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This paper presents some results of theoretical and experimental study of 
the temporal spectra of fluctuations of wind velocity measured with a cw 
Doppler lidar.  It is shown, that the temporal spectrum of wind velocity 
measured with a Doppler lidar essentially differs from the Kolmogorov-
Obukhov’s spectrum which describes turbulence of wind velocity measured at 
a fixed point due to low-frequency spatial filtration of wind velocity 
fluctuations over scattering volume.  In particular, it is revealed, that when 
the lidar scattering volume is large and sufficiently strong side wind takes 
place, so that the Taylor’s hypothesis of “frozen” turbulence is applicable 
within the probing volume, the lidar spectrum has a power frequency 
dependence with the power index “−8/3” but not “−5/3” as it takes place in 
point measurements.  When the Taylor’s hypothesis is not applicable, the lidar 
spectra have a power frequency dependence with power index approximately 
“−2”. 

 

INTRODUCTION 
 

To study dynamic processes occurring in the 
Earth’s atmosphere it seems promising to use remote 
sensing methods, in particular, with Doppler 
(coherent) lidars.  Doppler lidars developed at 
present are used to study both mesa-scale and 
turbulent variations of wind velocity field in the 
boundary layer and free atmosphere.1–12  The 
principle of velocity measurements with this lidar is 
that the laser radiation scattered backward by aerosol 
particles which are completely entrained by the air 
flow, is collected by a receiving-transmitting 
telescope of lidar and detected using a coherent 
method.  Taking into account the Doppler relation 
V = (λ/2)f, where V is the velocity, λ is the 
wavelength of a laser beam, f is the frequency, the 
power spectrum is a distribution by particle velocities 
within the volume sounded.  The power spectrum is 
estimated from the signal recorded during a finite 
period.  After that an estimate of the mean velocity 
(i.e. velocity averaged over lidar volume) is obtained 
from the Doppler spectrum by some way.   

Doppler lidars are used to determine parameters of 
the dynamic turbulence as well as to measure the mean 
velocity.6–12 In this case such characteristics as Doppler 
spectrum width, temporal and spatial structure 
functions and temporal spectra of velocity measured 
with a lidar bear the information.  In contrast to point 
and small-inertial meters to analyze structure functions 
and velocity spectra obtained from the lidar data a 
problem arises of the account for spatial averaging over 
the volume sounded.  It becomes especially urgent in 

the case of large sounding paths when the volume size 
begins to exceed the outer scale of turbulence.  The 
present paper is devoted to study of the spectra of wind 
velocity measured with a ground based cw Doppler 
lidar for various size of the volume sounded.  

 

THEORY 
 

The sounding laser beam of a ground based cw 
Doppler lidar is assumed to be directed at an angle ϕ 
to the Earth’s surface and focused at a given distance 
from the lidar.  Radiation scattered by particles 
within the cross section area of the sounding beam 
comes at the receiving telescope of the lidar.  But the  
principal contribution in the lidar signal is caused by 
the particles concentrated in the focus area.13,14  The 
efficient longitudinal size of this area is determined 

by the diffraction length ka
2

0, where k = 2π/λ; a0  is 
the beam radius at the telescope output and focal 
length R.  Thus, changing ϕ, R and a0 one can set a 
height of wind velocity sounding and spatial 
resolution of the data thus acquired. 

An estimate of the wind velocity VD is assumed 
to be a “centroid” of the Doppler spectrum 
distribution.  In this case the expression for VD in 
time t has the form5,15,16 
 

VD(t) = 

⌡⌠
0

∞

  

 

dz Qs(z) β
π
(z, 0, 0, t) Vz(z, 0, 0, t)

⌡⌠
0

∞

  

 

dz Qs(z) β
π
(z, 0, 0, t)

 + Vn(t) , (1) 
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where integration is performed along the sounding 
beam propagation axis (lidar is in the plane z = 0), 
Vz(r, t) is the radial component of the wind velocity 
vector V = {Vz, Vx, Vy} (projection of the velocity 
vector on the axis z along the beam propagation) at 
the point r = {z, x, y}, β

π
 = σρ is the backscattering 

coefficient, σ is the backscattering cross-section, ρ is 
the particle concentration, Vn is the velocity estimate 
error determined by the value of the signal-to-noise 
ratio (a noise component of Doppler estimate of the 

velocity).  The function Qs(z) = I(z)/⌡⌠
0

∞

  

 

dz I(z) in (1) 

is the normalized intensity distribution I(z) = I(0) × 
× [(1 – z/R)2

 + z2/(ka
2

0)
2]–1 of sounding beam along 

the propagation axis z and it determines a distance to 
the volume and its efficient size (spatial resolution of 
the measured wind velocity).  In the near diffraction 

zone (R << ka
2

0) Qs(z) has a maximum at the point 
zm ≈ R and for Qs(z) one can write  

 

Qs(z) = {π k a0

2
 [(1 – z/R)2 + z2/(k a0

2
)
2
]}

–1
 . (2) 

 

If to determine the efficient length of the 

volume Δz by the formula Δz = ⌡⌠
0

∞

  

 

dz Qs(z)/Qz(R) 

then taking into account the condition R << ka
2

0 it 
can be obtained that 

 

Δz = (λ/2) (R
2
/a0

2
) . (3) 

 

 

It follows from (3) that at a constant radius of 
the beam a0 the efficient size of the volume increases 
with increasing focal length R (distance of sounding) 
in the longitudinal direction Δz proportionally to R2.   

The one sided spectral density SD(f) of the 
velocity fluctuations measured with a Doppler lidar 
can be presented in the form  
 

SD(f) = 2 ⌡⌠
–∞

+∞

 

 

dτ <VD
′ (t + τ) >VD

′ (t ) e–i
 

2
 

π f τ , (4) 

 

where the angular brackets mean the ensemble 

averaging, VD
′  = VD – <VD>, f ≥ 0.  Let us admit a 

set of assumptions and simplifications.  We will 
neglect an inhomogeneity of the backscattering 
coefficient within the volume sounded and take in (1) 
that 

 

β
π
(r, t) ≈ <β

π
> ≈ const . (5) 

 

The radial wind velocity ⌡⌠
0

∞

  

 

dz Qs(z) Vz(z, 0, 0, t) 

averaged over the volume sounded and the velocity 
noise component Vn(t) are assumed to be statistically 
 

independent.  The function Vn(t) is a delta correlated 
random process (the “white” noise) with the zero mean 
value (< Vn > = 0): 
 

<Vn(t + τ) Vn(t)> = 
1
2 Sn δ(τ) , (6) 

 

where Sn = const is the spectrum of noise component 
of Doppler estimate of the velocity, δ(τ) is the delta 
function.  

Analysis of the spectrum SD(f) will be made 
under the assumption of stationarity, homogeneity, 
and isotropy of high-frequency turbulent variations of 
the wind velocity.  Assuming that the transfer of 
turbulent vortices by the mean wind flow occurs 
without any appreciable evolution during the time of 
their presence within the volume sounded we use the 
Taylor hypothesis of the “frozen” turbulence17–19 
 

Vz(z, 0, 0, t) = Vz(z – <Vz> t, – <Vx> t, 0, 0) , (7) 
 

where the coordinate system is chosen in such a way 
that Vy = 0.  As a result we have from Eqs. (1)–(7) 
 

SD(f) = 2 ⌡⌠
–∞

+∞

  

 

dτ e–i
 

2
 

π f τ ⌡⌠
  

 

⌡⌠
  

 

0

 

∞

dz1 dz2 Qs(z1) Qs(z2) × 

× Bz(z1 – z2 + <Vz> τ, <Vx> τ, 0) + Sn , (8) 
 

where Bz(r) = <V'z(r' + r)V'z(r')> is the spatial 
correlation function of the radial component of wind 
velocity. 

Analyzing the high-frequency spectral region 
f > |<V>|/LV, where <V> = {<Vz>, <Vx>, 0}, LV is 
the outer scale of turbulence, for Bz(r) in Eq. (8) one 
can use the expression18 
 

Bz(r) = ⌡⌠
 

 

⌡⌠
–∞

∞

 

 

⌡⌠
 

 

d3κ exp(iκr) Fz(κ) , (9) 

 

where 
 

Fz(κ) = 
1
4π 

55
27 

C
Γ(1/3)

 ε T
2/3

 ⏐κ⏐
–11/3

 
⎝
⎜
⎛

⎠
⎟
⎞

1 – 
k2

2

 

⏐k⏐
2  (10) 

 

is the three-dimensional spectrum of the velocity 
radial component,18 Γ(x) is the gamma function, 
C ≈ 2 is the Kolmogorov’s constant; εÒ is the 
dissipation rate of turbulent energy; κ = {κz, κx, κy}. 
By substituting (9) into (8) we obtain 
 

SD(f) =2 ⌡⌠
–∞

+∞

 

 

dτ e–i
 

2
 

π f τ
 ⌡⌠

 

 

⌡⌠
–∞

∞

 

 

⌡⌠
 

 

dκz dκx dκy exp {iκz 

<Vz> τ + 

 

+ iκx <Vx> τ} Fz(κz, κx, κy) H(κz) + Sn ,  (11) 
 

where 
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H(κz) = ⌡⌠
0

∞

 
 

 

dz Qs(z) e
i

 

kz 
z

2

 (12) 

 

is the transfer function of the spatial low-frequency 

filter. Taking into account the condition ka0

2
 >> R for 

H(κz) from Eqs. (2), (3), and (12) we have 
 

H(κz) = exp 
⎩
⎨⎧

⎭
⎬⎫– 

2
π Δz ⎜kz⎜  . (13) 

 

Let us introduce in Eq. (11) a new integration 
variables: 

 

κ'z= κz cos γ + κxsinγ, ξ = (κzcos γ – κxsin γ)U/(2πf),  
 

where γ = arccos(<Vz>/U)  is the angle between 
wind direction and propagation axis of the sounding 
beam z; U = |<V>|  is the modulus of wind mean 
velocity vector.  Using the formulas (10) and (13) in 
Eq. (11) we integrate over the variables τ, κ′z  and κy.  
As a result we finally obtain 
 

SD(f) = Sz(f) H(f) + Sn , (14) 
 

where 
 

Sz(f) = C1 ⎝
⎛

⎠
⎞1 + 

1
3 sin2 γ  εT

2/3
 U

2/3
 f 

–5/3
  (15) 

 

is the temporal spectrum of z-component of the wind 
velocity at a fixed point (z = R), C1 = 
= 2C/[3Γ(1/3)(2π)2/3] ≈ 0.15, 
 

H(f) = C2 ⎝
⎛

⎠
⎞1 + 

1
3 sin2 γ

–1

 ⌡⌠
–∞

+∞

 

 

dξ (1 + ξ2)–4/3 × 

 

× ⎣
⎡

⎦
⎤1 – 

8
11 

(cos γ – x sin γ)2

1 + x2  × 
 

× exp 
⎩
⎨
⎧

⎭
⎬
⎫

– 
4 Δ z f

U  ⎜cos γ – x sin γ ⎜   (16) 

 

is the transfer function of temporal low-frequency 

filter, Ñ2 = (55/27)[Γ(1/3)/Γ(11/6)]/(4 π). 
In the particular cases it is possible to calculate 

the integral in (16) analytically.  So, for Δz → 0 the 
function  H(f) → 1.  In the case when the directions 
of beam propagation and mean wind coincide (γ = 0)  
from Eq. (16) we have 

 

H(f) = exp{–4 Δ z f/U} . (17) 
 

Under the condition 
 

(4 Δ z ⎜sin γ ⎜/U) f >> 1  (18) 
 

the main contribution to the integral (16) is caused by 
small area about the point ξm = cotan γ, boundaries of 
this area are determined by a sharp decrease of the 
exponent when moving off from ξm. Therefore in (16) 
for the factor before the exponent it can be assumed   
 

that ξ = ξm and integration can be performed. As a 
result we obtain 
 

H(f) = C2 ⎝
⎛

⎠
⎞1 + 

1
3 sin2 γ

–1

 
1
2 

U ⎜sin γ ⎜
5/3

Δ z f
 . (19) 

 

Thus, in the given case for the velocity spectrum 
measured with the Doppler lidar we have 
 

SD(f) = C3 εT

2/3
 ⎜<Vx>⎜

5/3
 

1
Δ z

 f 

–8/3 + Sn , (20) 

 

where Ñ3 = Ñ1Ñ2/2 ≈ 0.06; <Vx> = Usin γ.   It 
follows from Eq. (20) that in the absence of noise 
(Sn = 0) the spectrum of Doppler velocity under the 
condition (18) is proportional to f–8/3.   

 

EXPERIMENT 
 

The measurements were carried out using a CO2 
cw Doppler lidar of the Institute for Optoelectronics 
near Oberpfaffenhofen (Germany) in September 1995.  
The container with the lidar was installed on an open 
platform.  There are three- and four-storeyed buildings 
(which are about 100 m from the container) on the one 
side of the platform only. Behind this buildings there is 
a forest.  Run of Doppler lidar measurements was 
carried out for different sounding geometry (height and 
dimension of the volume sounded changed) and 
dynamic turbulence intensity. 

Before the start of every single measurement the 
angles of location ϕ and propagation direction θ of 
laser beam which was focused at a given distance R 
were adjusted with a scanning device. During the 
measurement session of duration T the Doppler spectra 
were recorded with the frequency 20 Hz and integral 
averaging period t0 = 0.05 s.  When the session 
finished the radial wind velocity VD(ti) (where ti = it0, 
i = 0, 1, 2, ..., N (Nt0 = Ò)) was estimated from every 
Doppler spectrum. The data obtained were used to 
calculate the spectrum of turbulent fluctuations of the 

velocity ŜD(fk), where fk = kΔf, k = 0, 1, 2 ..., N/2; 
Δf = 1/T, with the fast Fourier transform code.  
Smoothing (averaging) of spectrum estimates was 
performed by the rectangular spectral window. We 
estimated the mean wind velocity U and direction γ 
from additional lidar measurements with the laser beam 
conical scanning.1  

Results of processing measurements carried out on 
September 27, 1995 from 14:30 to 16:00 are presented 
below. Weather conditions during this time were 
characterized by a strong turbulization of air flow. At 
the height h = 200 m the wind velocity reached 
16 m/s. The sky was covered with low clouds, owing 
to that an additional peak connected with reflection of 
sounding radiation from a cloud appeared in the 
measured Doppler spectra at an increased sounding 
height h up to 300 m. Therefore, in the given 
experiment we were limited to the maximum height 
h = 200 m. Note, that the cloud motion velocity 
exceeded the wind velocity at the height h = 200 m by 
a factor of 1.5.   
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The measurements were carried out at the 
heights 10; 25; 50; 100, and 200 m.  The 
corresponding values of longitudinal size of the 
volume sounded were Δz = 2.3; 4.5; 9.2; 30; and 
100 m.  For large Δz the azimuth angle θ was chosen 
in such a way that the angle γ was maximal, hereby 
we got the largest values of the side wind velocity 
<Vx> to compare the measurement results on the 
spectrum SD with the asymptotic calculations.20  
Note, that for Δz = 100 m (h = 200 m) the integral 
longitudinal scale of correlation of radial wind 
velocity LV is compared with Δz. 

The estimates of smoothed values of the velocity 
fluctuation spectra (with averaging over 24 statistic 
degrees of freedom) are shown by points in Fig. 1.  
One can see that the values of spectra obtained from 
the Doppler lidar data decrease with the frequency f 
more rapidly that it follows from the  
“–5/3” Kolmogorov-Obukhov’s power law (dashed 
lines 1). In the experiment we had various values of 
the signal-to-noise ratio that was observed easily 
during the measurements from the obtained Doppler 
spectra.  It affected the amplitudes of noise level Sn 
in the velocity spectra SD presented in Fig. 1.  The 
data on U and γ are shown in Table I at different 
heights. 

 

TABLE I. 
 

h, m 

10 25 50 100 200 

Δ z , m 

2.3 4.5 9.2 30 100 

U, m/s 5.2 6.3 8.7 13.5 15.6 

γ, deg. 13 27 34 60 75 
 

The comparison of calculations by formula (14), 
with an arbitrary εT and Sn = 0, with the 
experimental spectra in the low-frequency region 
where the spectrum noise component can be neglected 
shows that qualitatively these spectra coincide quite 
well.  Proceeding from this we found the estimates of 
dissipation rate of turbulent energy εT by the formula  
 

εT = 
⎣
⎢
⎡

⎦
⎥
⎤1

n2 + 1 – n1
 ∑
i = n

1

n
2

 
ŜD(fi) 
A(fi)

 

3/2

 , (21) 

 

where A(fi) = Sz(fi)H(fi)/εT

2/3
 and Sz(fi) and H(fi) 

were calculated by the expressions (15) and (16), 
respectively.  Here the frequency fn1

 = n1/Ò is the 

low boundary of inertial interval and satisfies the 
condition fn1

 > U/LV.  The number of spectrum 

channel n2 was chosen in such a way that it 
corresponds to the highest frequency fn2

 = n2/Ò when 

the noise contribution into the spectrum SD remains 
yet negligible.  The values Sn were calculated by the 
formula 
 

Sn = 
1

N/2 + 1 – n3
  ∑
i = n

3

N/2

  ŜD(fi) , (22) 

 

where n3 corresponds to the frequency 
fn3

 = n3/Ò > fn2
 when the main contribution into the 

measured spectrum comes from noise. 
Using the values εT and Sn obtained from the 

experimental data the calculations SD(f) were 
performed by formula (14).  The calculations are 
presented by solid lines in Fig. 1.  The calculations 
Sz(f) by formula (15) and the noise spectra SD 
(dashed lines 1 and 2) are presented in the figure 
also.  The dashed line 3 is the result of SD 
calculation by formula (14) for Sn = 0.  One can see 
from the data presented that the theory (solid lines) 
and experiment (points) agree quite well.  The spread 
of experimental points is within the estimated error 
of smoothed spectra (the relative error is ∼ 30%).   

Figure 2 shows the height profile of the 
dissipation rate of turbulent energy εÒ reconstructed 
by the data presented in Fig. 1.  The height 
dependence εÒ(h) is analogous to the results of 
measurements obtained at the meteorological mast 
IEM in Obninsk under neutral stratification and 
strong wind.  However, the magnitudes εT obtained 
by us exceed, by the absolute value, more then twice 
the corresponding data from Ref. 20.  Possibly, it is 
connected with the difference in the values of 
underlying surface roughness parameter in our 
experiment and in the area of the meteorological 
mast IEM, or might be the result of specific weather 
conditions during the measurements described above.   

It follows from the above said that the spectrum 
of wind velocity measured with the Doppler lidar is 
the sum of the spectrum of radial wind velocity 
averaged over lidar volume and noise spectrum.  To 
separate useful component of the spectrum measured 
we carry out a correction of the smoothed spectrum 
by simple subtraction from it of the regular noise 
component Sn.  Use of this procedure can be justified 
only for the frequencies f which satisfy the condition 

SD(f) – Sn >> σn, where σ
2

n  = 2S
2

n /nd is the variance 
of the noise component of spectrum averaged at nd 
statistical degrees of freedom. 

The corrected spectrum values are denoted by 
points in Fig. 3.  The initial data correspond to 
Fig. 1e (h = 200 m, Δz = 100 m) and satisfy the 
condition (18) over the entire range of the 
frequencies considered.  The corrected spectrum must 
coincide with the calculation by formula (20) for 
Sn = 0 presented in the figure as a solid line.  One 
can see that the experimental data are described by 
the dependence SD(f) ∼ f –8/3 with a good accuracy.  
The calculated data on Sz(f) ∼ f 

–5/3 by the formula 
(15) are shown by the dashed line in the figure.  
Already at low frequencies f ∼ 0.3 Hz the values of 
the lidar spectrum are less by an order of magnitude 
than corresponding velocity spectrum values 
measured with a non-inertial point device owing to 
the strong spatial averaging over the volume sounded 
(Δz ∼ 100 m ∼ LV). 
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FIG. 1. Spectra SD of wind velocity measured with a Doppler lidar (axis of ordinates, m2/s) at the heights h = 10 m (a), 25 m (b), 50 m (c), 100 m 
(d), and 200 m (e) (frequency f, Hz, is along the abscissa).  Points are the experiment, solid curve is the theory (calculation by formula (14)), dashed 
curves 1, 2, 3 are the calculations of spectrum by formula (15), the spectrum of noise component of Doppler velocity, and results of spectrum 
calculations by formula (14) for Sn = 0, respectively. 
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FIG. 2. Height profile of the dissipation rate of 
turbulence energy retrieved from the data of 
Doppler lidar. 
 

 
 

FIG. 3. The spectrum of wind velocity measured 
with the Doppler lidar at the height h = 200 m; 
points are the experiment, dashed line is the 

calculation by formula (15); solid line - calculations 
by formula (20) for Sn = 0. 
 

The results presented above relate to the cases 
when during the measurements either longitudinal size 
of lidar volume Δz was small or quite strong side wind 
<Vx> = Usinγ occurred that provided applicability of 
the theory considered in the present paper to analyze 
the experimental data. 

A question arises: on how the spectra of velocity 
measured at large Δz and arbitrary values <Vx> (angles 
γ) behave?  To answer this question, the most typical 
data obtained for the sounding beam propagation 

directions coincident with mean wind (γ ≈ 0, horizontal 
path, h = 3 m) were selected from the results measured 
on 26.09.95.  In this case the longitudinal size of lidar 
volume Δz was 218 m that considerably exceeds the 
scale of wind velocity correlation LV at the height 
h = 3 m.  The measurements were carried out at a 
moderate wind U ∼ 3.5 m/s and very high signal-to-
noise ratio. 

The results of estimate of the smoothed spectrum 
of velocity obtained from the data of this experiment 
are presented as points in Fig. 4. Analysis of the 
spectrum shows that it does not obey the theoretical 
relationships derived in this paper. Under the 
assumption that the spectrum ensemble averaged is 

described by the power law, i.e. SD(f) ∼ f ν, from the 
dependence of the logarithm of non-smoothed spectrum 

ln ŜD on the logarithm of frequency ln f the power 
index ν of the experimental spectra slope was 
determined with the least squares method. This index is 
approximately equal –2. The power dependence 
obtained is shown by solid line in Fig. 4. 
 

 
 
FIG. 4. The spectrum of wind velocity measured with 
the Doppler lidar for large longitudinal size of the 
volume sounded and coincidence of directions of laser 
beam propagation and wind: points are the 
experiment, solid line is the result of adjustment of 
the measured data to power dependence of spectrum 
on frequency. 

 
Analysis of the results of other lidar sessions of 

measurements showed that the velocity spectra 
obtained for different heights h, when Δz ≥ LV and  
γ ~< 15°, also have the power dependence SD(f) ∼ f–2.  

Note, that, as the experimental data show, the 

spectrum of the Doppler signal ID(t) ∼
⌡⌠
0

∞
 

 

dzQs(z)βπ(z, t), 

which is proportional to the backscattering coefficient 
averaged over the volume sounded (particle 
concentration) has similar dependence. 

The most probable cause of the discrepancy 
between the theory developed and the experiment 
results in Fig. 4, in our opinion, is the use of the 
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hypothesis of ”frozen” turbulence (formula (7)).  In the 
considered case to describe the spectrum of velocity 
measured with a Doppler lidar correctly it is necessary 
to take into account a side removal of aerosol particles 
from the volume sounded by the turbulent vortices of 
different scales (fluctuations of transverse components 
of wind velocity vector) and evolution of this vortices 
in time (turbulent diffusion). 

 

CONCLUSION 

 

Thus, it follows from the results presented that 
when the condition of the Taylor hypothesis of 
”frozen” turbulence holds the temporal spectrum of 
wind velocity measured with a Doppler lidar for 
large longitudinal size of lidar volume has an 
essential difference in the inertial interval from 
turbulence spectrum measured with a low-inertial 
point device and is proportional to f–8/3.  This is a 
result of essential spatial averaging of fluctuations of 
radial wind velocity over the volume sounded. 

The experimental spectrum of velocity measured 
with the Doppler lidar at coincident directions of the 
sounding beam axis and mean wind and large 
sounding volume, when the conditions of the Taylor 
hypothesis is broken, differs from the spectrum 
measured at a point also, but has a dependent of type 
SD = αf–2 where α is the proportional2 coefficient 
having a dimension of dissipation rate of the 
turbulent energy, m2/s3.  Explanation of these 
results is possible only on the basis of a theory using 
adequate model for spatial temporal correlation 
function of the radial component of wind velocity.   
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