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SPATIAL FILTERING OF LATERAL SHEAR INTERFEROGRAMS
IN HOLOGRAPHIC INTERFEROMETRY OF A FOCUSED IMAGE
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Analysis of a lateral shear interferometer based on double-exposure recording of a
hologram of a focused image of a matted screen with two successive Fourier transforms is
analyzed. It is shown theoretically and experimentally that spatial filtering in the plane
of the hologram enables checking a lens or objective over the field, and spatial filtering
in the far diffraction zone or in the plane of the image of the pupil of the lens or objective
makes it possible to record the interference pattern characterizing the phase distortions
introduced in the wave illuminating the matted screen and in the reference wave by the
aberrations of the optical systems forming them.
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In Refs. 1 and 2 the method of differential in-
terferometry, using diffusely scattered fields for
checking both quasispherical and quasiplanar wave-
fronts, was implemented based on double exposure
recording of lensless Fresnel and Fourier holograms. In
both cases the objective speckle fields of two exposures
in the plane of the photographic plate were superposed.

In this paper the formation of lateral shear in-
terference patterns when performing spatial filtering is
analyzed based on double-exposure recording of a
hologram of a focused image by superposing the visual
speckle fields of the two exposures in the plane of the
photographic plate.

According to Fig. 1 the matted screen 1, which lies
in the plane (xy, ¥¢), is illuminated with a converging
quasispherical wave. The radius of curvature of the
wavefront is #. With the help of the lens L; an image of
the matted screen is constructed in the plane (x3, y3) of
the photographic plate 2, and a hologram of the focused
image is recorded during the first exposure using an
off-axis reference plane wave 3. It is assumed that prior
to the second exposure the matted screen is displaced in
the plane (xy, y;) along the x-axis by an amount a,
while the photographic plate in the plane (x3, y3) is
displaced in the opposite direction by an amount b.

We shall present in the Fresnel approximation,
neglecting the amplitude and phase factors, which are
constant in the plane, the distribution of the complex
amplitudes of the fields of the two exposures in the
plane of the photographic plate in the form
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FIG. 1. The optical scheme used for recording and
reconstructing a double-exposure hologram, of a
focused image: 1) matted screen; 2) photographic
plate-hologram; 3) reference beam; 4) recording
plane of the interferogram. Ly and L, are lenses; p;
is an aperture diaphragm; and, p, is a filtering
diaphragm.
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where k is the wave number; #(xy, y{) is the complex
transmission amplitude of the matted screen, and is a
random function of the coordinates; ¢;(x{, y) is a phase
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function, characterizing the distortions introduced in
the wave illuminating the matted screen by wave
aberrations of the optical system forming it; f; is the
focal length of the lens L; with the generalized pupil
function pi(x, yo)expipx(as, yo) which takes into
account the wave axial aberrations; /4 and [, are,
respectively, the distances between the planes
(x1, y0), (x2, y2) and (x5, y2), (x3, y3).

If — 1+— then the expressions (1) and (2)
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where py = [1/1, is the scale transformation factor;
® denotes the convolution operation;
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denotes the Fourier transform of the generalized pupil
function of the lens L;.

In the expressions (3) and (4) the width of the

function Pi(x3, y3) determines the size § of a visual
speckle in the plane of the photographic plate. Taking

into account only the diffraction limit o~ %lz, 4
where A is the wavelength of the coherent light source,
employed for recording and reconstructing the holo-
gram, and d is the diameter of the pupil of the lens L;.
If within an individual speckle the change in the phase
of the spherical wave in the plane (x3, y3) with radius

of curvature does not exceed w, then for the

rl,
we-1)
region with diameter D, <
(-1

the photographic plate we shall remove from the
integrand of the convolution integral the factor

in the plane of
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which characterizes in the expressions (3) and (4) the
distribution of the complex amplitude of the field of
the spherical wave. In addition, assuming that the
2

are satisfied, we

conditions a = b,

__k

(d +1)
obtain the following distributions of the complex
amplitudes of the fields, corresponding to the first and
second exposures, for the region in the plane of the
photographic plate with diameter Dy < d:
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Let the double-exposure hologram of a focused
image of the matted screen, recorded in this manner, be
reconstructed by a copy of the reference wave, the
distribution of whose field corresponds, for example,
to the distribution for the first exposure. Then the
diffraction field in the plane (x3, y3) assumes the form
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where 3(x3, y3) the phase function characterizing the
distortions of the reference wave owing to wave ab-
errations of the optical system forming it.

As follows from the expression (7), in the plane of
the hologram the diffusely coherent light fields, cor-
responding to the first and second exposures, are
superposed on one another. The identical speckles

)

coincide if their relative slope angle o = lé There-

2
fore, based on Ref. 5 an interference pattern is located
in the plane of the hologram. In addition, like in
Ref. 5, according to the expression (7), the inter-
ference pattern will characterize the phase distortion
produced in the wave illuminating the matted screen
and the reference wave by the aberrations of the
optical systems forming them.
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If spatial filtering is performed in the plane of the
hologram with the help of an opaque screen with a
circular opening centered on the optical axis, then we
shall represent the filtering operation as multiplication
of the complex amplitude of the light field, described
by the expression (7), by the transmission function
px3, y3) of the filter.® We shall perform the obser-
vation in the plane (x4, y4), which is the back focal
plane of the conversing lens L, (Fig. 1). Then we shall
represent the diffraction field in the recording plane 4
as a Fourier integral of the field in the filtering plane,

u(xq’ yq] o F[pztxs' yS)u[x:’. ys]]' (8)
where F is the operation of taking the Fourier
transform.

We assume that within the diameter of the fil-
tering  opening the  condition @y (x3, y3) —
e3(x3tb, y3) + @i(—pxz—a, —piyz) — e(—pixs, —p
1y3) < = is satisfied. The physical meaning of this
condition is that the diameter of the filtering opening
does not exceed the width of the interference band for
the interference pattern located in the plane of the
hologram. Substituting the expression (7) into Eq. (8)
we obtain
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where f; is the focal length of the lens Ly; uy = L/f5
is the scale factor of the transformation; and,
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are the Fourier transforms of the corresponding func-
tions.

It follows from the expression (9) the diffraction
field in the recording plane 4 in Fig. 1 is the superpo-
sition of two correlated speckle fields, which coincide
within the region of overlapping of the images of the
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pupil of the lens L;. Therefore the interference pattern
characterizing the wave aberrations of the lens L; lies in
the plane (x4, y4). Indeed, if the period of the function
expigy(—poxs, —pays) + expiqy (—poxs+b, —poyy) is
at least an order of magnitude’ greater than the size of
a speckle, determined by the width of the function
Py(x4, y4) then in the expression (9) we remove this
function from the integrand of the convolution inte-
gral. The distribution of them illumination in the
recording plane is then determined by the expression

I[x‘. yﬂ] ~ {1 + cos[@g[ X _pzyq] e

a @2[ Hx, + b, _”zyq)]} x
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which describes the speckle structure modulated by
the interference fringes. The interference pattern has
the form of a lateral shear interferogram in infinitely
wide fringes; the interferogram characterizes the axial
wave aberrations of the lens L;.

As follows from the expressions (5) and (6), in-
formation about the phase distortions introduced into
the light field by the lens L, falls within an individual
speckle in the space of the image of the matted screen,
which is formed in the plane of the photographic plate
by performing two successive Fourier transforms. In
contrast to Ref. 5, in a small region of the image on
the optical axis the amplitude-phase distribution of the
field within each individual speckle results from the
diffraction of a plane wave propagating along the
optical axis. Then an interference pattern character-
izing the axial wave aberrations of the lens L is
formed when the spatial filtering presented above is
performed. However for a small region of the image of
the matted screen centered at a point o determined by
the coordinates x3y off the optical axis the ampli-
tude-phase distribution of the field within each indi-
vidual speckle in this region is the result of diffraction
of an off-axis plane wave, propagating at an angle
B = x30", to the optical axis. Then when the spatial
filtering is performed an interference pattern, char-
acterizing the combination of axial and off-axis wave
aberrations of the lens Ly, is formed. This makes it
obvious that spatial filtering must also be performed in
the plane of the hologram for aberrational wavefronts,
formed in the channels illuminating the matted glass
and the reference wave. In the case when there are
aberrations, however, changing the position of the
center of the filtering diaphragm (for example, from a
maximum of an interference fringe for an interference
pattern lying in the plane of the hologram to the
minimum of the interference fringe) results only in a
phase change by n between the correlated speckle
fields in the (x4, y4) plane, and this is insignificant for
differential interferometry.
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The range over which the lens L can be checked
over the field is limited by the resolution v, of the
holographic recording medium and its dimensions. To
observe the interference pattern within the entire
aperture of the lens Ly, it follows from the condition of
collinear similarity® that the diameter D of the illu-
minated region of the matted screen must satisfy the
condition D > d/py, if uyy < 1, and D > d, if py > 1.
Then in the direction v, the highest value of the spatial
frequency v, in the spectrum of the hologram is de-
termined by the quantity 1/1 - sin[® + arctgD /2],
where 0 is the angle of incidence of the reference wave.
To separate in space the fields reconstructed by the
hologram in the zeroth and (+1)-st orders of diffrac-
tion the condition 0 > 3 - arctgD/2l; must be satis-
fied. Then the range over which the lens can be
checked over the field with known dimensions of the
recording medium is determined from the condition
v < vg. The range of monitoring across the field is
therefore larger than in Ref. 5, since the width of the
spectrum of spatial frequencies of the hologram is
determined only by the angular dimensions of the
illuminated region of the matted screen and by the
angle of incidence of the reference wave.
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FIG. 2. Spatial filtering of the light field in the
far diffraction zone using a collimating system of
lenses Ly and Ls.

To record the interference pattern located in the
plane of the image of the matted screen, we shall study
the behavior of the spatial filtering of the light field,
reconstructed by a double-exposure hologram, on the
optical axis in the Fourier plane (Fig. 2). Assuming
that the diameter of the lens L, is greater than the
dimensions of the hologram, we shall represent the
diffraction field in the plane (x4, y4) as a Fourier in-
tegral of the field in the plane of the hologram, described
by the expression (7). Then the distribution of the
complex amplitude of the light field assumes the form

kx, ky4
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2
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are the Fourier transforms of the corresponding
functions.

If functions ®(xy, y4) and ®x(xy, y4) are much
narrower than the function Py(x4, y4), which determines
the size of a speckle in the plane (xy4, y4), then the
expression (11) describes the distribution of two speckle
fields which coincide within the region of overlapping of
the images of the pupil of the lens L;. Therefore, as
pointed out above, the interference pattern character-
izing the wave aberrations of the lens L lies in the far
diffraction zone. If an opaque screen ps (Fig. 2) with a
circular opening, centered on the optical axis, is placed
in the focal plane of the lens L, and the condition
Qo(—t224+b,1oys) — @o(—poxy, — Moyy) < m is satis-
fied inside this opening (i.e., the width of the inter-
ference fringe for the interference pattern in the plane
(x4, y4) does not exceed the diameter of the filtering
opening), then the light field immediately behind this
screen is described by the expression

kx Ry
u[xg’ y.‘) ~ Py [xq' y‘]{F[ f' ;f ]a Pz[x‘. y4] *

X, kyl

ol o s b ot 30

We shall represent the diffraction field in the focal
plane of the lens L3 as a Fourier integral of the field in
the plane in which the spatial filtering is performed.
Then the complex amplitude of the correlation speckle
fields, corresponding to the first and second exposures,
in the recording plane 4 assumes the form

ulxg V) - {t (% bpye)
" expicpl 0‘ 1Ma%s ‘uluays]pz [_‘usxs' -#3}}5] *
* t['1'1”'3)"5' “1“35’5)9}@?;"91 [“1“3)(5 - a ul”sys] 8

x expi I-goa [_“3)('5' -psyﬁ] - 'P3('H3x5+ b, - ”35’5]] x
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x p,( —mxg - 35’5]}@!33 ESRAE (13)

where p3 = f»/f3 is the scale factor of the transfor-
mation;

Lk
Fy (xs‘ 3"5] = J.J P [x‘ ! p‘] exp [_ ;‘_2 [x«t)(s+ y 45’5)] dx‘dy‘

is the Fourier transform of the transmission function of
the filter.

As follows from the expression (13), in the plane
(x5, ys5) the speckle fields of the two exposures are
superposed on one another and the identical speckles
coincide. Therefore the interference pattern, charac-
terizing the phase distortions produced in the wave
illuminating the matted glass and in the reference
wave by the aberrations in the optical systems forming
them, lies in this plane. Thus if the period of the
function expig(uipsxs, uiusys) + expil@(pipses — a,
ninsys) + @3(—psxs, —psys) — @3(—psxs + b, —pzys)] is
at least one order of magnitude greater than the size of
a speckle in the recording plane 4, determined by the
width of the function Py(xs, ys), then the expression
(13) this function can be removed from the integrand
of the convolution integral. Then the distribution of
illumination in the plane (x5, ys) will be determined
by the expression

I(xg vg) ~ {1 * cos [‘pl CUEREAN

RS ["lipsxs_ A "1“33"5] T ("“:axs' _uays] i
* e, {&psxs * 0, _usst]}It{"1“3xs' ”1"'35'5) x

2
* Py [psxs' usys)@ P:s[xs' st‘ ' (14)

which describes the speckle structure modulated by
the interference fringes. The interference pattern has
the form of a lateral shear interferogram in fringes of
infinite width; this interferogram characterizes the
phase distortions produced in the wave illuminating
the matted glass and in the reference wave by aber-
rations in the optical systems forming them. In addi-
tion, the spatial extent of the interference pattern, based
on the expression (14), is limited by the diameter of the
pupil of the lens L. In order to observe it within the
entire image of the matted screen we shall study the
spatial filtering on the optical axis, as shown in Fig. 3.

Then we shall write the diffraction fields in the
plane of the hologram, which correspond to the first
and second exposure, in the form

a3 2 2
u[xs, y3] ” EXP[ i O ys)]{t (_"'1"'(3' _uiya] X

x exp[ - }E [xz + 5’2]]‘”‘""% (ux -my,)e
2
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FIG. 3. Spatial filtering of the light field in the
image plane of the pupil of the lens L.

If the diameter of the lens L,, lying in the plane of
the hologram, is greater than the size of the image of
the matted screen and the lens L, forms an image of the
pupil of the lens L; in the plane (x4, y4), then, as-
suming unit magnification below in order to simplify
the formulas, the diffraction field in the image plane is
given by the expression
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' 4 4 Fl
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are the Fourier transforms of the corresponding
functions.

Because the size of the image of the matted screen
is limited in space, the light field behind the hologram
will have a distribution that is characteristic of a
speckle field,® in addition, as follows from the ex-
pression (17), the speckle fields corresponding to the
first and second exposures are superposed on one
another with identical speckles coinciding within the
region of the overlapping of the images of the pupil of
the lens L. Therefore the correlated speckle fields,
filtered by the aperture diaphragm p; of the lens Lj
(Fig. 3), whose diameter does not exceed the width of
an interference fringe for the interference pattern lying
in the plane (x4, y4) and characterizing axial aberra-
tions of the lens Ly, directly behind the aperture
diaphragm are determined by the expression

ulxg ¥,) - pylxy ya)exp[ E_k [x§ E yf]] ®
2

kx, ky
< AF = | *
2 2

® (’;[Xq' yi]} g

kx Ry
4 4 ,
F1 [12 ' 12 ]@ qp'1 [x4. yJ@

(18)

If it is assumed that the lens L3 forms an image of
the plane (x3, y3) in the plane (x5, y5) (to simplify the
formulas we shall assume unit magnification), then the
complex amplitude of the diffraction field in the
recording plane 4 (Fig. 3) will, assume the form

'u[x.s. yE] = exp[ -2:5—: (xz + yz]]{t [plxs. ulys] X
exp[— %‘z [x§+ 3,;2]]&3:4912«:1 (% “15’5]@ Ps['_xs. vg) *
+ t(u1x5. piys]exp[- % [x:+ 5’2]] X

x expig (M x .~ a, py_ )expi [gog (xg-vg) -

- o (x* b, -ys]]ﬁa P (e ys]} i (19)

where
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Lk
cexp[- £ (epx, + v,9)|axa,
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is the Fourier transform of the transmission function of
the aperture diaphragm ps.

It follows from the expression (19) that in the plane
(x5, ys) the speckle fields of two exposures are super-
posed on one another and identical speckles are incident
within the region of overlapping of the images of the
matted screen. Therefore the interference pattern
characterizing the phase distortions of the wave illu-
minating the matted screen and of the reference wave
lies in this plane. Therefore if the period of the function
expig(uixs, wys) + expiloi(uxs—a, pys) + e3(—xs,
—y5) — ¢3(—x5+b, —ys5) is at least an order of magnitude
greater than the size of a speckle in the recording plane
4, determined by the width of the function P3(xs, ys),
then in the expression (19) we remove this function from
the integrand of the convolution integral. Then the
distribution of the illumination in the plane (xs, ys) is
determined by the expression

1{7(5- }’5) - {1 ? Cos[gal [plxﬁ’ "'115’5] i

- % [“1x5_ e 'uly'i] i g'J:a[—xs’ —yﬁ) *

o Al Al _ysl]}‘ L (“1)(5’ HVg) *

ik r2, 2 =
% exp 1:— 5T (xs-'- y5]]® P, [XS' ys] ‘ 20)
which describes the speckle structure, modulated by the
interference fringes. The interference pattern has the
form of a lateral shear interferogram in fringes of infinite
width. This pattern characterizes the phase distortion
produced in the wave illuminating the matted glass and
in the reference wave within the entire image of the
matted screen by aberrations in th channels forming
these waves.

It is not difficult to show that when the dou-
ble-exposure hologram, recorded by the method pre-
sented above, of the focused image ii reconstructed in
( +1)—st order of diffraction, spatial filtering in the far
diffraction zone using the collimating system of lenses L,
and Ls (Fig. 2) results in recording of an interference
pattern whose spatial extent is limited by the diameter
of the pupil of the lens L;. To record the interference
pattern within the entire image of the matted screen the
lens L3, with aperture diaphragm p3 (Fig. 3), placed at
a distance [, from the hologram, is sufficient by itself,
because in this case there is present in the plane of the
hologram a phase factor of the converging spherical
wave with radius of curvature /5.

It should also be noted that when the interference
pattern characterizing the phase distortions of the wave
illuminating the matted screen and of the reference wave
is recorded, carrying out spatial filtering off the optical
axis will result in distortion of the pattern owing to the
off-axis wave aberrations of the lens L;.
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In the experiment the double-exposure holograms
of the focused image of the matted screen were re-
corded on photographic plates of the type Mik-
rat-VRL, using an He-Ne laser, at the wavelength
0.63 um. The matted screen and the photographic
plate were secured on optical measuring tables from
the OSK-2 optical bench. The focal lengths of the
lenses L;, 15—30 mm in diameter, were equal to
140—200 mm. As an example Fig. 4a shows a lateral
shear interferogram, obtained when performing spatial
filtering in the plane of the hologram on the optical
axis by reconstructing a hologram with an unseparated
laser beam with a diameter of ~1 mm. The interference
pattern characterizes the spherical aberration of the
lens L; with fi = 140 mm and d = 20 mm with
prefocal defocusing. The double-composition hologram
was recorded with unit magnification for an Illumi-
nated region on the matted screen 40 mm in size. Prior
to the second exposure the matted screen and the
photographic plate were shifted by 0.8 + 0.002 mm.

FIG. 4. Lateral shear interferogram character-
izing the wave aberrations of the lens L being
checked. The interferogram was recorded when
performing spatial filtering in the plane of the
hologram: a) on the optical axis; b) off the optical
axis at the edge of the image of the matted screen.

FIG. 5. Lateral shear interferogram characterizing
the aberrations of the wave illuminating the matted
screen and the reference wave, during spatial fil-
tering: a) in the far diffraction zone; b) in the
plane of the image of the pupil of the lens L.
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Figure 4b shows a lateral shear interferogram
obtained by performing spatial filtering in the plane of
the hologram at a point corresponding to the edge of
the image of the matted screen (x3 =~ 20 mm,
y30 = 0). The interference pattern in this case char-
acterizes the combination of axial and off-axis wave
aberrations!'® of the lens L.

Figure 5a shows the form of the recorded inter-
ference pattern, located in the plane of the hologram,
when performing spatial filtering on the optical axis as
shown in Fig. 2. Its spatial extent corresponds to the
diameter of the lens Ly, and it characterizes the wave
aberrations of the optical systems forming the wave
illuminating the matted screen and the reference wave.
When the spatial filtering on the optical axis is per-
formed in the manner shown in Fig. 3, however, the
interference pattern shown in Fig. 5b, within the
entire image of the matted screen is recorded.

In conclusion it should be noted that the dou-
ble-exposure method, studied in this work, for recording
a hologram of a focused image of a matted screen makes
it possible to check wave aberrations of lenses and
objects over the field of the image by performing a
spatial filtering in the plane of the hologram. This
method gives a wider range than the well-known method
of Ref. 5 for the same spatial resolution of the medium
in which the hologram is recorded.
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