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For systems of direct and heterodyne detection the influence of atmospheric channel 
noise on the probability density of the photodetector output current is discussed. 

Thermal noise as well as shot noise are taken into account. The efficiency of relevant 
optimal detectors is investigated as a function of the detector amplification and the 
signal-to-noise ratio. 

 
 

In this paper the detection of binary optical pulses 
passed through the purely turbulent atmospheric 
channe1 characteristic of the open optical 
communication systems is considered. Binary systems 
Eire very simple to analyze, which is why they have 
been quite widely investigated1–8. At the same time, 
the derivation of explicit expressions describing the 
signal statistics at the photodetector output under 
rather general assumptions which are admissible for 
real systems enables one to consider problems of 
synthesis and analysis of receiving – transmitting 
systems operating with M-ital signals. These problems 
are of immediate practical interest, in addition to 
which the opportunity arises of considering more 
efficient systems of spaced reception3. Thus the 
solution of problems of synthesizing optimal systems 
for detecting optical pulses strongly depends, first of 
all, on the possibility of determining an explicit 
expression for the probability density of fluctuations 
of the detector output current, in other words, for the 
photocounts statistics. 

In practice, when relatively strong optical pulses 
have to be recorded there can occur the situation in 
which the probability of more than one photon 
arriving at the photodetector during the resolution 
time of a recording system is too high. In this case it is 
advisable to record the pulses in analog form. 
Questions of efficiency and optimization in the case of 
direct detection systems whose operation is limited by 
thermal noise are analyzed in Refs. 3, 7, and 8. 
However, the problem of synthesis and analysis of an 
optimal detector with a high coefficient of internal 
amplification G when shot noise caused by the signal is 
of the same order of magnitude as the thermal shot 
noise or even higher has not yet been solved. 
Meanwhile the limited possibilities of increasing the 
optical transmitter power make it necessary to use 
photodetectors with high values of G in order to provide 
for proper operation of the systems for average-length 
and longer atmospheric paths. In the case of heterodyne 
detection, optimal signal processing has been 
investigated for the regime in which the detector 
operation is limited by shot noise of the local 
oscillator4–6. Such an analysis did not take into account 

the shot noise due to the interference signal as well as the 
thermal noise, which in fact can strongly effect the 
statistics of the photodetector output signal at small 
values of G and strong fluctuations of the optical signal. 
As a consequence, assesments of the efficiency of optical 
systems under such circumstances can not be quite 
correct. 

Below we consider systems of direct and heterodyne 
detection whose operation is based on the use of the 
likelihood ratio and which provide for minimum possible 
probability of false response at known probabilities of 
transmitting an optical pulse P or pause 1 – P. A 
conclusion on the presence (hypothesis H1) or absence 
(hypothesis H0) of input optical signal is drawn based 
on the analysis of the following relationship3 

 

 (1) 
 
where Ps+n(i) and Ps+n(i) are the probability densities 
of the detector’s output current fluctuations for the 
cases of presence and absence of the input optical 
signal, respectively. From the standpoint of practical 
applications the systems in which the duration of 
signal pulse  is much shorter than the coherence time 
s of the optical signal intensity fluctuations in a 
turbulent atmosphere are most useful. The expressions 
for Ps+n(i) in this case can be written as follows 
 

 
 (2) 
 

where 2
T  is the variance of thermal noise, z is the 

power of an optical signal at the photodetector input 
normalized by its mean value,  = eFG (here e is the 
electron charge, F is bandpass of the postdetector 
circuitry). The constants As, iAD, D, and C entering 
expression (2) are determined as follows: 
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direct reception: As = s;i  AD n;i i  D = 2
s;  C = 0.5 

 

heterodyne reception s s 10 102 cos( );A i i   
 

 
 

where 2
s  is the variance of In z ; is and i10, are the 

average currents caused by the signal pulse, by the 
local oscillator, and by the additive noises 
(background radiation, dark current of the 
photodetector), 10 is the phase difference of the local 
oscillator and signal fields in the reception plane. 

In the case of heterodyne detection it is assumed 
that the optical frequencies of the local oscillator and 
informative signal coinside and the power of the local 
oscillator is much higher than that of the informative 
signal. Hence one can neglect the is value compared to 
that of i10. It is supposed also that the coherence time 
bgr of filtered background radiation is much shorter 
than . As the real filters have bgr  10–12 sec the 
condition  > bgr practically always fulfilled. 
Besides, Eq. (2) is valid for heterodyne detection only 
if one can neglect the signal field phase fluctuations in 
the reception plane compared with amplitude 
fluctuations. According to Ref. 4 in the case of 
adaptive systems with small receiver apertures d, when 
d/pc  0.5, (pc is the coherency radius of the received 
optical field), the amplitude fluctuations of the optical 
signal dominate over the phase fluctuations so the 
latter can be neglected when forming the statistics of 
the photodetector signal current. 

At the same time when the receiver aperture 
decreases, the curves of the probability density of the 
signal current fluctuations for an adaptive system 
which eliminates (in the linear approximation) the 
phase fluctuations tends to the analogous curves for 
nonadaptive (static) systems which take these 
fluctuations into account. This tendency shows that 
both systems are identical when d/pc  04. This 
enables one to neglect the phase fluctuations in many 
applications if d ` pc. It should be noted that the 
good agreement which is obtained between the 
theoretical4 and the experimental results5 
demonstrates the correctness of the initial 
assumptions4 and of the conclusions drawn here. Thus 
when investigating the statistics of fluctuations of the 
photodetector signal current for adaptive systems 
which eliminate the phase fluctuations (in the linear 
approximation) of the optical signal received for 
d/Pc < 0.5 and also for static optical systems with 
d p pc, one can practically neglect the spatiotemporal 
phase fluctuations compared to amplitude 
fluctuations. 

In Refs. 9–11 one can find expressions for pc 
which have been confirmed experimentally, on the 
basis of which one can estimate the diameter of a 
receiving aperture. In particular, for the vertical paths 
from a satellite to Earth the values of pc are about 
3.2 cm and 86 cm for the wavelength 0.69 mm and 

10.6 mm, respectively, for levels of turbulence within 
realistic limits12. 

Thus it is entirely realistic that the condition 
d ` pc for the static receiving systems with 
 > 10 m can be achieved. 

Together with this, the decrease of the total 
received energy caused by the requirement d ` pc can 
be compensated for by the use of spatially separated 
reception with a matrix receiver each element of which 
intercepts the optical field within a small area of 
radius d ` pc. 

For the short-wavelength optical range one can 
apply the results obtained here to the systems with 
adaptation. Because of the great importance of 
adaptive systems much attention has been given to 
them in the literature (see, e.g. Refs. 11–14). And 
even if it is not feasible to eliminate the phase 
distortions completely in real systems, nonetheless the 
results obtained for experimental adaptive systems (in 
which an equivalent increase of the signal level up to 
8 dB or the noise suppression up to 35 dB was 
obtained) demonstrate the high efficiency and the 
good prospects of such systems13,14. It can be hoped 
that real systems would be constructed in which the 
phase fluctuations make only insignificant contrbution 
to the formation of the photodetector signal current 
statistics compared with that of the amplitude 
fluctuations. 

All the limitations of the heterodyne detection 
except for the condition  p bgr are of no significance 
for the case of direct detection. By using the method of 
steepest descent for formula (2) one can obtain a final 
expression for Ps+n(i) in the form 
 

 (3) 
 

where 
 

 
 

 
 

 
 

and z0 for i is defined by the following equation 
 

 (4) 
 

In this case the expression for Pn(i) can be represented 
in the form3 

 

 (5) 
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Thus expressions (1), (3)–(5) define the logic of a 
signal processing with optimal receivers for both direct 
and heterodyne signal detection. According to 
expression (1) the optimal threshold current i0 can be 
found from the equation 
 

 (6) 
 
By substituting the expressions for Ps+n(i) and Pn(i) 
into expression (6) when i = i0, one obtain the 
following system of equations for determining i0: 
 

 
 

 
 

 
 

 (7) 
 
where 0 = i0 – z0As – iAD. Since the left-hand sides 
of Eqs. (7) change their signs when approaching the 
boundaries (–, ) for i0 and (0, ) for z0, solutions 
i0, z0 always exist. Solution of this system of equations 
can be carried out on a computer using the secant 
method15. For known i one can make the choise of 
hypotheses H1 or H0 according to the rule: 
 

 (8) 
 

For systems without spacing when an optical 
signal is receiving by a single photodetector, 
predetermination of i0 and the use of Eq. (8) can on 
the whole improve the throughput of a receiving 
system. However, this advantage is lost for spatially 
separated reception3. Moreover, the solution of this 
system of equations in the general case takes much more 
time than the solution of the single equation (4) does. 
This in turn requires juxtaposition of the time necessary 
for obtaining i0 and the characteristic times of optical 
channel stationarity and of the processes which result in 
slow changes of the parameters s,i  h,i  n,i  and 2

T.  (In 
particular the time it takes to obtain only one i0 value 
with the computer "Electronika D3-28" is equal 
approximately to 40-50 minutes if the left-hand sides of 
Eqs. (6) differ from zero by an error –910 .  ) Thus 
the problem of the choise of the signal processing 
structure based on expressions (1) or (2) depends on the 

specific conditions under which the system operates and 
on the requirements imposed on the system. 

The probability of false response Pfr, which 
represents the efficiency of the receiving system is 
given, in the form: 
 

 (9) 
 

 
 

FIG. 1. Curves of the dependence of the 
probability of false response Pfr on the internal 
amplification coefficient G of a photodetector 
when p = 0.5. F = 108 Hz, 2

T  = 0.8 A2, 

Si /G = 10–3 A, Ni /G = 10–4 A. 
 

 
 

FIG. 2. Curves of the dependence of the 
probability of false response Pfr on the 
signal-to-noise ratio. Curve 1 – 2

s  = 2.25, 

mi  = 10 A; curve 2 – 2
s  = 0.5; Ni  = 10 A; 

curve 3 – 2
s  = 0.5; Ni   0 A; G = 104. 

 
Figure 1 presents the probability of false response 

as the function of the internal amplification coefficient 
of a photodetector. One can see from Fig. 1 how the 
detection efficiency changes when passing from the 
conditions of limitation by thermal noise (G < 103) to 
the conditions of limitation by shot noises (G > 105). 
Comparison of curve 1 ( 2

s  = 2.25) with curve 2 

( 2
s  = 0.5) shows that the influence of atmospheric 

turbulence which determines the value of 2
s ) on the 

detection efficiency increases with increase of the 
parameter G. It is also seen from Fig. 1 that further 
increase of G (in our case, beyond G > 106) does not 
improve the detection efficiency, therefore it is not 
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reasonble to make it greater than some critical value. 
The curves illustrating the dependence of the false 
response probability on the signal-to-noise ratio 
(s/n)0 = 2

si /)( ci  + ni ) + 2
T  corresponding to an 

optical signal with no intensity fluctuations are 
presented in Fig. 2. Here solid lines represent the values 
of the probability of false response Pfr, dashed-dotted 
lines represent the probability of missing the signal Pm 
and dotted curves represent the probability of false 
detection Pfd. It is also seen from this figure that the 
contributions of Pm and Pfd to the probability Pfr are 
different in moderate and strong turbulence. 

The dependences of Pfr and Pm on 2
s  and on 

(s/n0) obtained here must be taken into account when 
selecting the value of P. Comparison of curves 2 and 3 
for Pfr shows that, in contrast to the receiving systems 
where the shot noise is negligible and Pfr depends on 
(s/n0) only8 in a synthesized system for moderate 
levels of the optical signal, the parameter Pfr depends 
both on (s/n0) and on the absolute values of the 
parameters s,i  ,ni  and 2

T.  At the same time, a 
tendency of the detection efficiency to increase to 
saturation is observed with growth of (s/n0) (i.e., 
saturation of the decrease of Pfr). This is illustrated by 
the behavior of curves 2 and 3, which become closer to 
each other at large (s/n0) values. For example, the 
relative difference between Pfr of curve 2 (Pfr,2) and that 
of curve  (Pfr,3), defined as the ratio (Pfr,3 – Pfr,2)/Pfr,3, 
is approximately equal to 0.36 for (s/n0) equal to 103, 
while for (s/n0) = 533 it is five times greater. 

Since expressions (1), (3)–(5) are similar for both 
direct and heterodyne detection, all the qualitative 
conclusions drawn above for the case of direct 
detection systems hold also for heterodyne systems. 
However it should be noted that there will be certain 
quantitative differences between heterodyne systems 
and direct detection systems because of the characteristic 
peculiarities of heterodyne systems which have an effect 
on the values of the parameters As, AD,i  and D. 

In conclusion we would like to not that the results 
obtained here can allow one to synthesize versatile 
detectors enabling one to perform optimal signal 
processing both in cases of direct and heterodyne 
detection and to carry out their analysis. In this case 
the limitations imposed on the choise of a 
photodetector and the conditions of its operation are 
eliminated for direct detection systems, which was not 
previously the case. As for the heterodyne systems, if 
the wavefront fluctuations are eliminated, the 
additional consideration of the signal shot noise and of 
the thermal noise makes possible a more accurate 
description of the signal statistics at the output of the 
photoreceiver and, therefore, an increase in the 
reception efficiency. It should be noted that use of the  

results of Ref. 4 should enable us to consider 
heterodyne systems (both static (d  pc) and adaptive 
(d < 0,5pc)) if the phase fluctuations are significant. 
However the structure of systems of optimal 
processing of the photoreceiver signal would become 
more complicated. Along with this, from a practical 
point of view systems whic are relatively simple to use 
and have a rather high speed of operation are 
preferable. This makes the approach adopted here for 
the synthesis of optimal systems of signal processing 
reasonable for heterodyne detection, the structure of 
the systems being close to that for direct detection. 

The expressions obtained in this paper for the 
probability density of the current fluctuations at the 
photodetector output allow one in principle to solve 
more complicated problems of analysis and synthesis of 
the optimal systems of spaced and M-ital detection of 
optical signals with the pulse-code, position and 
polarization modulations. 
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