè èíûõ ãðà-
íè÷íûõ óñëîâèé, ÷òî, âîçìîæíî, ïðèâåëî áû ê äàëü-
íåéøåìó ïîâûøåíèþ òî÷íîñòè. Îäíàêî ýòî ñâÿçàíî 
ñ ðÿäîì àíàëèòè÷åñêèõ òðóäíîñòåé, ÷òî íå ñîîòâåò-
ñòâóåò ñôîðìóëèðîâàííîé çàäà÷å ïîèñêà äîñòàòî÷íî 
ïðîñòîãî ïðèáëèæåííîãî ðåøåíèÿ, õîðîøî îïèñû-
âàþùåãî àíèçîòðîïíóþ ÷àñòü ðåøåíèÿ. 

Îòìåòèì, ÷òî â òî÷íîì ðåøåíèè êðàåâîé çà- 
äà÷è (1) ïðèñóòñòâóåò δ-ñèíãóëÿðíîñòü ïî óãëó âè-
çèðîâàíèÿ, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé íåðàññåÿí- 
íóþ êîìïîíåíòó ïðÿìîãî èçëó÷åíèÿ ÏÌ-èñòî÷íèêà 
δ(1 – cosθ)δ(ϕ)exp(–τ). Ïðè ïåðåõîäå ê óãëîâîìó 
ñïåêòðó Zk â óðàâíåíèè (19) ýòà ñèíãóëÿðíîñòü ñî-
îòâåòñòâóåò Z k  → exp(–τ) ïðè k → ∞.  

Ïîäñòàâèì êîíå÷íî-ðàçíîñòíóþ àïïðîêñèìàöèþ 
(20) â óðàâíåíèå (19) è ïîëó÷èì ñèñòåìó îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðóþ ïðåä-
ñòàâèì â ìàòðè÷íîé ôîðìå: 

 
Z

–AZ,
d

d
=

τ

�

� �

 (22) 

ãäå Z [ ]kZ=

�

 – ñòîëáåö íåèçâåñòíûõ êîýôôèöèåíòîâ; 

A
�

 – òðåõäèàãîíàëüíàÿ ìàòðèöà êîíå÷íî-ðàçíîñòíîé 
àïïðîêñèìàöèè ïðàâîé ÷àñòè óðàâíåíèÿ (19), ïåðâàÿ 

è ïîñëåäíÿÿ ñòðîêè êîòîðîé çàïèñûâàþòñÿ ñ ó÷åòîì 
ãðàíè÷íûõ óñëîâèé (21). 

Ðåøåíèåì óðàâíåíèÿ (22) ÿâëÿåòñÿ ìàòðè÷íàÿ 
ýêñïîíåíòà, ðàñ÷åò êîòîðîé íå ïðåäñòàâëÿåò òðóäà. 
Íèæå ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ äëÿ ñëîÿ ñðåäû 

ñ èíäèêàòðèñîé ðàññåÿíèÿ Henyey–Greenstein [13]  
ñ ïàðàìåòðîì g. Íà ðèñ. 1 ïîêàçàíû àáñîëþòíûå 
çíà÷åíèÿ ôóíêöèè èñòî÷íèêîâ èç ïðàâîé ÷àñòè óðàâ-
íåíèé [5, (5)–(7)] äëÿ òðåõ âàðèàíòîâ àíèçîòðîï-
íîé ÷àñòè ÿðêîñòè. 

Íåòðóäíî âèäåòü, ÷òî ïîëó÷åííîå ðåøåíèå îáåñ-
ïå÷èâàåò íàèìåíüøèå âåëè÷èíû ôóíêöèè èñòî÷íè-
êîâ ïðè áîëüøèõ íîìåðàõ k. Íà ðèñ. 2 ïðåäñòàâëå-
íû ðàñ÷åòû òåë ÿðêîñòè â ïåðåäíþþ ïîëóñôåðó äëÿ 
ðàçëè÷íûõ çíà÷åíèé îïòè÷åñêèõ õàðàêòåðèñòèê ñðå-
äû òðåìÿ ìåòîäàìè. 



 

 Ó÷åò äèñïåðñèè äëèí ïóòåé ðàññåÿííîãî ñâåòà â ìàëîóãëîâîì ïðèáëèæåíèè òåîðèè ïåðåíîñà èçëó÷åíèÿ 105 
 

 
Ðèñ. 1. Àáñîëþòíûå âåëè÷èíû ôóíêöèè èñòî÷íèêîâ â óðàâ-
íåíèè äëÿ ðåãóëÿðíîé ÷àñòè ðåøåíèÿ èç ñòàòüè [5] äëÿ 
òðåõ âàðèàíòîâ àíèçîòðîïíîé ÷àñòè ÿðêîñòè: 1 – äåëüòà-
ôóíêöèÿ; 2 – êëàññè÷åñêîå ÌÓÏ; 3 – íàñòîÿùåå ðåøåíèå 
 

 
à 

 
á 

 
â 

Ðèñ. 2. Ñðàâíåíèå óãëîâûõ ðàñïðåäåëåíèé ÿðêîñòè íà ìà-
ëîé (à), ñðåäíåé (á) è áîëüøîé (â) îïòè÷åñêîé ãëóáèíå: 1 – 
òî÷íîå ðåøåíèå [5]; 2 – êëàññè÷åñêîå ÌÓÏ; 3 – íàñòîÿùåå 
  ðåøåíèå 

Îòìåòèì, ÷òî ïðåäëîæåííîå â íàñòîÿùåé ñòà-
òüå ðåøåíèå ïðàêòè÷åñêè ñîâïàäàåò ñ êëàññè÷åñêèì 
ÌÓÏ äëÿ ìàëûõ îïòè÷åñêèõ òîëùèí è ñèëüíî àíè-
çîòðîïíîãî ðàññåÿíèÿ, îäíàêî ñ ðîñòîì òîëùèíû, 
àëüáåäî îäíîêðàòíîãî ðàññåÿíèÿ è ñãëàæèâàíèåì 

èíäèêàòðèñû ðàññåíèÿ ðàñõîæäåíèå ÌÓÏ ñ òî÷íûì 
ðåøåíèåì óâåëè÷èâàåòñÿ, â òî âðåìÿ êàê ïðåäëîæåí-
íîå ðåøåíèå ìàëî îòëè÷àåòñÿ îò òî÷íîãî. 

Ïðè ðåøåíèè çàäà÷ îïòèêè ìóòíûõ ñðåä ñî çíà-
÷èòåëüíûìè îïòè÷åñêèìè òîëùèíàìè (îêåàí, îáëàêà) 
ïðåäëàãàåìîå ðåøåíèå âñëåäñòâèå ïðîñòîé àíàëèòè-
÷åñêîé ôîðìû è âûñîêîé òî÷íîñòè ìîæåò èìåòü ñà-
ìîñòîÿòåëüíîå ïðèìåíåíèå. 
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V.P. Budak, Ya.A. Ilyushin. Development of small angle approximation of radiative transfer theory 
taking into account the photon path distribution function. 

The development of the small angle approximation (SA) of the radiative transfer equation (RTE) solution 
for the slab taking into account the photon path distribution function in the forward hemisphere of sighting di-
rections is offered. The solution is based on the expansion of the sighting angle cosine in Taylor series with main-
tenance of two first terms without RTE conversion to the diffusion approximation. The obtained solution practi-
cally coincides with the exact solution in the forward hemisphere of directions up to the deep regime. 
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