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In this paper we present optical transfer operator (OTO) constructed based on
the consideration of the general boundary—value problem of the radiation transfer
theory for the case of a plane layer with a reflecting bottom and finite sources of
radiation. The kernel of the OTO is constructed of the influence functions (IF)
identical to the point spread [function or of the spatial [requency characteristics
(SFCH), which coincide with the optical transfer function (OTF). The IF and
SFCH are versatile linear transfer functions of the system ~atmosphere (ocean,
cloudiness, hydrom) — underlying surface” that are determined from a solution of the
boundary—ovalue problem of the theory of radiation transfer for a plane layer with
nonreflecting boundaries irradiated with a source of like a cw laser beam. We have
constructed an OTO for the case of horizontally inhomogeneous boundary with an
anisotropic reflection when no splitting of spatial and angular variables is used in the
scattering coefficient. Such an OTO has the most general form and is expressed in
terms of IF and SFCH. We show in this paper that all other expressions for OTO are
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particular cases of the derived formula.

INTRODUCTION

The model (approximate or empirical) linear optical
transfer function (OTF) and point spread functions (PSF),
formulated at a physically rigorous level!, are normally used
in multidimensional problems on radiation correction of
remote sensing data when studying various targets and
environment, in processing of optical information, in the
theories of vision and image transfer in turbid media, and in
theoretical foundations for computational techniques for
opto-electronic observational systems. The problems of
radiation transfer through 3D plane-parallel layers with
horizontally inhomogeneous reflecting boundaries are more
complicated, since several theoretical principles put into the
basis of the theory of linear systems are not satisfied then.
These are the invariance principle, the theorem of optical
reciprocity and isoplanarity."? Development of nonlinear
approximations of the techniques of spatial frequency
characteristics (SFC) and functions of influence (FI)?
methods is of principal importance. First, one needs to
estimate the role of nonlinear approximations in solution of
specific applied problems. Second, it is important to reveal
in explicit form the relations of either recorded or computed
radiation to the characteristics of reflecting boundary.
Third, it is necessary to formulate an efficient mathematical
approach to construction of the optical transfer operator
(OTO), that could be used as either exact or approximate
solution to the general Dboundary—value problem of
radiation transfer through a plane-parallel layer with finite
sources of radiation and a horizontally inhomogeneous
Lambertian or anisotropically reflecting underlying surface.

The approach proposed uses the series of perturbation
theory 3> and generalized solution to the general boundary—
value problem of radiation transfer through scattering and
absorbing media (such as atmosphere, ocean, clouds and
hydrometeors) above a reflecting bottom.2%1 It is based on
the physical characteristics of the transfer system that accounts
for the fact that, in agreement with the physics of the
phenomenon, the norm of the reflection operator does not
exceed unity, so the constructed series are convergent.
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Analitical isolation of the ”average” horizontally homogeneous
component enables one to lower the norm of the horizontally
variable component of the reflection operator so that the series
converge faster.

Below we present some new results to demonstrate
how, using the universal linear transfer characteristics
(OTF identical to SFC and PSF identical to FI) one can
obtain a solution to an approximation accounting for an
arbitrary order interaction of radiation with the layer
boundary and construct an OTO for the task of remote
sensing of the underlying surface. The optical transfer
operator formulated in this paper for the case of a
horizontally inhomogeneous, anisotropically reflecting
underlying surface, when no splitting of spatial and
angular coordinates is feasible, is the most general form
of OTO, from which one may derive all the particular
presentations of OTO for any linear and nonlinear
approximations available from literature.

FORMULATION OF THE PROBLEM

Consider a plane-parallel layer, infinite horizontally
(-0 <x, y< o) and having a finite height (0 <z < H),
illuminated from either the top, bottom, or inside. The
"layer - underlying surface” system is considered non-
multiplicating at the level z = H. The direction in which
the radiation propagates, s=1{ 9, ¢} (u=cos 9) is
described using spherical coordinates; 9 = arc cos ,
9€[0, =] is the zenith angle, i.e. the angle between the
propagation direction and the direction of the internal
normal to the top boundary of the layer z =0 which
coincides with the z axis, and ¢e [0, 2n] is the azimuth
angle taken from positive direction of the x axis. The
whole set of all directions s makes up a unit sphere
Q=[—1, 1] x [0, 2x] in which pe[-1, 1] and ¢€[0, 2x];

QF=[0, 1] x[0, 2] and Q =[—1, 0] x[0, 2] are
hemispheres for the downward (transmitted) and the
upward (reflected) going radiation, respectively. For a
convenience in formulation of the boundary conditions let
us introduce two sets
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Ty=lz,r,5:2=0,s e Q") , T, ={z,r,s:2=H,s e Q7} .

Following T.A. Germogenova,'> we use term general

boundary—value problem of the theory of radiation transfer
A A
Ko=0, @l =0 Ol =cRO+cEr,s), @)

provided that the source E and the reflection operator R do
not turn to zero simultaneously, and 0 < & < 1.

The first boundary—value problem for a 3D equation
of radiation transfer

(K d =0, @, =0, |, = E(r), s) ®)

Iy

with its linear transfer operator

or

A A a A a
D=(s, grad)+o(2) =D, + (SL, —>, D,=p57+ o(2),
1

the integral of collisions

S0 =6 (2) [ier 5 DG, r, ) d s,

Q

A A A
and the integro-differential operator K= D — S, is reduced,
through a Fourier transform over the coordinate r, = {x,y}

;'(p) = F[ fr DI p) = ff(rl)exl)[ iCp,r)ldr,

(the spatial frequency p = {p,, py} here takes only real
values -0 <p., p, < ©) to the boundary—value problem for

a parametric complex one-dimensional equation of radiation
transfer 2

{ipo=0 ol =0, @l =EKp» ©

A A A
with the operator L( p) = D,~i (p, s,)=S
(p. s)) = p,sind cosp + p, singsing.

Fourier images are marked with hacek. Optical
properties of the medium are described by vertical
distributions of the extinction coefficient
o(2) = 6 (2) + 0, (2), absorption coeffecient o, (2),
total scattering coefficient o (z), and the total scattering
phase function 7(z, s, s') normalized according to the
expression fy(z, s, §') ds' = 1.

Q
By analogy with the theory of constant coefficient

differential equations in partial derivatives® 12, the solution
to the problem (2) is presented as a linear functional 215

D(z,7),5)=(0, E)——21n fds*f o(s™ 2,7, — ri, s)E(ri,s*)dri
o —o

with the kernel FI © (s7; z, 7, s) being the solution to a
boundary—value problem

A
{ko-=o, Ol =0 ol =fir,
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f(s7 7, ) =38(r) s —s), (4)

or in terms of Fourier transforms it may be treated as a
solution to the problem (3) in the form of a linear
functional

v \ 1 v
Oz, p, =¥, E) =5 f‘i/(s‘; z,p, ) ECp, s7)d s
o

with the kernel in the form of SFC ¥ (s7, z, p, s) which is
a solution of the boundary—value problem for the
parametric complex equation of radiation transfer

{tpw=0 wii=0  wl, =1Gipo G

\2
where  7(s7; p, $) = F[fé(s*; T s)] =38(s—s7), since
Fla(r)D]=1.
The function of influence and the spatial frequency
characteristic are related through the Fourier transform

osz,r,s)=F! [w(s— 2 p 9];
Y(s7; 2, p, 8) = F[@(s*; N s)].

If a linear functional

1 . , ,
©.f)Xssz7r,8)=5- fd s fG)( STz =1, S
o —o0

x f(s7; H, ri, s)d ri (6)

is defined for the function f(s~; H, r|, s) with its parameter
s~ e Q7, then its linear Fourier transfrom is

F(®, f)1=(¥, ;‘) (s52,p,8) =2—1n ka(s*'; z,p,8) x

Q
x ;(s*; H, p,sd s, 7)

Problems (4) and (5) correspond to the simplest linear
systems of radiation transfer, their parameters independent
of the horizontal coordinates and of the properties of the
reflecting boundary.

Mathematical models of SFC, FI, and OTO of the
system of the radiation transfer we obtain both
phenomenologically and rigorously, from the general
boundary—value problem of the theory of radiation transfer
(1). The idea of such an approach is as follows. The initial
3D equation of radiation transfer is replaced by a system of
recursive equations for approximations of a series for
perturbations over the parameter, & which presents the
process of interaction of radiation with the boundary. We
construct a fundamental solution using the Fourier
transform over x and y. As a result boundary—value
problem (1) in a five-dimensional phase space
R2x[0, Hlx Q= {x, y, z, 8, ¢}, in which the sources and
boundary conditions have complicated dependences on the
spatial, x, y, and angular, 9,¢ coordinates (including those
discontinuous in x, y, which result in singular solutions and
discontinuities of the first kind) is reduced to a parametric
set of boundary—value problems (5), which are one-
dimensional in space and have three variables z, 9,¢ and
regular coefficients. Universal functions are then selected,
invariant with respect to horizontal variations and to the
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angular dependences of both the boundary conditions and
sources of the initial problem. Having a parametric set of
such invariant functions, which are called SFC’s one can
obtain a solution of the problem (1) for various spatial and
angular structures of the reflection coefficient and for
sources at the boundary z = H via the functionals and
perturbation series. Thus constructed series are Neumann
series over the order of interaction of radiation with the
reflecting boundary.

A single act of interaction of radiation with the
reflecting boundary may be described by the operators

[IAQV DIH, 7|, 5) Ef OH, r, sIP(r), s, s)d s

Q+

[IAQC DIH, r,, s) Ef D(H, 7|, s P (s, s7) d st

Q+

A A A
R® =R, +R_D,

or by their Fourier transforms

[\/ \/] A _LC‘O )

R, @ (H,p,s)zF[RVCD]—(Zn)Q fdpx
—o0

xfC\I/)(H, P, s*)f’v(p—p’, s, s d s

Q+

[IAQC C\I/)](H p.s)=F[ IAQC @]zf&D(H, p, )P (s, s") d s

Q+

Vv Vv NV

VvV Vv A
[Ro|w, p9=FIR®I=R, &+ R, .

With the account of contribution from multiple
scattering in a medium and depending on the structure of
characteristics of reflection, the process of formation of
illumination due to repeated reflections of radiation from
the boundary is described by the general boundary—value
problem (1) and by the general boundary—value problems:
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A A
{Ko,~0 @ 00 |, <R & +cEC, 9 ®

A A
{kao,=0, @1, =0, @l R ok

r, 5. (9

v

A A A A
Sources E,={R, @, R, !}, E ={R, @’ R, @},

A A
and F = {R D, R, dDO} in these problems are defined in

terms of the background radiation @° or @, which is the
solution to the problem with sources E%(r , s) or EX (r),s)

A
{ka0=0 @l = E%, 9 o =0

A
{koli=o o[ ~0 @, =Er,s.

One may seek the solution to each of the problems
(1), (8), and (9) in two forms, either as a series over the
order of reflection, or as linear functionals, with their
kernels being FI or SFC, overburdened with contributions
from multiple scattering and reflection.

OPTICAL TRANSFER OPERATOR FOR A
HORIZONTALLY HOMOGENEOUS OPERATOR OF
REFLECTION

A generalized solution to the general boundary—value
problem (8) may be presented in the form of linear
functionals

Dz, r,5)=(0, E), ®Lp =, E), 10

their kernels ©, (s7 2z, 7, ) and ¥, (s7; 2 p, 5) = F[©_]
satisfying the boundary—value problems

A A
{KQC =0, 0, |1-0= 0,0, | =eROQ, +f,(s5r,s); (1)

Iy

A A \
{Lepw, =0 w, | =0 w |, =cR¥ +1,G79. (12)

C

Let us define operations of interaction between radiation and horizontally homogeneous boundary at z = H in terms of FI

052 7,5)

[CA}C f] (s H, r,s)= IAQC(G), N= ([RCG)], f) = 2—1n fd s

Q
or using SFC ¥ (s7, z, p, s)

1

©

f P (s, s")ds* ff(s‘; ri, s xe(s; H, r— ri, sHd ri (13)

—

[éc 7’](3‘; H, p, s)=F[€}C f]=1AQC(‘P, 7’)=(I/\€C ‘{’], ;)= p f?’(s‘; p.s)d S_’f P, SO~ H, p, s d s (14)

Q
The components of perturbation series
o)
0z, r,8)=2 £06,(27,s)
n=0

are solutions of the system of recursive problems

A
n=0: {KQ =00, |p =0 ©4lp, =fr, s

A A
nzt: {Kan:O’ ®cn |l'0:0 ®cn |1'H:Rc®

cn—

Q

(15)

I 1,7, 9,
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and may be presented as nonlinear functionals (® , =(@, fy) = ©)

A A A © A
©,(s3 21,5 =(0, R, 0)= (e, [RC(@, fa)]) = (o, G, fa) = i fd STfQ (732, r—719 [R(@] x
o —®

n

1 ee}
x (s H, r,spdr, =5 deT f QOspiz,r—r,s)d erG)(s‘; H or, 36) P.(s7, 36) d 56;
(o - Q

A /\n ( An ’ A ) 1 ©
O3 2,7,9=(0,R,0, )= (o, G" fé) =\o, G"; [RCG)] =0 fd sﬁf Qs 2, 1= 1)y, ) d 7 %
o —o©

0 o0
4 _ o+ _ . + + L _
X o f d 5n—1f drg fpc(snv Sn) Qs Hy 7= 1y gy 5" ) d sy o f dsp_y fd Tin—o%
o —o ot o -

n

1 ee}
_ + - + + L _
X fpc(sn—r Speo) Olsy_or Ho rypy = 71y Sy ) d sy I fd Sy fd Tig X
Q o T

1 oo}
xf P (s3, s;r) OCsy; H, 74— 1)y, s;) d s; P fd ST fd Ty fPC(sg, ST) OCss H, 7 y— 7y, ST) d s:rx
ot ~ -

Q ® ot

+

1 * 1
foC(s], 56) O(Gs— H, 7y, 56) d 56 = fd s, f QG sz, ry—r,, ) dr, x P fd S,y %
Q- - o

Q

A _ 1 1
x f [R(‘,@] S—1 H, "™ Vin—1 Sn) d Tin—1 2n fd Su—2 2n fd Sp—2 H, Tion—1— Tin—2 571—1) d Vip— o X
—o0

Q Q

1 0 N 1 0 A A
X5 fd 3 X f [R(@](sg; H, r . —71,, sg) dr, 2—nfd ST f [R(:G](s]; H, r,—r, sg) [R(:G](s*; H, r, s;) dr,.

Q - Q s

The sum of series (15) is an exact solution of the general boundary—value problem (11)

@C(S_; z,7,8) = i (e, CA}’C’ fa) - (o, SA/C fs), (16)
=0
where !
v.h=xGif=[E-G]"F, (7
n=0

is the sum of the Neumann series over the order of interaction of radiation with a horizontally homogeneous anisotropically
reflecting boundary.
Terms of the parametric series

Y sz, p 8= Zos" Y, 2, p,08) (18)
n=
satisfy the system of recursive problems

A \2
n=0: {L( PY,=0 ¥, |r0 =0, ¥, |TH = [5(s7; 5);

A A
n>1: {L( Py, =0 V¥ =0, ¥ |rH= [R. ¥, s H, p,s),

cn | Iy cn

\
and for 7 > 1 they are defined as nonlinear functionals (apparently, V., = (¥, f;) = V)

A A v AV 1 A
PoulsT 2, )= (¥, R =CV, [R (F, 1D = (¥, O, 1) =5 f Y3z, p IR WIS H, p,s)d sy=

Q



T.A. Sushkevich et al. Vol. 7, No. 6 /June 1994/ Atmos. Oceanic Opt. 383

1
zz—nflll(s;; z,p,8)dsy fP(:(ST’ s) WG H, p,sp)d s

Q aof

A AV A A 1 AV
kIJ(:n(Si; 2, p’ S) = (LP’ Rc LPcnf1) = (kP’ Q:t er) = (LP’ Q";1[RC LP]) = 2_n f LP(S;; 2, p’ S)[Q:t ch] (Si; H’ p’ S;) d 517 =

Q

1 _ 1 A _ _ _
2_7; f ‘I’(S”; Z, s S) d Sn 21 f [Rc ‘P](S”71; H’ p, Sn) d 571—1 X

Q Q

1 A 1 A 1 A
x Zf[RC WICs, o H, p,o s ) d s,y ... P f[R(7 Wisy; H, p, s3) d sy 2_nf[Rt> VIt H, p, 53) %

Q Q Q-

A 1 1
x[R,W1(s H, p, s7)d s7 =5 fkl—’(s;; z,p,9)ds, P fd S, 4 f P(s,, s )Y, s H,p,s,t)ds,” %
o Q- ot
1 1
x5 f ds,, fPC(s"—_1, S ) WG, Hopos, ) ds, . 50 fd Sy fPC(sg, $3) W(sy; H, p, s3) d 53 x
~ Q- foul

Q of

1
x5 fd sy fPC(SE, SO WG H, p, s) d s} fPC(sT, SO WG H, p,sp)d sg
o o o

The sum of series (18) is the exact solution to the problem (12)

2w Ot 5
v, = ;fT,Q;g)=(T,ZJQ,
n=

A ©

Zoly= X Ol =1E= 0.1,

n=

(19)

(20)

is the sum of the Neumann series over the order of interaction of radiation with the reflecting boundary in terms of the

Fourier transforms.
If we introduce a series over the order of reflection from the boundary

DAz, 1), 8) = kz1sk D (2,7,

with its terms being solutions to the system of recursive problems

A
k=1 {K(Dm =0, @, |r0 =0, D, |rH= Efr,, s)

A VAN
k>2: {K(:Dck = 0’ cD(:k |l'0 = 0’ D = [Rc CD(:k—1](H’ 7L’ S)’

ck | Ty

then we obtain the following representations

1 o)
D, (2,7, 5)=(0, E) :ﬂfd sjf oGy z, r—r D Er ,spPdr
o —o

A 1 * 1
® (2,7, 8)=(0, GK'E) =5 fd Sy f@(s;; 2 r =1 dr, 5 fd Spy X
(o - Q

o0
1
— + — . + + = -
x f A1y fpc(sk’ S )OS Hy r =7y g 5,50 d syl P f d 52y %
—0 Q+

Q

(21)
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w B B i B
x fd Tk f Psy ys 809) OCs, ot Horyg = 70 837 d s’y ooy f d s,

—0 n+ o

o0 1 e]
x fd T fP<:(5§’ $3) O(sy; H, 1 y— 15, 55) d s} P fd sy fEc(’m s d v x

—0 Q+ o —o0

Q+

_ . _1 A 4 -
xf P(sy, sp oGy Hry—r, s ds| = o fd Se f@(sk, 2,7 =1, ) dr, o fd Spq %
o

—» Q

© A B B l B © A o B i B
x f (R ©Xs,— s Hor =1y ys 530 d 1y 455 f d sy f (R, ONs o Ho 7y =7 g Sm ) ATy 5y f d sy x
o

—0 X —0

© A 1 © A
xf [R, ©1(sy; H, 15— 1,5, 53) d 7i22_nfd s7 fEc(’u* SOIR, ©1 (sjs Hy v jp— 71, s)dr .

0 o —0

The sum of series (21) is an exact solution of the problem (8)

0 A A
Dz, 1, 5) = Ei(@, Gt1E)=(8,Y, E), (22)
where
A @ /\k_1 s} /\k A A 4
Y E= 151 G'E= L GEEIE-GI'E, (23)

is the sum of the Neumann series over the order of interaction of radiation with the reflecting boundary.
Presentation (10) in terms of FI ©_ makes it possible to obtain a solution to the problem (8) for various preset sources

E_ with the effect of homogeneous reflecting boundary calculated in advance. The terms from series (21) are expressed in

terms of FI and for k > 2 these are nonlinear functionals which adequately describe the kth order process of interaction of
radiation with the reflecting boundary for a preset irradiation of the boundary E.. In terms of Fourier transforms we have

Dz, p, 5) = ka ek Dz, p, ), (24)

where the terms of the series are solutions to the recursive problems

A \ Vv Vv Vv
k=1 {L(p D=0, Dyl =0, @l =ELp, s

A Y4 Vv \Y A \Y4
k=2 {L(p) CD(:k = 0’ chk |F0: 0’ CD(:k |1'H: [Rc D 1](H’ p, S)‘

ck—

For k > 2 they are presented as linear functionals

v v 1 v
© 4z p )= (¥, E)=5- f‘{’(s;; z,p, D E(p, s dsy;

Q

% A Vv 1 1 A
Dz, p,s) = (¥, OFE) =5- f‘I’(s;; 2, p.8)d s 5 f[RC‘I’](skg; H, p, sp)d s, x

Q Q

1 A 1 A 1 A
X5 f[RC Wi,y H, pyos;” ) d 57 ... P f[RC WiGsy; H, p, s3) d 552_nf[R<7 YIGsTs H, p, 53) %

Q Q Q-

v 1 1
xE(p, s)ds) = pm f P(sy; 2, p, ) d s, P fd Sk__1f P sy, s )W, H, p,osi” ) d sty x

o o of
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1 1
X5 fd skaf Pls st y) Wsos Hy p,o syt d sty P f d sgf P (s3, s9) W(sy3; H, p, s3) d s} x

o ot o ot

x i f%c(p, spd sTf P(sy, s)) W(sy; H, p, s d s
Q- foul
The sum of series (24) is the exact solution of the Fourier transform of the problem (8)
\4 0 A \4 AV
L po ) = X OO E) = (2, E),

where

is the sum of the Neumann series in terms of Fourier transforms.

385

(25)

(26)

OPTICAL TRANSFER OPERATOR INVOLVING A HORIZONTALLY INHOMOGENEOUS OPERATOR OF

REFLECTION WITH AND WITHOUT THE SEPARATION OF SPATIAL AND ANGULAR DEPENDENCES

Boundary—value problem (9) can be solved using linear functionals

\ Vv
Qz,r,9)=(0,E),O(z,p )=(¥,E),

where FI ®Z,,(s’, 2, r l,s) is the solution to the general boundary—value problem

A A
{K ©,=0,0, |1-0 =0,0, |rH =e RO, +[(s7i7,9),

and the SFC ¥, 7,z p s)= F[©,] is the solution of the complex equation of radiation transfer
A vV Vv
{Lw=0w I =0, [ =e R, + 75 G719,
Let us now introduce the operations of interaction of radiation with the boundary using FI ©:
A Y 1 %
[G, A1 H, r, 9)=R(0,f)= P fd s*’f fsmr,s)d rif P(r, s sHe(s H,r—r,s)ds
— — +

Q * Q

or the SFC ¥ (Ref. 15)

AV A Y v 1 1 © v \
[O, /1G5 H, p, )=F G, fI=R, (¥, =5 fd s _(Zﬂ)zf fGopsd p’va( p—p, s SOV H, p', s d s".

+

Q - Q

The components of perturbation series

o0
0z 7, 8= Zos" 0,7 2, 7,5
n=|

satisfy the system of recursive problems

n=0 {K0,=0 0,

,= 0.0, |TH = f(s7 7, 9

A A
nxzt: {K Qvn: 0’ ®v71 |l'0 :0’ G‘)vn |1'H :[Rv G‘)v71—1](8_; H’ rJ_’ S)

and are presented in the form of functionals (0, =(®, fy) = ©)

(S]

vi

A A 1 © A
(s52,7,5=(0,R 0)=(0,G f)=5 fd sy f@(s}; 2,1 =71, ) x[R, 01 H, v, s)dr =
o —0

27)

(28)

(29)

(30)

(31)

(32)
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1 ee]
=5 fds; f@(s?; zr-r ) dr, fPV(r“, S SO (G Hyoryy, s d sy
o —on

Q+

A A A A 1 ©
0,(s1z27r,5=(R,0,,)=(0 G [f)=(6 G "R, 6D =5 f ds, f@(s;; 2,77, ) d X
o —0

1 0
— - — — . + +
x 2n f d Sn—t fd it f Pv(’lu’ Sur Sn—t )@(3”71, H, T Tin—tr 51171) d Sp—t %
_ —® +

o Q
1 * 1 -
oo fd ngd rﬂva(rB, S5, S0 0(sy H, v o1y, 53)d 55% fd 57 fd rM fPV(ru, 55, $0(s H, vy 7, 87) ds| x
o —w ot o —w ot

— ¢t —. + +
x fPV(rM, sHS) © (s H,oryy, sp) d s
Q+

The sum of series (32) is an exact solution to the general boundary—value problem (28)

0 A A
0z, 7r,9)=2(0,Gf)=(0,Y f), (33)
n=0
where
A XA A A
Y f5= Gl =[E =G/ (34)
n=0

is the Neumann series over the orders of interaction of radiation with the horizontally inhomogeneous anisotropically reflecting
boundary.

The terms of the parametric series

Y(s5z,p8)= i "W (s 2, p, 5) (35)

v
n=0

are solutions of the system of recursive problems

A v
n=0: {L( Y, =0 %, |r0 =0, v, |FH = (s s)
A 4
n =1 {L( p) Yvn: 0’ \Pvn |l'0 = 0’ van |1'H = [Rv \Pvn—1] (S_; H’ p, S);

4
and for # > 1 are sought in terms of nonlinear functionals (¥ = (¥, f5)="¥)

Y

vi

M AV 1 Vv
(52, p )=, R W=, 0, )= f Y(sys 2, pr S) [Rv v] s H, p, spds;=

Q

1 1 v
=5 flP(ST; z,p,8)d sy x Wfd pOfPV( P - Py ST SPOY(Ts H, py, s) d 8§

o ® aof

Vv A Vv AV 1 1
v, (s zp ) =W R Y, )=(¥, Q”;1[Rv v =(w, OVl =5, f s,z p ) d s, 5o f d s, x

v

Q Q

+

1 © \VZ 3 _ i B 1 ©
. (27t)2 f d Pyt % f Pv( P =Pyt Sw 51;1)LP(51¢71; H, Pyt Sui1) d Snii t2n f d 52 (2n)2 fd Py
- Q o -

Vv 1 1 ®© Vv
x fPV( Py~ Py S5, 83) ¥ (555 H, py, 53) d s Zfd ST ()2 X fd P, va( Py~ Py Sys SPY(sT H, py, 57 d s] x

n

Q Q - of
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1~ v
X 22 fd pof P (pi—py s> SOPG5 H, py, s5) d s
—00 Q+

The sum of series (35) is the exact solution to the problem (29)

© AV AV
Vs 2, p )= X(P0Lf) =¥, Z [, (36)
n=0
where
AV 0 AV A A 1\/
Z,fs= X Quls= [E -0/, 37)
n=

is the sum of the Neumann series over the orders of interaction of radiation with the boundary in terms of Fourier transforms.
If we introduce a series over the order of reflection from the boundary

Dz, 1), 8) = kZ1sk Dz, 7, 8) (38)

with its terms found from the system of recursive problems

A
k=1 {K D=0, D, |r0= 0, @y |rH= E(r,, s);

A A
k2 {K =0, @, | =0, @, |, ~[R, @, 7,5
then

1 o B B
Do, =0, E)= Zfd 5 f®(51; zor—r S E G, s dr
o —o0

Dz, 7r,5)=(0,R, D, )=(0, GTE)= P fd Sy f@(sg; 2=y D dr 5 fd Sy fd T X
o —o©

Q —00

4

1 o0
— ot — . + + = - — ot —. + +
foV(rka Sp S ) OG s Hor =7, s ) dst o fdsZ f dr, fPV(rB, S5, $5) O(sy; H, 75— 7 5, 53) d syx
Q —® ot

Q

1 e]
x Zfd s7 va pspdry va(rﬂ, Sy, sP O (s Hy ry— 1, s7) d s7.
o —o ot

The sum of series (38) is the exact solution of the general boundary problem (9)

Oz, )= (@G TE)=(0,Y, E), (39)
k=1
where
Y E,=Y GHUE, =Y GEA[E-GTE, (40)
k=1 k=0

is the sum of the Neumann series over the orders of reflections from the boundary.

In terms of Fourier transforms

(z, p, s), (41)

vk

\Y4 0 L \%
Dz, p, )= 2D
k=1
where the components are solutions of the system of recursive problems
\4 4
0, Dy I, = E(p. s

A \ Vv
k=1 {L( p) =0, O |r0:
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A \Y4 \Y \Y \% Vv
k22 AL D=0, @y [ =0, @, | = [R, @, ], p. sy

and are defined as functionals

Y4 \ 1 \
@,z p, )= (¥, E) =5 f‘*’(ST? 2, p, ) ELp, s7)d s;

Q

v VoV ALV 1 1 1T =
Dz, pr ) =W, R Dy )= (¥, QNTE) =5 f ¥ 2 p 9 d sy oy fd Skt (2m)? f P

Q Q -

v, B o 1 1 ® v, B
x fPV( P=Pr S St DV Hopy g8, ) d sty oo f 45 o) fd Py fPV( Pg— Py» S3» S5Ix
— +

of o) — Q

1 1 © vV
x W(sy; H, py, s5) d s; 2—nfd s]m va( Py s d py va( Py— Py Sop SOYGsT; H, pyos) d s
— _ +

Q © Q

The sum of series (41) is the exact solution of the problem (9) expressed in terms of Fourier transforms

\Y © /\k_1 \ AV

D (2, p,s) = ka(‘{', O*1'E)=(,Z E), (42)
where

AV :tAk_1\/ GOAk\/ AA _1\/

Z,Ep X OY'E,= 3 OLE,= [E-0,]'E, (43)

is the sum of Neumann series over the orders of reflection from the boundary in terms of Fourier transforms.
If spatial and angular dependences may be separated in the kernel of the operator of reflection (as in Ref. 2)

P(r, s s =q(r)PLs, s,
[R, @), r, )= qo IR, ®]H, r, 9,

[R, ®]H, r, 9= [ UL SIPG s S
+

Q

then we have a particular case for the presentation (30)

[G, s Hor, )~ R(©, ) =qr DI R, 0, )= atr X[R, 0], p = q0r) 5= fds } [ s d rix

Q —00

1 ©
x fPC(s, sDe(s™ H, ri—ri, s)ds" =q(r)5- fd s ff(s‘; T, S")[IAQH o]t H, r—r,s)dr,

of Q —

[IAQH @](s*; H, r,s)= fPC(s, sHe(s— H, r, s d s*.
Q+

In terms of the Fourier transforms we obtain a particular form of the presentation (31)

[ﬁvg) |, p, s)=F[1%v o |, p, S)T}OQ} ;( p—pd p’f&b(H, p,sHPLs, s)ds* —(2—1)2} ;(p— pdap [IAQHCE](H, p,s)dp,

e ot .

[IAQH %](H, p, s) = f C¥D(H, p.sHPLs, s d sh

Q+
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[év lvr](s_; H,p,s)=F [év f] = IVQZ,(‘{', }vr) =2—1n fd s ﬁ j' }v‘(s‘; p,s) cv/( p—pHdp fPC(s, SOV H, p', st d st=

Q —w of

1 1 ooV 4 A
=9 f ds™ P fq(p —p) fGTp, s [RH vl H, p, 9 dp.
o —o©
[IAQH v](s H, p,s) = fPC(s, SO H, p,sT)d st .
+

X

In the case when spatial and angular variables are split, one may find that the most general expressions for the n
approximations of FI © and SFC ¥, of the terms of series (38) and (41), obtained above, are reduced to the following form:

- L e 1 7 5 _ -
@v"(S AT )= 21 f dS" f ®(Sn 75T =y s) q (rin) drln 21 fdsn—1 fq (Vl"71) [RH ®] (511—1 s, in = Vit Sn) drﬂt—1><

Q —xw Q —w0
... % fdsgj'q (r ) [IAQH(D] (3 H, 7 575, sg)drﬂi fds?}q(r“) [}A%HG)](ST; H,r =7, S})[IAQH(D](S‘; H,rspdr ;
o —®© o —®©

- 1 B B TRAY 1 A o - B 1 =V
v, (72, p5)=5- f‘{'(s", z,p,$)ds, _(Zn)qu( P—Py AP, 15, f [R, ], i H.p, \s)ds, ... _(2p)2f a(p,=pPdpx

Q —® Q —®

1 A - - - 1 © v A B _ 1 ©
X f[RHLP] (515 H, py, 55) ds; (2n)? fq( pi=py) [Ry w17 Hopyy s d py - ©n)? fq( P=Pu)dp, s x

Q — —

1 =V 1 1 A
X o fq( Pi— P dpy5, f‘{'(s;; z,p,$)ds, 5 f [RH v] G, H p, (s, ds,~

© Q Q

1 A A
x5 f [RH v] (75 H, py, 83) [RH v] s H, Py S7) dsy

Q

1 B © B i _ © A B B
D,z 7, 8) = m f dsy, f sy 52, r, =1y, 9 qCry)dry, o f ds;~y f q [RH ®](Sk—1; Horyo =75 8 drp
o —o -

Q —0

1 © A 1 x© ~
X o fdsg fq (r,) [RH o] Gy  Horpg =715, 53) dru%qu f [RH o] Gy H o ryy—r,85) E(rpy, s dr

Q —® Q —®

v 1 1 >V 1 A 1
D@, (2 p, S)_—21'E f‘I’(s;; z,p, ) ds;w fq( =P Ddp, P f[RH ¥ | = Hop o s dsy . P fdsg x
o

Q —® Q

1 ® Vv A 1 1 Y Vv A
Gt [ APy [Ry ¥y topy s d py3; J i Goe A PP ELpy s [RyvletiHopspdp, .

—0 Q —0
OPTICAL TRANSFER OPERATOR INVOLVING A in terms of the FI @, (s™; z, 7, s) which is a solution of the
HORIZONTALLY INHOMOGENEOUS REFLECTION problem
OPERATOR WITH SEPARATED OFF R R
HORIZONTALLY HOMOGENEOUS COMPONENT {KQR=0 . Ol =0 Oply, =6 R Qptfilsi 7., ). 45)

Problem (1) may be solved in several ways.
Technique 1. Presentation in the form of a linear functional

D 1), 5) = (O E) WD) DG, p,5) = Fl(©g )] = (¥, E) (46)

or, in terms of Fourier transforms
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using SFC Wy (s7; 2, p, ) = F [0©,] which is a solution of
the problem

A Vv Vv
{L(p¥p=0, ¥l =0, ¥l =e RYpt[(s75 5). (47)

Let us define the operations of interaction of radiation
with the boundary using the FI ©

[(A}Rf)(s*; H, r,s)= [(A}Cf 16— H, r,s)+
(G, f s H, 7, ) =R©, f)=(R. Ol )+
+R,(O, ) (48)

and the SFC ¥

[éR ;](s*; H, p, s)=F[éRf ]=[ (f)(j;](s*; H, p, )+
A v Y Y Y A v
+[G,f s H, p, =R, =R (¥, H+([R V], ). (49)

Now let us introduce a parametric series

o]
Op(s5 2, 7,8)=2 &0 (s32 7,5
n=0

with the components satisfying the system of recursive
problems

A
n=0: {KQR():O , QR()er:O s QRO'FHZfS(S_; Ty, S);

n= 1:{KQRu:0 ’ QRH |F0:O ’ QRn |FH:[ RQR7171 ](57; H’ ri’ S)

and explicitly expressed in terms of the FI ©( s7; z, r|, 5)
Op(s5 2, 7,8 =(0, f) =0(s7 2,7, 9);

A A
Or, (2, 7,5=(0,RO,, )=(0,Gyf ;)=

@ ¢ '[rRo]D =0, G, +Gy[RO)):

Op= 3 (0, GLI)=(0, Yl (50)
n=0
where
A DA A A
YRfSE ZG;éf(s:[E_GR]_1f5~ (51)
n=0

In terms of Fourier transforms the terms of the series

o)
Ye(s7s 2z, p,8) = Zos" Yr (5752, 0, 8)
n=

are solutions of the system of recursive problems
A 4
n=0:{L(p¥g=0, lI’R0|r0:0 , q”Ro'rH:fs(sf; s);
n>1:
A 4
{L (PR, =0, ¥p, | =0, W, r, =| R¥g,y | H.p.s),

which can be presented as functionals in terms of the SFC
Y (s z p8)
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Yrols5 2, p, ) = (P, ) =¥(s75 2, p, 8) 5

N AV
Ye(s73 2, p, 8) = (¥, R¥p, ) = (¥, Op fy) =

= (¥, é”;[%w] )= (¥, (O, + év)"—i[zvety] )

© AV AV

W= Y (8, 0 f) =¥, Z, [y, (52)

n=0
AV XA n Vv A A 1V
Znli= S 0nfy=[E- 0] 1. (53)

n=0

Let us now define the operations

[6.r]eimr.9-Re@. 1. (54)
A 4 A Vv 4

[0, /1G H p,9=F[ G, 1 | = R¥. ) (55)

A A
which are similar to G (30) and Q (31), respectively, and

only differ from the latter by the functions of influence (®
instead of ®,) and by SFCs (¥ insread of W), which allow

for the contribution of horizontally homogeneous component
of the reflection coefficient.
One may introduce the series

00
— — n, —
Op(s™ 2,7, 8) = Zos Open(s75 2, 7, 8)
n=
with its components being solutions of the system of
recursive problems

A A
n=0:{KOQp=0, QRCO'F():O’ QRCO'FH:RCQRCO+f ACREATOR

A A A
n=1:{( KQR(:HZO ’ QR(:H |F0:0’ QR(:H |FH:R(:QR(:71+RVQR(:1¢71) ’

which are expressed in terms of the functionals with FI
0.(s75 2,7, 9)
Opo(s5 2, 7,9 =(0,, f)=0,Ls 21,5 ;

A A
®ch(s_; 2Ty S) = (G)c ’ Rv®ch—1) = (G)c ’ G:jc fB) =

~o,. " [Ro.]:

®R - 20(6(7 ’ Gzc ch) = (®(7 ’ ch fS) ’ (56)
n=
A © A A A —1
Yw:fBE ZOGc(:ch:[E_Gvc] fé‘ (57)
n=

In terms of Fourier transforms

V(s 2, p,8) = Zoe" Y5 2, P, 8) 5
n=

A A Vv
=0 {L CPI¥ig=0 s ¥ ool =0 s ¥ ol =R oo 150575 )5

A A v
n>1:{L( p)‘PRm=0 v =RClPRCH+RV\P

> " Ren |F

0:0 ’ lPR Ren—1

cn |F H

\
YreolS5 2,0, ) =¥, ) =¥ (s 2, p,9);
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4 A Vv
—. _ _ n _
\PRCH(S » 4 P s) = (\Pc ’ RV\PRCH—1) - (\Pc ’ ch fB) -

. v
= (qJ(T ’ Qii‘;(} [ RHIY(T] ) ;

\PR = i (\Pc ’ éiﬁ( \;6) = (\PC ’ 2\,@ \;5) ’ (58)
n=0
AV o /\” 4 A A —1Vv
ZvchZZchfSZ[E_QVC] f5~ (59)
n=0

Let us now introduce the operations

[ Gy ] (53 H, 7, )= R(®, [); (60)

A 4 A A Y
[Qw f ] (s H, p, )=F [G f ]=R(, v, 1, (61)

A A
similar to G (30) and Q (31), in which their FI ® and SFC
Y are replaced by FI 0, and SFC Y, respectively,

accounting for the contribution from horizontally
inhomogeneous component of the reflection coefficient.
For the terms of parametric series

0
Op(s75 2, 7, 8) = Zos” Opu573 2,7, 9),
n=

which are solutions of the system of recursive problems
A A

n=0:{ KQpy=0, QRVO'F():O ; QRv0|rH=RvQRv0+f 5757 8);
A A A

n=z 1:{ KQRvn:O ’ QRvn |F0:0 ’ QRvn er = RVQRV7l+RCQRVH—1 ;

there exist presentations in the form of functionals
with® (s7; 2, 7}, 5)

Op (552, 7,9)=(0,,[)=0L27,5);
. _ A _ A _
®Rvn(s AN 5) = (G)v ’ Rc ®Rvn—1) - (®v’ ch fé‘)) -

=(o,, &"C}‘[IA%CQV]) ;

®R - ZO(GV’ G:Iv fé) = (®v’ Y(,‘v fS) ’ (62)
n=
A © A A A —1
Y(:vaE ZOG:fvch: [E_ch] f&‘ (63)
n=

And for the Fourier transforms

V(s 2, p, 8) = Zos”‘{’Rw(s_; z,p, 8);
n=

A Vv Vv
n=0:{ L (p)¥p,=0, kIJRV()|r0:O ; kP}evo|rH:R PRt 5(s78) 5

m

Y
=0, ¥ Y, +RW¥

A Vv
nz 1:{ L ( p)\PRvnzo ¥ Rvn |FH:RV Rvn e T Rvn—1

> "Rvn |1'()

Vv
Y852, 0, 8) = (¥, f) =¥ (552 p 85
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A A Vv
\PRVH(S_; Z P S) = (\Pv ’ RC\PR\/H—1) = (\Pv ’ QZV fB) =

=(v,, é”C‘J[IA%C‘PV]) ;

\PR = i (\Pv ’ é:v \;6) = (\Pv ’ 2cv \f/B) ’ (64)
n=0
AV 0 A] 4 A A — Vv
Z(:vchE ;()Q(fvféz [E_Q(Tv] fé‘ (65)

Technique 2. This is a presentation in the form of a series
S ok
Dplz, 7, 8)= k21s Op (2,7, 8),

with its terms being solutions of the system of recursive
problems

A A
k=1:{KDp,=0, CDR(:1|1"0:0 ’ CDR(:1|1"H:R<:CDR(:1+E(7L’ OF

A A A
kz2: { K(DRckZO ’ ('DRck |F0:0 ’ (DRck |FH:RC(DRck+RmCDRck—1
and expressed either in terms of the FI ®<:(57; z, 7, s)

A

CDRM(Z’ T S):(G(: ’ E) ) CDRck(Z’ Ty S) = (®c ’ vaDRck71):
_ N1
=(,,G" 'E),

or the SFC ¥ (s7; 2, p, )

\4 Vv
Dpeiz p, ) = (¥, , E);

Vv vV Vv /\k_1 4
CDRck(Z’ P s) = (\Pc ’ Rv CDRck—1) = (\Pc ’ Q ve E) ;

0 A A
®, = kzi(q LGYIE)=(o,,Y, E), (66)
Y E=S GH1E= Y Gt E= [ﬁ e ]—1E- (67)
vC vC ve vC ’
k=1 k=0
\2 © /\1671 \4 A \2
Dpler ps) = T (7, QLI D)= (¥, 2, ), (68)
-

Q>

A A\ :cAk_1\/
Z,E=20Q E=%

b v A A Vv
Eeson E-[E-0]0 E @
k=1 k=0

Technique 3. This is a presentation in the form of a series

Dplz, 7, 8) =X skCDRVk(z, r, s)

k=1

with its components satisfying the systems of recursive
problems

A A
k=1:{Kdp, =0, CDRV1|1"0:O , CDRv1|rH: R ®p tE(r, 5);

A A A
k=2: { K(DRvkzo ’ (DRvk |F0:0 ’ CDRvk |FH: Rv®Rvk+Rc®Rvk—1

and written either in terms of FI © (s7; z, 7, 5)

Dpilz, 7, 9)=(0,, E);

A A
®p 2,7, 9)=(0,, R Dy, ) =0, G 'E),
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or the SFC ‘Pv(s_; z, p, s) when in terms of the Fourier
transforms

\% \Y \4 n
CDRV1(Z’ p, )= (va ’ E) ) CDRvk(Z’ p S):(lpv ’ R(,‘ CDRka1) =

_ AV .
_(va’ Q(?v E)’

=Y (o,, G'E)=(o,, Y E), (70)

k=1

A 0 A k7 0 AI A A o

Y(TV EEZ G (TV1 E: Z G(fVE:[E - G(TV] 1 E ; (71)
k=1 k=0

\Y4 0 A h—t \Y4 A vV

e )= T (1O D=, 2B )

=1
7 B2y Ot E=s O p=[E— (73)
cv =k§1Q cv ; Q

The function of influence ®(s7; z, 7, s) and the

spatial frequency characteristic W(s7; z, P, s), in fact,
describe the field of radiation in the layer produced due to
the processes of multiple scattering of a laser beam
propagating along the direction s~ at its boundary z = H at
the center of the system of horizontal coordinates x, y. This
fundamental solution is the kernel of OTO for the problems
with the following set of source and reflection characteristic
pairs: 1) E(r|, s), P(r,s, s); 2)E(r,s), PG, s);
3) E(s), P(r, s ), 4 E@), P@r,s s); 5 E@r),
P(s, s); 6) E, P(r, s, s').

The cases should be noted when other fundamental
solutions are used, which are particular representations of
FI ® and SFC V.

The function of influence

)=2—1nf®(s_; z, 7,8 ds”

0z, r,s

and the spatial frequency characteristic

1
¥z, p, ) =FlO,] =5 f‘{’(s‘; z,p, 8 ds

Q

determined from the boundary problems

A
{K 0,0, 0,[,=0 0, |1-H=6(7L);

A

{Lpw=o vl - =1

are kernels of the functionals for the cases when the
source parameters and the reflection coefficient make the
following pairs: 7) E(r , s), P(r , s'); 8) E(r|, s), P(s');
9) E(s), P(r), s); 10) E(r)), P(r, s'); 11) E(r)), P(s");
12) E, P(r |, s').

Using the function of influence

0, v |

0
0,572 9= f@(s’; z,r,89)dr,
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A A A
which is a solution to the problem (K, =D, —S) for a
monodirectional wide beam
A} —

{ko-0, o I =0 0, Iy, =86 —s),
one can derive the functionals for the case of horizontally
homogeneous sources and reflection 13) E(s), P(s,s");
14) E, P(s,s").

Using the transmission function, which is not
corrected for multiple scattering effects

Wiz, s) = % f 0(s3 2 89ds =

o

zz_tzfdr}@(r; z,r,8dr,,

_ —0

Q

which satisfied the problem for a single isotropic source

A
{kw=0 wi =0 Wi, =1
one finds the solution for the pair 15) E, P(s").

The function of influence ®(s7; z, 7|, s) is a solution
to the first boundary—value problem (4), while FI
@R(s*; z, 71, s) is the solution to the general boundary—
value problem (45) for a horizontally inhomogeneous source
of the type of a laser beam.

Functions of influence 0.7z 7,9 and

[©) (s*' z, 1), s) are particular cases of the FI Op, these are the
solutions to problems (11) and (28), respectlvely, with their

operators of reflection R R and R R , Functions of
influence ®,, ©, and 6, descrlbe the radiation field produced

by a stationary narrow beam with its coordinates x = 0, y = 0,
z=H, s =5, they account for the contribution from multiple
scattering in the medium and contribution from multiple
reflections from the underlying surface, these reflections
described by corresponding reflection coefficients of P, + P,,

P, and P, The spatial frequency characteristic is defined as

the Fourier transform of the function of influence W(s~
; 2, p, 8) = F[®], which is a solution to the first boundary—
value problem for the complex equation of radiation transfer
() and Wi(s75 2, p, 9) = FlOgx], Y,(s552 p s)=F0O]I,
'~I"C(S*; z,p,S) = FIG)C], which are solutions to the complex

problems (47), (29), and (12), respectively.

The exact solutions to the general boundary—value
problems (1), (8) and (9), i.e. the functionals (10), (22), (27),
(39), (44), (66) and (70) are essentially different presentations
of the optical transfer operator in terms of the functions of
influence, while the functionals (10), (25), (27), (42), (46),
(68), and (72) are essentially different representations of the
OTO in Fourier transforms in terms of spatial frequency
characteristics.

Functionals (16), (33), (50), (56), and (62) yield
different representations of the function of influence for the
general boundary—value problem, while functionals (19), (36),
(52), (58), and (64) describe corresponding spatial frequency
characteristics. Meanwhile functions of influence (16), (33),
and (50), being the exact solutions to the problem for the case
with reflecting bottom, are defined in terms of FI
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0(s™, z, r|, s), which is a solution to the problem for the
nonreflecting boundaries. Similarly, spatial frequency
characteristics (19), (36), and (52) are the exact solutions
to the complex equation of radiation transfer in a layer
with reflecting bottom and are explicitly expressed in
terms of the SFC W(s, 2z, r,, s), which is a solution to

the problem with nonreflecting boundaries.

The Neumann series (23) and(40) describe the
"scenario” at the underlying surface in terms of FI, while
(26) and (42) yield its Fourier transform in terms of the
SFC. The optical transfer operators in the terms of linear
functionals (10), (22), (25), (27), (39), (42), (44), (46),
(66), (68), (70), and (72) describe the transfer of the
"scenario” through a turbid layer and may be employed to
solve the problems on radiative correction at remote
sensing of the underlying surface from any height (both
within the layer and outside it) and along any direction.

In this paper we have omitted cumbersome
nontrivial transformations and only present original final
results within the framework of the theory of the optical
transfer operator which is based on the kinetic equations
of radiation transfer in turbid media. Instead of solving
the initial problems (1), (8), and (9) it is sufficient to
define the FI ® or the SFC ¥, and then to compute the
functionals using relevant approximation.
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