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Formation of the interference patterns in diffuse scattered
fields at spatial filtering of the diffraction field of a double-
exposure hologram of a focused image of the scatterer
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The holographic interferometer sensitivity to the transverse or longitudinal motions of a plane
surface diffusely scattering incident light is analyzed. It is shown, that the interference patterns are
localized in the hologram plane and in the plane of the pupil image formed by a positive lens, with
the help of which the hologram recording is being carried out. To record the holograms, a spatial
filtering of the diffraction field is needed. The experimental results well agree with the theory.

As shown in Ref. 1, in performing a double-
exposure recording of the Fresnel hologram when
before the re-exposure of a photographic plate the
plane surface diffusely scattering the incident light is
shifted along the transverse or longitudinal direction,
the interference patterns incorporating the properties
of the objective speckles are localized, at the stage of
the hologram reconstruction, in two planes. As in the
case of Fresnel hologram recording,’ it is considered
in Ref. 3, that for the hologram of the diffuser in-
focus image, localization of the interference patterns
in two planes is possible only at combination of
homogeneous and inhomogeneous motions of the
diffuser points. In their turn, the results of indirect
researches, for example in Refs. 4—6, connected with
the diffuser cross motion at the hologram recording of
the in-focus image of a plane surface diffusely
scattering the incident light, have shown, that the
interference patterns are localized in two planes. In
this connection, there is a necessity for a more complete
and unambiguous definition of the interferometer
sensitivity to the diffuser cross or longitudinal motions
with regarding the properties of the subjective
speckles.

In this paper, conditions and specific features of
the formation of interference patterns are analyzed at
the double-exposure recording of the hologram in-
focus image of a plane diffuse surface aimed at
determining the interferometer sensitivity to the
diffuser cross or longitudinal motions.

According to Fig. 1, a matte screen 7, that is in
the plane (x4, y{), is illuminated by a coherent
radiation of a diverging spherical wave with the
radius of curvature R. Its image is formed, with the
help of a thin positive lens L with the focal length f,
in the plane (x3, y3) of a photographic plate 2, on
which the hologram is recorded of the diffuser’s in-
focus image with the use of an off-axis plane reference
wave is being done during the first exposure.

Before the re-exposure, the matte screen is
moved in its plane by a distance @ along, for instance,
the x-axis.
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Fig. 1. Diagram of the diffuser hologram recording: p is the
aperture diaphragm; 0 is the angle between the reference
beam and the normal to the plane of a photographic plate.

In the Fresnel approximation with regard for the
diffraction boundedness, the distribution of the
complex field amplitude, corresponding to the first
exposure, in the object channel in the plane of a
photographic plate, is written, following Refs. 5 and
6, as follows

) = [[JI] Jetumess| (ot +7)
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where k is the wave number; t(xy, y{) is the complex
amplitude of the transmission of a matte screen,
being a random function of the coordinates; (13, y») is
the principal plane of a lens; (£, n) is the plane of the
Fourier image formation of the function #(xy, y1), at
the distance [ from the principal plane of the lens;
p(x, y») is the pupil’s function’; I; and [, are the
distances between the planes.(xy, y1), (x3, y») and
(2, y2), (13, y3), respectively.
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Since the expression (1) takes the
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where ® is the symbol of the convolution operation.

Because of the integral representation, in Eq. (2),
of the convolution operation and having in mind that
1/l + 1/1y, = 1/f, we obtain

ik
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2
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where p=1;/l, is the scale conversion factor;
P(x3, y3) is the Fourier image of the function p(xy, y,)
with the spatial frequencies of x3/Aly, y3/Aly; L is the
wavelength of the coherent Ilight, used for the
hologram recording and reconstruction.

From Eq. (3) it follows, that in the plane (x3, y3)
each point of the object is broadened to the size of a
subjective speckle, determined by the function P(xs, y3)
width, which is determined by the diffraction on the
pupil of lens L of a plane wave.

Distribution of the complex field amplitude,
corresponding to the second exposure, in the object
channel in the plane of a photographic plate is
determined by the expression

Uy (X3,Y3) ~ J.J.J.J.J.:O[t(xi + a,yi)exp[%(xf + yf)] x

ik
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1

XeXp[—Zi(XE + yf)}eXp{gj[(xz —&) + (1 — n)z]} x

xXex ik
P12@ -

[(i - Jt’/:;)2 + (11 - y:;)z}}dﬂd%dxzdyzdidﬂy

(4)

which takes the following form
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In this case, the integral representation in Eq. (5)
of the convolution operation yields two identical
expressions for the distribution of the complex field
amplitude, i.e.,

ik
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Based on the expressions (3) and (6) and
assuming that the hologram recording is performed
within the linear portion of the photographic
material blackening curve, the distribution of the
complex amplitude of its transmission, corresponding
to the minus first diffraction order, takes the form

©(3,43) ~ exp(—ikazsin e)expr(ﬁc'ﬁ + yﬁ)] x
2

k(R + 1), . .
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According to Eq. (7), in the plane (x3, y3) the
subjective speckles, corresponding to the second
exposure, are displaced along the direction, opposite
to the direction of the diffuser motion, by the
distance which depends on the magnification factor
of the optical system and does not depend on the
radius of curvature R. Besides, they have a tilt by
the angle a(R + [1)/RI, with respect to the identical
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speckles, corresponding to the first exposure, whose
size depends on the radius of curvature of the spherical
wave used for illuminating the diffuse scatterer.
Moreover, the subjective speckle fields of both the
first and second exposure are superposed with a phase
distribution of the diverging spherical wave with the
radius of curvature /5.

Let the spatial filtering of the diffraction field be
carried out at the stage of the hologram reconstruction
in its plane on the optical axis, with the help of a
round aperture in an opaque screen p, (Fig. 2).
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Fig. 2. Diagram of recording the interference pattern
localized in a plane of the image formation of the lens’s
pupil: 2 is the hologram; 3 is the recording plane, L, is the
positive lens; py is the spatial filter.
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In addition, assume that within the filtering
aperture, a phase change k(R + [{)axs/RIl, does not
exceed n. Then the distribution of the complex field
amplitude at the output of the spatial filter is
determined by the expression

'k
u(x;;,y;;) ~ Po (x;;,y;;)exp{;l(xg + yzs)} X
2

iku(R +1
X{t(—uﬂ%, - Hya)eXP{L;(RIO(x% + yg)} ®
2
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where po(x3, y3) is the transmission function of a
spatial filter.®

Assume, that the positive lens L; with the focal
length f; is in the plane (x3, y3) and with its help, the
pupil image of a lens L (see Fig. 1) is formed in the
plane (x4, y4), ie., (1/f1) = (1/1) + (1/13), where I3
is the distance between the planes (x5, y3) and (xy, y4).
Besides, here and below, we shall consider for brevity,
that /3 = [,, and do not take into account the factors,
which are insignificant for the result. Then, the
distribution of the complex field amplitude in the
plane (x4, y4) takes the following form

_’ 2
u(, Ys) ~ P(M%){1 +9XP[W}GXP(—%0MM)}X
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iRR
X{F(x4,y4) ® eXP[_W(XZ + yZ)

}® Ry (x5,95), (9)

where F(xy, y4) and Py(xy, y4) are the Fourier images of
the functions t(—uxs, —uys3) and pe(xs, y3), respectively,
with the spatial frequencies of x4/Aly and y,/Al,.

From Eq. (9) it follows, that within pupil image
of a lens L, the identical subjective speckles of two
exposures are combined. Furthermore, if a period of
the function variation

—ik(R + l)a®

1+exp{ SR
1

}exp (—ikaxs/l;)

is at least an order’ of magnitude greater, than the
width of the function Py(x4, y4), which determines the
size of the subjective speckle in the plane (x4, y4), we
shall remove it from the convolution integration sign
in the expression (8). Then the distribution of the
illumination in the recording plane 3 (see Fig. 2) is
determined by the expression

kax;, k(R+h)d*

I(x4,9) ~ {1 + cos{ +

i 2RI, }}P(&JO{F(«%%) ®

® S S
eXP|i 2[1 (R + l1

}@Po(%4,y4)2. (10)

According to Eq. (10), within the pupil image
of the lens L, the subjective speckle structure is
modulated Dby the interference fringes, which
periodically change along the x axis. As a result,
measuring period of the interference patterns, having
known the quantities %, [;, one can find the diffuser
cross motion 7 (see Fig. 1).

Let us now assume that at the stage of the
hologram reconstruction, a spatial filtering of the
diffraction field is carried out on the optical axis in
the plane (x4, y4) (see Fig. 3) of the pupil image
formation of a lens L. In this case, disregarding the
space limitation of the diffraction field, the
distribution of its complex amplitude at the output of
a spatial filter, if the phase change kax,/l; does not
exceed n within the filtering aperture, takes the form

ik
u(xs, ys) ~ Po(x/uy/l)eXPBl(x/% + y/f)} x
2

x{F(.m,y/l) ® exp{ kR )(x/f + yf)} +

2},[12 (R + l1

+F (x4,44) ® exp(ikax;/uly) x

o kR,
EXP{ 2ul2(R+l1)(x4 +y4)}- (1)

Assume, that the lens L, (see Fig. 3) with a focal
length f5 is in the plane of the spatial filter. Besides,
here and further, we shall consider, for brevity, that
I, =13 =1,, where [; is the distance between the
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planes (x4, y4) and (x5, ys). Then the distribution of
the complex field amplitude in the recording plane 3
(see Fig. 3), i.e., in the planes of formation of the
hologram image, is determined by the expression

ikn(R+14), 4
u(xs,y5) ~ t(wsyuys){exp{uz(mo(xﬁ + yf)} *
2

7)[(065 - ﬂ/H)Z + yé}}} ® Py(xs5,y5), (12)

where Py(xs, ys) is the Fourier image of the function
po(xy, y4) with the spatial frequencies of x5/l and
]/5/}\.12.
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Fig. 3. Diagram of recording the interference pattern
localized in the hologram plane; 2 is the hologram; 3 is the
recording plane; L and L, are the positive lenses; py is the
spatial filter.

From Eq. (12) it follows, that in the plane
(x5, y5), we have a superposition of the coinciding
subjective speckles of the two exposures differed by a
tilt angle. Moreover, when a period of the function
variation

1+ exp{

ik(R + mﬂexp{ ik(R + zi)%]

2R, Rl

is at least an order of magnitude greater, than the
width of Py(xs, ys) function, which determines the
size of the subjective speckle in the recording plane 3
(see Fig. 3), we shall remove it from the convolution
integration sign in the expression (12). Then, the
recorded distribution of the illumination can be
written in the following form

2
() - {1 . co{kGfxs R+ } .

2
, (13
2RI, 3

xt(uXS,Mys)eXp{ (x3 + y?)} ®F, (XSyys)

where G;=wW(R +1,)/R is the coefficient introduced
to characterize variation of the interferometer
sensitivity to the diffuser cross motion.

According to Eq. (13), within the diffuser image,
the subjective speckle structure is modulated by the
interference fringes which periodically change along
the x-axis, and measuring the period of the interference
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fringes, having known the quantities A, [, [, and R,
makes it possible to determine the diffuser cross motion
(see Fig. 1). Thus, for the fixed quantities A and Iy = [,
the interferometer sensitivity increases with the
reduction of R (see Fig. 4) because of the tilt angle’s
increase of the subjective speckles, corresponding to
the second exposure with respect to the identical
speckles in the first exposure.

V |
0 1 2 li/R

Fig. 4. Dependences of the coefficients of the interferometer

sensitivity on the radius of curvature of the spherical wave

front for p = 1: Gy (1); G2 (2); Gs (3); Gy (4).

Assume, that at the stage of the double-exposure
hologram recording of the in-focus image of a matte
screen 1 (Fig. 1), the screen is illuminated by a
coherent radiation of a converging spherical wave.
Hence, two identical expressions for distribution of
the complex field amplitude, corresponding to the
second exposure, in the plane (x3, y3) take the
following form

Uy (x;,,y;;) ~ exp B
2

]{t(—pﬁ(; +da, —l,ly:;) X
X exp{lku(R_h)(ﬁszs + y?)} ® P(xihyii)} =
k(23 + o3
= exp {(Sh)Ht(—m,—uya) x

. p{’“‘zj;ll[( oy +y§}}® Pl d/u,ys)} (1)

In this case, at the stage of the hologram
reconstruction, the interference patterns are also
localized in the two above-mentioned planes and for
their recording, spatial filtering of the diffraction
field is necessary. Thus, the variation of sensitivity to
the diffuser cross motion for an interference pattern
localized in the hologram plane, makes up the value
Gy, =ul R — ;| /R. Therefore, for example, at the fixed
quantities A and [ = [, with the radius of curvature R
decreasing in the limits of /{ < R < w, the interferometer
sensitivity (see Fig. 4) to the diffuser cross motion
decreases down to zero, when R = [;.
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At R=1,, the coherent transfer function of a
positive lens, with the help of which the diffuser
image is formed, is uniform up to the maximum spatial
frequency.” In addition, in the plane of the pupil
image formation of a lens L, the "frozen” interference
pattern is localized, the form of which and the
position of the interference fringes do not change with
the change of observation angle. The further reduction
of radius of curvature R leads to the appearance and
increase in the hologram plane of a tilt angle of the
subjective speckles, corresponding to the second
exposure, with respect to the identical speckles in the
first exposure record. Because of it, the interferometer
sensitivity (see Fig. 4) to the diffuser cross motion
increases at recording the interference pattern in the
plane (x5, y5) (see Fig. 3).

Localization of the interference patterns
characterizing the diffuser cross motion, generally, in
two planes (in the plane of the double-exposure
hologram of the in-focus image of a plane surface
diffusely scattering incident light and in the plane of
the pupil image formation of a positive lens with the
help of which the diffuser image was formed) is
caused by the following causes.

On the one hand, the subjective speckles,
corresponding to the second exposure, are displaced
in the hologram plane by the identical distance with
respect to the speckles of the first exposure. Assume
that the phase distribution of the diverging spherical
wave with the radius of curvature [, is imposed on
the subjective speckle field of two exposures and
each individual speckle contains the information on
the corresponding phase of this wave. Therefore, a
combination of the speckles of two exposures, which
is accompanied by the formation of a tilt angle
between them, is possible only in the plane of the
pupil image formation of a positive lens, with the
help of which the diffuser image was formed.

On the other hand, the presence in the hologram
plane of a tilt angle of the subjective speckles,
corresponding to the second exposure, with respect to
the speckles of the first exposure is a necessary
condition for the formation in it of an interference
pattern. Thus, for reception of a superposition of the
identical speckle fields of two exposures, spatial
filtering of the diffraction field in the corresponding
planes is required.

Let before the photographic plate re-exposure, a
matte screen / (see Fig. 1) be displaced along the z-

axis by the distance Al=1[7—1[;. Then, in the used
approximation, two identical expressions for
distribution of the complex field amplitude,
corresponding to the second exposure, in the plane
(x3, y3) have the following form

, . ik, - ;
wy (3,Y3) ~ exp(zkAl)exp[;l(xé + yé)] x
2

ikRL(R+ 1), . .
X{P(xaylja)® exp{;(Rlzd(xﬁ + yé)} x
2
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R— Al R— Al
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iRL (L + AL
®eXp|:Z 12(A1”22 )(X3z+y§):|}}=

= exp(ikAl)expr(x% +y§)Ht[_ll 4l'Al x37_11 +Al ljs)x
2

2 b
lk(l1 + Al)(R + l1) ) 9
Xp[w(ﬁ’/:s + y:s) ®

kL (L + AL, ,
®eXp{Z'2(A'l;)(x€ + y?)} ® P(x:;,ys)}- (15)
2

Provided that Al <[y, [, and R, the complex
transmission amplitude of the double-exposure
hologram, corresponding to the minus first diffraction
order, will be determined by the expression

T (x:,,y;,) ~ exp(—ikx;; sine)exp[;f(x% + y%)] X
2

iku(R+1), - .
X{t(—ux:s, - uy;;)exp{uz(mo(xé + y%)} ®
)

®P(x3,3) + exp (iRAL)t (—pxs, — pys) x

ikn(R+14), , . iRAL(R+LY , , .
xexp{z(mz‘)(xé + yé)}exp[Z(Rzlzl‘)(xé + yﬁ)} ®
: 7

it (5 + )

®exp[

Let at the stage of the hologram reconstruction,
a spatial filtering of the diffraction field (see Fig. 2)
is performed in its plane on the optical axis, and
within the filtering aperture the phase change

RAI(R + 11)2 (Yé + yé) / 2R does not exceed . Hence,

the distribution of the complex field amplitude in
the plane (x4, y4) of the pupil image formation of a
lens L (see Fig. 1) takes the following form

u’(x/iyy/i) - p(x/iyy/i) X
kR,
X{F(x/j,y/j) ® eXp|:_2ull(R+l)(xf + yf):|} X
2 1

x{1 + exp(ikAl)exp[— lfl%l (x42 + yf)}} ® Py(x4,44). (17)
i

From Eq. (17) it follows, that in the plane
(x4, y») a superposition of the identical subjective
speckles of two exposures takes place and when

a period of the function variation 1+ exp(iRAl) x

xexp[—ikAl(xf+ v/ (2112)] is at least an order of
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magnitude larger that the width of function Py(xy4, y4),
the distribution of the illumination in the recording
plane 3 (see Fig. 2) is determined by the expression

I'(x4,94) ~ {1 + cos[kAl — %Aj(rf + yf)]} X

1

kR
xp(x4,y4){F(x4,y4) ® exp{—m(ﬁ + yf)} ®
) |

®Po(x4,y4)\2- (18)

According to the expression (18), the interference
fringes of equal tilt modulate the subjective speckle
structure within the pupil image of a lens L, i.e., they
make up the system of concentric rings. Measuring
the rings’ radii in the adjacent orders of interference
for the known values of L and [; allows one to
determine longitudinal displacement of a plane
surface diffusely scattering the incident light. Besides,
it is necessary to note, that the interferometer
sensitivity to longitudinal motion does not depend on
radius of curvature of the diverging spherical wave,
used for the diffuser illumination.

Let us now assume that at the stage of the
hologram reconstruction a spatial filtering of the
diffraction field is performed on the optical axis in
the plane (xy, y4) (see Fig. 3) of the pupil image
formation of a lens L. In this case distribution of the
complex field amplitude in the plane (x5, y5) of
formation of the hologram image, when the phase

change kAl(x% + y%)/Zliz does not exceed =, within the

filtering aperture, takes the following form

ihn(R +1 . .
w(x5,95) ~ t(uxs,uys)exp{uz(m’)(xﬁ + yz)} x
2

, 2
x{1 + exp(ikAl)expleAl(M(xg + y?)ﬁ ®

2RI

®F (%5,45). (19)

From Eq. (19) it follows, that in the plane
(x5, ys), a superposition of the identical subjective
speckles of two exposures also takes place, and when
a period of the function variation

. 2
1+ exp(ikAl)exp %(rf + yf)]
2

exceeds the width of function Py(xs, y5) by at least
an order of magnitude, the distribution of illumination
in the recording plane 3 (see Fig. 3) is determined by
the expression

I'(x5,y5) ~ {1 + cos[kAl + kg;.zAl (xf + y%)]} x
1

2
,(20
2RI, 20)

(xf + yg)} QB (5,5 )

x|t (ux5,uys)€XP{
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where  G; =p*(R+1)?/R* is the coefficient
introduced to characterize the variation of the
interferometer sensitivity to the longitudinal motion
of the diffuser.

According to the expression (20), in the limits of
the diffuser image, the fringes of equal tilt modulate
the subjective speckle structure. A system of concentric
rings is formed, and measuring the rings’ radii in the
adjacent orders of interference, having known the
quantities %, [{, I, and R provides a possibility of
determining the distance of longitudinal motion of
a plane surface that diffusely scatters light. Thus, at
fixed values A and [;=1, the interferometer
sensitivity (see Fig. 4) increases with the reduction of
R Dbecause of the increase in the tilt angle when
moving along radius from the optical axis of the
subjective speckles, corresponding to the second
exposure, with respect to the identical speckles, in
the first exposure pattern.

At illumination of a matte screen 7 (Fig. 1) by
the coherent radiation of a converging spherical
wave, two identical expressions for distribution of the
complex field amplitude corresponding to the second
exposure in the plane (x3, y3) take the following form

, . ik, - ;
wy (3,Y3) ~ exp(zkAl)exp[;l(xé + yé)] x
2

kL (R -1
X{P(x3,y3) ® eXP{;(RZQO(x% + y§)] X
9

R-Al R-Al
X{t(—u R HT R 7]3)®
k> (R-Al, ,
®exp{m(~"3*%) -

= exp(ikAl)expr(xg + yé):Hf(_ll + AlﬂCsy b+ Alyaj y

2 l2 l2

ex lk(l1 + Al)‘R — l1‘
xexp| M T AT A
P72 (R + al)

(3 + y?)} ®

®exp M(ﬂé +13)|® P(xs,ys)p. 2D
DYV

In this case, at the stage of the two-exposure
hologram reconstruction of the in-focus image of a
plane surface that diffusely scatters light, the
interference patterns are also localized in the two
above-mentioned planes, and for recording the
hologram, spatial filtering of the diffraction field is
needed. Thus, the interferometer sensitivity to the
diffuser longitudinal motion does not depend on
radius of curvature of the converging spherical wave,
incident on the diffuser when an interference pattern
is recorded in a plane of the pupil image of a lens L.

In the case of recording the interference pattern
localized in the hologram plane, the interferometer



82 Atmos. Oceanic Opt. /January 2006/ Vol. 19, No. 1

sensitivity changes by the factor G4 =pu*(R —1)*/R>.

In the example chosen where the quantities A and
[y=1, are fixed, the interferometer sensitivity to the
diffuser longitudinal motion decreases with the radius
of curvature decreasing in the limits /; < R < o (see
Fig. 4) down to that at G; = 0, when R = [;. Then,
at R =1, the "frozen” interference pattern should
localize in the plane of the lens L pupil image, which
does not change with variation of the observation
angle. Further decrease of the radius of curvature R
(see Fig. 4) causes the appearance in the hologram
plane of a tilt angle of the subjective speckles of the
second exposure that increases along radius from an
optical axis, as compared with that of the identical
speckles of the first-exposure pattern. For this reason,
the interferometer sensitivity to the diffuser
longitudinal motion increases at recording of the
interference pattern in the plane 3 (see Fig. 3).

The cause of localization of the interference
patterns in two planes in the considered case is different
than that in the case of formation of the interference
patterns characterizing the diffuser cross motion.

On the one hand, the tilt angle of the subjective
speckles in the plane of second exposure hologram
with respect to the speckles of the first exposure that
changes when moving from the optical axis, is a
necessary condition for formation in it of an
interference pattern, as the speckles of two exposures
turn out to be superposed. However, in this case the
condition of the speckle identity is not satisfied. The
subjective speckles, corresponding to the second
exposure, have different amplitude-phase distribution

determined by the function exp[iku2 (r? + yzg) /2Al] ®

®P(x3,13), in contrast to the distribution of the

subjective speckles in the first exposure. In this
connection, to obtain a superposition of identical
speckle fields of the two exposures, a spatial filtering
of the diffraction fields is needed.

On the other hand, isolation, by a spatial filtering
of the diffraction field, of the subjective speckles
corresponding to the first and second exposures,
between which there is no a tilt angle, provides a
superposition of the speckle fields in the plane of
formation of the pupil image of the lens L caused by
the diffraction of a plane wave on this lens’s pupil at
two positions of the diffuser.

In the experiment, the double-exposure holograms
of the in-focus image of a matte screen were recorded
on the photographic plates of a Mikrat-VRL type with
the use of the He—Ne-laser radiation of 0.63 um
wavelength. An image with the unit magnification
was formed with the help of a positive lens with the
focal length f= 140 mm and the pupil’s diameter
d = 32 mm. The diameter of the illuminated area of a
matte screen was about 35 mm. The angle between
the reference beam and a normal to the plane of a
photographic plate was equal to 10°. The experimental
technique used consists in comparison of the holograms
recorded with fixed distances of both the diffuser
cross and longitudinal shifts equal, correspondingly,
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to @=0.035£0.002 mm and Al =(2%0.002) mm.
The radii of curvature of diverging spherical waves,
used for illumination of a matte screen, were set to
be in the ranges 280 mm < R<o and 140 mm <R <
for the converging spherical waves.

As an example, Fig. 5 presents the interference
patterns localized in the hologram plane and
characterizing the diffuser cross motion. The mark in
the form of the letter "T” has been preliminary drawn
on a matte screen. The interference patterns were
recorded when applying a spatial filtering of the
diffraction field on the optical axis in the plane of the
pupil image formation of a positive lens (see Fig. 3)
with the filtering aperture of 2 mm in diameter.
Figure Sa shows the case, when at the stage of the
double-exposure hologram recording, the matte screen
was illuminated by a collimated beam. Figure 5b
refers to illumination with a diverging spherical wave
with the radius of curvature R = 280 mm and Fig. 5¢
to the case with a converging wave with
R =180 mm. In these cases, as well as in the
subsequent ones, in which both the magnitude and a
sign of the radius of curvature changed, measured
periods of the interference fringes allowed the
coefficients Gy and G, to be determined (besides,
they can be determined from measured values of R

and [).

Fig. 5. The interference patterns localized in the hologram
plane when at the stage of its recording, a matte screen was
illuminated with a plane wave (@), with a spherical diverging
wave (b), and with a spherical converging wave (c).

Thus obtained values of G; and G, correspond to
Fig. 4 accurate to the experimental error of 10%.
Besides, in all the cases of the double-exposure
hologram recording the interference pattern (Fig. 6)
localized in the plane of the pupil image of the
positive lens L, with which the image of the matte
screen { (see Fig. 1) is formed and used for determining
the diffuser cross motion, had the same frequency of
the interference fringes. The mark by the symbol "JI”
has been preliminary drawn on the lateral surface of
a lens. Recording of the interference pattern localized
in the plane of the pupil image of a lens was done
according to Fig. 2 using spatial filtering of the
diffraction field on the optical axis performed at
reconstructing the hologram using a small-aperture
(~2mm) laser beam. Thus, Fig. 6 presents the
particular case of the hologram reconstruction when
at its recording the matte screen was illuminated with
a converging spherical wave of radius of curvature
R = [;. In this case, the hologram was reconstructed
using a wide collimated beam, and the interference
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pattern was recorded using a 20-mm-diameter
aperture diaphragm of the lens L (see Fig. 2), as in
the recording plane 3 the ”frozen” interference fringes
were localized.

Fig. 6. The interference pattern, localized in the plane of
the pupil image formation of a positive lens.

If spatial filtering of the diffraction field is
performed in the hologram plane outside of the optical
axis, for example at the point with the coordinates of
%03, 0, and the diameter of the filtering aperture does
not exceed the width of an interference fringe of the
interference pattern localized in the hologram plane,
the distribution of the complex field amplitude at the
exit of the spatial filter takes the following form

i '
u(x;;,y;;) ~ Po (x:;,yzs)exp{;l[(x:; + JCo:;)z + y%]} X
2

ihu(R +1, 5 .
X {t (—P-xzs - uxm,—uy:;) exp {HZ(RZZO [(x;; + JCo:;)z + y% ]} ®
Zk(R + 11) axys
®P (x;;,y;;) + t(—ux:s — WXp3, — Hy:;)eXP ~ RL x
2

2R, 2Rl

xeXp{ik(RW}exp{iku(M[(% + x03)2 + y%]}@

®exp{W]P(Jc3 —a/u,y3)} (22)

In the case of such a spatial filtering, distribution
of the complex field amplitude in the plane (x4, y4)
(see Fig. 2) with the account of the function p(xs, y3)
parity (without the constant phase term k(R + ;) x
x axgz/ Rly) is determined by the expression

iRy (14 — -
U(Xm%) -~ {{eXP{—W}F(ﬂ - xo:sy%) ®
2

®exp{ikx03 (1;4 — xo:s)] «
2

kR
XeXp{_m[(x4 - xos)z + L’Z]}}P(% - xosylj4) +

+{exp{ ikuxos (;54 — X():s)}F(M X s) ®
2
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—ik(R+1)d ikR )
L

—ika(x; — x:
xp(xs — xo:;,%)exp[(;os)]} ®
1

®Py (X4,Ys)- (23)
Based on Eq. (23), the distribution of illumination

over the recording plane 3 (see Fig. 2) takes the
following form

k k(R +1)a*
I(x4,y4) ~ {1 + COS|:l1d(x,i — X();;) + (liR1):|} X

X

Thuxgs (x4 — X
{exp [_M]F(,ﬁ — X();;ylj4) ®
2

®exp{ikxw (1;4 - xo:s)] «
2

xXexXp {—211(1]};1?_11)[(754 - Xo3 )2 + yﬂ}} X

2

x P4 — Xo3,¥4) ® Py (4, 44)| - (24)

As it follows from Eq. (24), at variation of 3,
there is a displacement caused by parallax of the
pupil image of a positive lens, with the help of which
the hologram recording of the diffuser in-focus image
was carried out. In this case, the interference fringes
also shift, while their frequency keeps unchanged.
Besides, in moving interference fringes (’living”
interference fringes), the phase of the interference
pattern changes from 0 to m, when the center of the
filtering aperture moves from the minimum of an
interference fringe, for the interference pattern
localized in the hologram plane, to its maximum.

At reconstruction of the double-exposure
holograms, characterizing the longitudinal motion of
the plane surface diffusely scattering the incident
light using spatial filtering of the diffraction field on
the optical axis (see Fig. 2) in the plane of the
positive lens L pupil image, an interference pattern
presented in Fig. 7a is formed. In addition, in all
cases of the hologram recording, when a matte
screen / in Fig. 1 was illuminated with the diverging
and converging waves the interference pattern
remains unchanged and involves same number of the
interference orders. The measured radii of the rings in
the adjacent interference orders, yield the value of
the longitudinal motion Al = 2 mm accurate within
the experimental error of 10%.

If spatial filtering in the hologram plane is
performed out of the optical axis, for example at the
point with the coordinates xy3, 0, and the diameter of
a filtering aperture does not exceed the width of the
interference fringe for the interference pattern,
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localized in the hologram plane, the distribution of
the complex field amplitude at the exit of a spatial

filter (without the constant phase term RAKR + [;)*
X x(z);;/ 2R’ %) is determined by the expression

! .k 2
u (x;;,y;;) ~ Po (x;;,y;;)exp{;l[(x;; + xo:;)z + y%]} X
2

X {t (—p3 — po3, —pys) exp {W [(x:s + %) + ]} ®
)

®P(x3,y3) + exp(ikAl)t(—p.x;; — WXo3, — Hy:s) X

2Rl

xexp

|:(X3 + Xg3)” + ygz]} ®

27 2
®exp{22k§l[(x3 + X();;)Z + y%}} ® P(Xg,y;;)}. (25)

Fig. 7. The interference patterns, localized in the plane of
the pupil image formation of a positive lens and recorded
using spatial filtering in the hologram plane: on the optical
axis (a), out of the optical axis (b).

For the case of such a spatial filtering, the

distribution of the complex field amplitude in the
plane (x4, ;) (see Fig.2) takes the following form

() - {{exp{—zkuxm (24 — ,06()3)}“%4 — ) ®

2

®eXp|:ikXO3 (24 - x03)] exp {_ 2 EZIi 11)[(x4 - xo;;)z ’ yﬂ}} ’

ikuxgs (v - xOB)] «
b

xp(x4 — Xo3,Y4) + exp(ikAl){exp[—

ik (x4 - xozs)} «

XF(X4 — X035 y4) ® exp[ I
2

Xexp {—211(2213_11)[(”64 - X03)2 + ljﬂ}} X

ikxoz (24 — xos)] y

XP(«‘% — X035 1J4)CXP{ i
2

XeXP{—ik%l[(M — Xgg) + y%]}} ® Py (x4, 4s)- (26)

2
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As follows from Eq. (26) the distribution of
illumination over the recording plane 3 (see Fig. 2) is
determined by the following expression

I'(x4,44) ~ {1+ cos< kAl — k—Azl[(m — xo;;)z + yf] +
21f
+ —k’;og (a5 — Xos)}} {exp [_lk“xog §x4 - xog)] x
2 2

ik («W - xo:s)] «

xF (x4 — Xo3,Y45) ® EXP{ I
2

Xexp {—211(2213_11)[(”64 - X03)2 + ljﬂ}} X

2
x (X5 — Xo3, Ys) ® Po(xmyﬂ{ . Q7

From Eq. (27) it follows that, as in the case
of recording the double-exposure hologram for
determining the diffuser cross motion, the image of
the positive lens pupil and the center of the axially
symmetric interference pattern are displaced at the
same distance because of the parallax. Besides,
redistribution of the phase of an interference pattern
occurs because of the linear term in Eq. (27) that is
shown in Fig. 7b. Figure 7b corresponds to spatial
filtering of the diffraction field in the hologram plane
being done at the point with the coordinates of
Xo3 = 15 mm, 0. In addition, Fig. 7 also presents the
case when the hologram recording was carried out
using illumination of a matte screen with the
converging spherical wave with radius of curvature
R=1[; and demonstrates the cause why no ”frozen”
interference fringes exist in the plane (x4, y4) (Fig. 2)
under such conditions of the double-exposure hologram
recording. Besides, it Dbecomes obvious, that a
superposition of the interference patterns in the plane
(x4, yo) (Fig. 3) from all the elementary areas of the
diffuser holographic image makes impossible the
recording of the interference pattern localized in the
hologram plane, in form of the concentric rings with
several orders of interference, because in this case
according to expression (27) the diameter of the
filtering aperture in the plane (x4, y4) (see Fig. 3)
should be equal to the speckle size.

In its turn, at small longitudinal displacement of
the diffuser, performed together with its cross shift,
it is possible to record the interference pattern
localized in the hologram plane when the number of
interference fringes within the image of the positive
lens’” pupil varies insignificantly depending on
position of a filtering aperture in the hologram plane.
Figures 8¢ and b show the interference patterns
localized in the plane of the image of the positive
lens’ pupil that correspond to the cross shift of
the matte screen ¢=1(0.035+0.002) mm and the
longitudinal ~displacement Al = (0.15 £ 0.002) mm.
Their recording was done at the spatial filtering
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performed in the hologram plane on the x-axis and in
the edges of the diffuser image. In addition, the
hologram recording was performed at illumination of
the matte screen by a plane wave. At the hologram
reconstruction, according to Fig. 3, the recorded
interference pattern localized in its plane charactering
the diffuser longitudinal and cross motions is
presented in Fig. 8c.

Fig. 8. The interference patterns localized in a plane of the
positive lens’ pupil image formation (¢ and b) and in the
hologram plane (c¢).

Thus, the results of the theoretical analysis of
formation of the interference patterns characterizing
the cross or longitudinal motion of a plane surface
diffusely scattering the incident light, at the double-
exposure hologram recording of the diffuser in-focus
image and the experiments carried out have shown
the following.

The interference patterns, characterizing the
diffuser cross motion, are localized in the plane
where the image is formed of the positive lens pupil,
with the help of which the hologram recording was
carried out, and in the hologram plane. For their
recording, spatial filtering of the diffraction field in
the corresponding planes is needed. The interferometer
sensitivity, on the one hand, depends neither on the
sign nor on the size of the radius of curvature of the
spherical wave used for the diffuser illumination at
the stage of the hologram recording, in case of
recording the interference pattern in the plane of
formation of the positive lens’ pupil image, while on
the other hand, it depends on both the sign and size
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of the radius of curvature of the spherical wave at
recording the interference pattern localized in the
hologram plane.

At the hologram reconstruction, when before the
re-exposure of a photographic plate, the diffuser is
moved along the optical axis and spatial filtering of
the diffraction field is performed on the optical axis
in the plane of formation of the positive lens’ pupil
image, the interference pattern of fringes of equal
tilts is formed. Thus, the interferometer sensitivity
depends neither on the sign nor the size of the radius
of curvature of the spherical wave used for the
diffuser illumination at the stage of the hologram
recording. In its turn, the known properties™!? of the
subjective speckles in the hologram plane of the
diffuser in-focus image, which appear due to diffraction
of the plane waves on the pupil of the positive lens,
do not allow one to record the interference pattern
localized in the hologram plane in the form of
concentric rings involving several orders of interference.
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