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A graphic-analytical method is proposed for calculating the parameters of a pulsed 
laser altimeter with incoherent reception. An expression is derived for the signal-noise 
ratio at the output of the photodetector. This expression is used to determine the prob-
ability of correct detection of a signal based on the given probability of a false alarm 
and the tactical characteristics and specifitions of the altimeter. The observation in-
terval is optimized in order to maximize the probability of correct detection of the 
signal and the value of the threshold is chosen. It is shown that the pulse detector 
processing scheme is insensitive to a 50% change in the observation interval. The error 
in measuring the range based on the interval between the leading edges of the sound-
ing and reflected pulses is estimated. The potential accuracies of the range measure-
ments are compared for different pulse detector processing schemes. The critical angle 
of inclination of the underlying surface, for which the power of the received signal at 
the input to the photodetector is equal to the threshold value, is found. 

 
 

The use of a laser ranging system instead of ra-
dar on a spacecraft makes it possible to determine 
much more accurately the parameters of an orbit 
owing to the much narrower directional pattern and 
smaller widths of the transmitted pulses. The energy 
parameters of the existing pulsed lasers permit inco-
herent reception of the signal reflected from the un-
derlying surface (US), using photomultipliers.1,2 A 
signal is detected in the output circuit of the pho-
tomultiplier when the instantaneous voltage exceeds 
a threshold value. When the average number of pho-
toelectrons detected simultaneously in the observa-
tion interval  exceeds 10 the probability density of 
the number of photoelectrons is approximated by a 
Gaussian function.1 We shall assume below that this 
condition is satisfied for both the signal and the sig-
nal + noise, but when applied to the statistics of 
only the noise photoelectrons this assumption gives a 
detection threshold that is too high. 

The problem of optimizing the processing of op-
tical signals with incoherent detection based on the 
criterion of maximum signal-noise ratio was studied 
in Ref. 2. As shown in Ref. 1, however, in the re-
gion of weak noise this criterion cannot always be 
used to estimate the efficiency of a ranging system, 
since the characteristics of detection of an optical 
signal depend on the absolute values of the average 
intensities of the optical signal and the noise. 

In this paper the parameters of a satellite-borne 
laser altimeter, employing direct detection of the 
optical signal and a pulse detector filter with an 
amplitude-frequency characteristic of the form  

[sin(/2)]/(/2), where  is the optimized observa-
tion interval (the width of the impulsive characteristic 
of the filter), are optimized using the procedure of 
detection based on the Neiman-Pearson criterion. We 
shall assume that the envelope of the signal reflected 
from the underlying surface is a Gaussian curve3,4 
 

 (1) 
 
where Ps0 is the peak power of the received signal 
and s0 is the width of the signal at maximum slope, 
i.e., at the level 0.607. We shall study below not 
only the analog mode of operation of photomultiplier 
but also the mode in which charge is accumulated 
over the observation interval.5 We shall represent 
the average number of signal photoelectrons as 
 

 (2) 
 
where  is the quantum efficiency of the photomulti-

plier, 1/2 2( ) (2 ) exp( / 2)
z

z x dx



     is the error 

function, and z = /s0 is the normalized observation 
interval. 

Using the expressions (1) and (2) the amount by 
which the threshold number of photoelectrons Nth 
exceeds the average number of the noise photoelec-
trons Nn in the observation interval can be written as 
 

 (3) 
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where 
 

 
 
and Tth is the duration of the signal according to the 
chosen threshold level. Here and below we neglect 
the dark currents of the photomultiplier. The signal 
and noise power as well as the threshold power cor-
responding to the threshold voltage with pulse de-
tector processing are shown in Fig. 1. 
 

 
 
FIG. 1. The shape of the optical signals studied. 
The notation is explained in the text. 

 
When ranging the underlying surface at the na-

dir from the maximum altitude of the orbit Hmax the 
minimum power of the signal reflected from the un-
derlying surface and received at the photocathode of 
the photomultiplier is equal to 
 

 (4) 
 
where E is the energy of the transmitter, Sa is the 
area of the receiving antenna, and A is a coefficient, 
which for a Lambertian surface is given by the ex-
pression 
 

 
 
Here min is the lowest albedo of the underlying sur-
face, Ktr is the transmittance of the receiving optical 
channel, and at is the transmittance of the atmos-
phere. 

The maximum value of the total noise power at 
the photocathode of the photomultiplier, owing to 
backscatterlng from the atmosphere and the external 
background radiation, is equal to 
 

 (5) 
 
where in the signal-scattering approximation 

2
min/ 2tr atB cK H     (here ñ is the velocity of 

light,  is the backscattering coefficient of the atmos-
phere near the underlying surface, and Ímin is the 
minimum distance to the underlying surface); r is the 
solid angle of the field of view of the receiving an-
tenna,  = N    Ktr  K(, , a) is a coefficient 

characterizing the external background level (here N 
is the spectral power density of the solar irradiation at 
the boundary of the atmosphere,  is the bandwidth 
of the optical filter, and K(, , a) is a coefficient 
that depends on the angle of the sun relative to the 
nadir , the albedo  of the underlying surface, and 
the attenuation coefficient a in the atmosphere). 

If the statistics of the noise and the signal + noise 
are Gaussian, then the probability of a false alarm Pfa 
and the probability of correct detection of the signal 
Pcd in the observation interval1,4,7 have the form 
 

Pfa = 

 
 (6) 
 

Psd = = 

 

 (7) 

 
where the argument of the error function (U) are 
equal to 
 

 (8) 
 

 
 (9) 
 

2 ,n nF N    2 ( )s nF N N    are the variances of 
the number of photoelectrons associated with the 
external noise and with the signal + noise, respec-
tively, and F is the noise factor of the photomulti-
plier. Using the expressions (8) and (9), together 
with Eq. (3), we find Ns: 
 

 (10) 
 
The relative power threshold f0 = Pth,s/Ðs0 can be 
obtained from Eq. (1), substituting Eqs. (8), (4), 
and (3), 
 

 (11) 
 
The quantity –1(Pcd) is determined from the ex-
pression (10) using the expressions for f0 and (11). 
After some transformations we obtain 
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 (12) 
 

where 
 

 (13) 
 

In the expression (12) A  E/(  r + B  E) = q2 
is the power signal-to-noise ratio at the input of the 
photodetector. Its maximum value, when there is no 
external background radiation, is limited by the 
backscattering noise and is equal to 2

max / .q A B  

We shall seek the maximum value of –1(Pcd), which 
depends on z, as the maximum of the function y, de-
termined by the expression in the braces in Eq. (12) 
 

 (14) 
 

For the values q2 p 1 and z  3 it can be as-
sumed that 
 

 (15) 
 
The solution of Eq. (14), obtained by a numerical 
method under the condition (15), is presented in 
Fig. 2. One can see from it that the maximum of ó 
is not sharp and as M decreases it shifts to the right 
and its value increases. It should be noted that 
M = 0 corresponds to the probability of correct de-
tection of the signal Pcd = 0.5. 
 

 
 

FIG. 2. The function ó given by Eq. (14) versus 
the normalized interval of observation z for dif-
ferent values of the parameters M for signal-to-
noise ratio q2  100. 

 
Figure 3 shows plots of zopt versus M and q2. For 

q2  100 the curves merge into one curve. Figure 4 
shows ómax versus M for different values of q2. For 

negative values of ómax the probability of correct de-
tection of the signal Pcd < 0.5. Decreasing M increases 
Pcd. Thus, when calculating the parameters of the al-
timeter for fixed value of M and q2, zopt can be found 
from Fig. 3 and ómax can be found using Fig. 4. 
 

 
 
FIG. 3. The optimal observation interval zopt  

versus the parameter m for different value of the 
signal-to-noise ratio.  

 

 
 
FIG. 4. ómax versus M for different values of the 
signal-to-noise ratio. 

 
Determining zopt permits optimizing the width 

of the transmission band of the electric filter at the 
output of the photodetector.1,6 Once zopt is known it 
is possible to find the characteristics of detection 
based on the Neiman-Pearson criterion, i.e., given 
the false-alarm probability Pfa or given –1(1 – Pfa), 
to find the maximum probability of correct detection 
of the signal Pcd or 

–1(Ðcd). 
We shall represent the expression (12) and (13), 

substituting (4) and (14), in the following form: 
 

 (16) 
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 (17) 
 

where 0 0 0/ 2s s sE P      is the total energy of 
the received signal at the input of the photodetector. 
As one can see from Eqs. (16) and (17), the prob-
ability of correct detection of the signal Pcd depends 
on the total energy of the signal Es0, the quantum 
efficiency, and the noise factor of the photomultiplier 
as well as on the signal-to-noise ratio and the false-
alarm probability through y. Thus the relations (16) 
and (17), together with the plots presented in Figs. 3 
and 4, permit calculating the probability of correct 
detection of the signal and choosing the time constant 
zopt of the filter at the output of the photomultiplier. 

We shall now determine the threshold which 
gives a fixed false-alarm probability. The threshold 
signal power at the input of the photodetector is 
equal to Pth = Ps0  f0, where the relative threshold, 
defined by Eq. (11), substituting Eq. (13), is equal to 
 

 (18) 
 
The threshold number of photoelectrons Nth in the 
observation interval zopt is determined in the form 
Nth = Nn + Ncf1, where 
 

 (19) 
 

We studied above the characteristics of detec-
tion of the signal formed when the underlying sur-
face is oriented perpendicular to the direction of 
sounding. As the angle of inclination of the underly-
ing surface increases the probability of correct detec-
tion of the signal will decrease, since the energy of 
the received signal will decrease in proportion to the 
cosine of the angle of inclination. The ratio of the 
powers of the received signals from the normal Ps0 
and the inclined Ps surfaces is equal to 
 

 (20) 
 
where the factor m = /0 expresses the increase in 
the duration of the signal received from the inclined 
surface. 

The value of the critical angle of inclination of 
the underlying surface for which the amplitude of 
the power of the received signal at the input of the 
photodetector is equal to the threshold power, i.e., 
Ps = Pth, is determined by the expression 
 

 (21) 
 
where 1 0 1(2 2 ) / ,G H c        H is the altitude 

of the rangemeter above the underlying surface, 0 is 
is the plane angle of divergence of the radiation of  

the laser transmitted at half power, and 1 is the 
width of the transmitted pulse at half power. The 
critical value of the signal duration enhancement 
factor cam be represented as 
 

 (22) 
 

We shall now estimate the accuracy of the 
range measurement. The fluctuation component of 
the rms error  in the range measurement for the 
case when the measurements are performed between 
the leading edges of the sounding and reflected 
pulses and for the maximum power of the received 
signal is equal to 
 

 (23) 
 
The results of comparison of the potential accuracy 
of the range measurements for different pulse detec-
tor processing schemes with p = 10 ns, Ns = 16, 
f0 = 0.607, and F = 1 are presented in Table I, 
where p is the width of the received signal pulse at 
half power. 

The nonoptimal temporal processing, i.e., the 
bandwidth of the pulse detector filter, also affects 
the probability of correct detection of a signal. For 
relative detuning  = (z – zopt)/zopt y decreases (see 
Fig. 2) and therefore the probability of correct de-
tection of a signal also decreases. We shall estimate 
the relative decrease in ó with the help of the coeffi-
cient  = (ymax – ó)/ómax and we shall compare the 
maximum probability of correct detection of a signal 
Pcdm, calculated for z = zopt, with the probability of 
correct detection Pcd with detuning  and different 
values of M. The computational results are summa-
rized in Table II. It was assumed that Pfa = 10–6, 
q2 = 100,  = 1.5. 

The obtained results show that a relative detun-
ing of the transmission band of the pulse detector 
filter by a factor of 1.5 does not lead to significant 
changes in the probability of correct detection of the 
signal. In addition, as M increases, which is equiva-
lent to a decrease of the energy of the input signal, 
the effect of detuning on the probability of correct 
detection of a signal increases. 

The proposed method could be useful for calcu-
lating pulsed laser altimeters. It permits determining 
the signal-to-noise ratio at the input of the 
photodetector and to calculate the probability of 
correct detection of a signal from the given values of 
the false-alarm probability and the tactical charac-
teristics and specifications of the laser altimeter be-
ing designed. To maximize the probability of correct 
detection of a signal the observation interval is op-
timized and the threshold is selected. Comparison of 
the potential accuracy of range measurements for 
different processing schemes showed that they do not 
differ significantly. 
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TABLE I. 
 

Gausian signal. Photon counting 
mode8 

 

 

The signal envelope is of the form 
sinx/x. Envelope reconstruction mode 
 

 

Gausian signal. Envelope reconstruc-
tion mode 
 

 
 

1.06 ns 
 

 
1.38 ns 

 

 
1.75 ns 

 
 

TABLE II 
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