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A spectral approach to the three-dimensional problem of nonlinear phenomena which
are associated with the radiation intensity is proposed. The approach is based on
Maxwell’s equations and the general expression for the polarization of the medium. The
frequency-dependent component of the polarization is represented as a power series in the
spectral components of the field intensity, the solution of the nonlinear problem is ex-
pressed in terms of the solution of the corresponding linear problem. The problem is
reduced to a second-order nonlinear differential equation, whose solution is found. The
problems associated with using the solutions to boundary-value problems are discussed.
The main attention is devoted to the propagation of radiation near the spectral lines of
a molecular atmosphere. The discussion is limited to media with cubic nonlinearity.

1. INTRODUCTION

In this paper the spectral approach to the problem
of propagation of high-power radiation near the
spectral lines of natural media is discussed. The dif-
ference from regimes of linear interaction appears
owing to the nonlinear response of the medium to the
light and has not been adequately studied, even for
monochromatic radiation. At the same time the
propagation of light pulses near the spectral lines of a
medium is of practical interest. In this region certain
peculiarities appear owing to the finite spectral
composition of the incident radiation and the power of
the pulses. In particular, the distortion produced in the
pulse spectrum (shape) by the nonlinearity of the
complex index of refraction of a molecular medium
near spectral lines is of interest. The real and imagi-
nary parts of the nonlinear dielectric constant of a
medium are responsible for different nonlinear proc-
esses.! It is well known, for example, that the de-
pendence on Reg (¢ is the complex dielectric constant)
significantly affects the evolution of the pulse shape.
Here the behavior of the pulse shape as a function of
the sign of the detuning near resonance is of special
interest; this difference can be very significant.?? In
the works cited the method of amplitude envelopes
was employed. This method is generally accepted and
is very fruitful in nonlinear optics.

In addition to describing the field with the help of
envelopes, there exists a different approach to the
solution of such problems. This is the spectral ap-
proach. In what follows the spectral approach is used
to give a spectral description of self-action; it hardly
has any explicit advantages over the envelope method,
but in some problems the spectral description of
self-action is more convenient. For example, it is more
convenient for solving problems of radiation transfer
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in nonlinear media or for problems in nonlinear dif-
fraction.® In addition, the method makes it possible to
obtain a solution in a final form from Maxwell’s
equations. We understand the so-called spectral
method as follows.

Any physically realizable field can be expanded in
a Fourier integral. The nonlinear field, prescribed at a
time ¢ at the point 7 (and produced by the nonlinear
response of the medium) can be expressed as

E(r, t, &) = ‘[ E(w, r, €)e“"do, (1)

where E(7, o, &) is the frequency component of the
nonlinear field and & is the nonlinearity parameter.
The condition that the nonlinear field must reduce to
the linear field means that

Elw, r, € = 0) = E(w, r),

(2)

where E(w, 7) is the frequency component of the linear
field.
If the representation

E(w, r, €) = p(E(w, r), €)E(w, r), (3)
is assumed, then the solution of the problem (3) can be
employed in Eq. (1). In Eq. (3) we write p, but it
will become clear below that in simple cases this is
simply a function p of [E(w, 7)]. In the case of an
isotropic medium and linearly polarized radiation

In what follows we shall confine our attention to this
simple case.
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In the spectral approach it is assumed that’ the
solution of the linear problem is known. The peculi-
arity, however, lies in the fact that if a detailed so-
lution of the linear problem is not available, then the
qualitative behavior of the nonlinear solution can be
judged only based on some general relations, which
depend on the character of the nonlinear corrections to
the linear problem. In addition, we are often interested
precisely in the changes in the spectrum, so that it is not
necessary to solve Eq. (1), i.e., to invert an integral.

2. POLARIZATION

We shall investigate the possibility of con-
structing  the representation (3) from the
time-dependent Maxwell’s equations. In Maxwell’s
equations the expression for the nonlinear polarization
can be represented in the form®

o
P(t) = J'uttlJE(c - ::1)dt1 +

-0

+ ”J"‘(H' ty ta)E(t - al)E(t - ta) X
-

w
x E(t = ¢t )de dede_ + .”..‘.J.K(tl, Eprenty) x
-0

x E(t - t,)...ECt - cS)dtl...th L (5)

Here all quantities are real and E is the nonlinear field.
The field is linearly polarized. It is assumed that the
light pulse is narrow: Ao < ), where Aw is the
spectral width of the pulse and wy is the average
frequency of the pulse. We are interested in the in-
teractions associated with the intensity of the radia-
tion at the frequency of the incident field (self-action).
The medium is isotropic (a gas or liquid). The even
terms in the expansion (5) vanish. The linear polari-
zation of the field makes it possible to rewrite Eq. (5)
in the following form:

P(e) = [at,ECt - tll{n(tl) v [[ac,acpce - ) x
x E(t - n31[m1, tp 1) ”d:‘dasm - t) x
x E(t - ts}[n(cl,.,tsl +]]} ©)

We shall transfer in Eq. (6) to frequency components:
P(t) = [dwP(@)e™™ = [de E(t - ¢ k() + ...} =

1wt
J‘dt K(t, t Je .
1 1

=it

= deE(m}e 7)

E.V. Lugin

Here the expression in braces of Eq. (6) is denoted by
K(t, t;). We further assume that the integral in Eq. (7)

1{0“.1
J‘dclxtt, t)e 'sAzArArAT ...

does not depend on ¢ and must be a function only of the
frequency o not only in the linear approximation but
also in the general nonlinear case:

_ 2
A, = A(w, lel ). (8)
This assumption simplifies the calculation of the

integrals in the expression (7). In the zeroth (linear)
approximation we have

1ot
A0= Idtllc(tl]e = oco(wl.

Consider the next term:
® 1wt
1
A = J.dtie ”d:zdtss[t - t) x
-

x E(t - tdr(t, t, t). (*)

By assumption this expression must be a function only
of the frequency (and it should not contain oscillating
functions of the type exp( ziwt)). We have

1w’ +0")t
z‘l1 = J-dw’Idw"x(w. w', w')e s

where
! " —-—
klw, w, w) J-dtldtadtsrc(tl. Ly ta} X
explt + wt + w” .
X p[mt1 o't _+ tw”t))

Using further the condition o' + ®” = 0, where
o' and o" differ from u by not more than the width A®
of the signal spectrum (Ao < ®), we can write ap-
proximately

A~ EE_ [d0n) [aao)k(w, o + 80, -0 - 80")

= |E[w][2al{w); (%)

In writing the quantity o4(®) the fact that the
signs of o and ®” can be interchanged is taken into
account. The transition from (*) to (**) is thus made
under the assumption that Ae < ® — ®j, where wy is
the average frequency of the pulse (see Ref. 6, p. 95).
This also means that mode interaction is neglected
within the spectral width of the pulse; this ap-
proximation becomes better as the spectrum of the
pulse becomes narrower. The result is exact when the
pulse degenerates into a monochromatic field.
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Proceeding in an analogous manner with the
remaining terms in the series (6), we arrive at the
following expression for the polarization:

n

P(t) jaws(w}A(w, |E,|%e™,

Plw) = E(w){%otw) +a (@) |E,|%

1
ta(E "+ } . ©)

Here oy, a, ap, ... are function of the frequency;
spatial dispersion is neglected. Using the relation
between the induction and the polarization D =
E + 4nP, we obtain for the dielectric constant

e(w) = & (0) + g (V) = ¢ () + e (||

4
te (DE|T+ ..,

(10)

where g; = gy + igq is the standard (linear) dielectric
constant. The specific form of the function a,(or ;) can
be found, as usual, from model representations.

3. CONSEQUENCES OF THE ASSUMPTION (3).
EQUATION FOR THE FUNCTION p

The equations of the field in an isotropic non-
magnetic medium, in which the time dependence of the
fields is of the form e, satisfy time-independent
relations:’

rotE - ikOH = 0; (11)

rotH + LkocL(w]E = 0.

(12)

where k) = w/c, and g is the dielectric constant.

Because of linearity (the index L) the equations
(11) and (12) are insensitive to the strength of the
field. For sufficiently large E the measured quantities
(quadratic in the field) do not, however, agree with
Egs. (11) and (12). To remedy this situation the
response of the medium to the incident field must be
taken into account, i.e., the dielectric constant g; must
be supplemented by terms which depend on the in-
tensity of the field. The corrected equations (11) and
(12) will have the form

rotE - LkoH =0; (13)

rotH + ik (e + e )E = 0.
0 L NL

(14)

Here in order to distinguish the solutions of Egs. (11)
and (12) from the solutions of Egs. (13) and (14) dif-
ferent fonts are used for the fields.) In what follows we
shall study cubic media. Equation (14) assumes the form
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rotH + Lko[cL + e |E| ]E = 0. (15)
The problem is to determine the relation between the
fields E and E under the assumption that the solutions
of these problems for each of the fields are known.
Thus obtaining a relation between E and E makes it
possible, inprinciple, to write the solution of the
nonlinear problem in terms of the solution of the linear
problem. We shall write out below the required re-
lations. It is assumed that

E = p(S)E, (16)

where S =[E,[* and p is a complex function. It is

significant that this solution makes it possible to
assume that the field is locally transverse. This fact
makes it possible to identify the direction

d,
gradp = £ grads, S = |S|, a7

at each point with the direction of the vector S of the
linear problem. Here®
grads = —2knr<8 (18)
m = n + ix is the complex index of refraction;

o = 2kgx is the absorption coefficient: e, = m? is the
dielectric constant

H=mln x E), E=—:—t(nx.‘f);

and n = S/ is the unit Poynting vector. Together
with the definition of the electric vector (16), we
define with the help of Eq. (13) the nonlinear mag-
netic vector

= L = 2_K =

H = pH + L.ko{vp x E] [p o pS}H RH. (19)
Here (and below) a prime or a dot denotes a derivative
with respect to the argument.

The equation for the function p can be derived by
a number of methods. One method is the following.
From Egs. (13) and (14) and the definition (16) it
follows that (n = &,/g;)
rot rotpE - kEEL(l + pip|2S)pE = 0. (A)
Here Eq. (14) in the form Eq. (15) was used.

From Eq. (13) we obtain, with the help of the
definitions of E and H
rot .rotpE + iki(icLR - 2kmSR)E = 0. (B)

From Egs. (A) and (B) we obtain

’ 7 2 - 4 2 —
(p’S)’(2k)° - 2imp’ (2k) + eaip| p = 0. )
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Thus the equation for the function p follows from the
condition that Eqs. (13) and (14) of the nonlinear
system of Maxwell’s equations under the additional
condition (16) be compatible. An equation for media
whose nonlinearity is determined by an arbitrary

2 . .
dependence &y, (‘8‘) can be written down in an

analogous manner. The method developed here does
not cover the case when the propagation medium is
completely transparent (x = 0). This fact, of course,
is not an obstacle to using Eq. (C), because, for
example, molecular scattering is always present.
Scattering of electromagnetic waves removes some
electromagnetic energy from the total beam and this is
equivalent to absorption of this energy. Moreover, it is
impossible to imagine a transparent medium whose
nonlinearity can have any physical meaning.

The following remarks are in order. The radius
vector 7 does not appear explicitly in Eq. (C). The

quantity S = ‘Em(r)‘2 can always be constructed from
the solution of the linear problem. It can be shown that
the formulation of Poynting’s theorem for a nonlinear
field has a very clear interpretation:

) 2
divs = =(oc + 2k Ime ] |p|"S.

NL]

where Sy is the Poynting vector for nonlinear vectors;
this fact is an additional argument in support of the
reasonableness of the assumption (6). The meaning of
the expression (16) thus consists of the following. If .S
has some distribution over amplitude and frequencies
in a neighborhood of the radius vector 7, then with the
help of the function p(S) it is possible to construct in a
neighborhood of this point in space the field E(r),
which can then be integrated over frequencies according
to (1). Of course, the linear field E,(7) must be known.

In Eq. (C) the product of the parameter by the
intensity .S is the nonlinear correction to the dielectric
constant ¢;. We shall study the simplest case of a cubic
nonlinearity. Other cases associated with the repre-
sentation (10) can be studied. For example, these can
be multiphoton processes or processes with saturation,
etc. (a long list of self-action effects is given, for
example, in Ref. 10).

Finally, we make a remark regarding the
boundary conditions for Eq. (C). These conditions
follow from the definition of the fields (18) and (19):

p =p(S=SO) =1, p! =p’(8=5‘0)=0. (20)
where Sy is the initial intensity of the field.
4. EXPLICIT FORM OF THE FUNCTION p

We shall start from Eq. (C) in the form

sp“+ ap’+ ble|% = 0; 1)

a=2 -

A3
(=
]

(22)
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After introducing the new independent variable
x = S/Sy Eq. (21) assumes the form

xp” + ap’ + bSDlpIzp = 0, p(1) =1,

gl =0 (23)
Next, the substitution of variables
plx) = Z(E)exp(t SL—KEJ £ = 1nx, (24)

leads to the following equation for Z(¢):

Y- (37 (o e o
introducing the notation
B = n/k, (26)

the substitution of variables (24) assumes the form

exp!tgﬁl
p(x) = = 2(g),

1/

x 27)
and Eq. (25) can be written in the form

'Z "I- 2 3 + '8 58 1 4 + # =
(2) (%) B - osfal® =0 (g
We shall now summarize the solution of Eq. (28).

Dividing Eq. (28) by the real and imaginary parts, we
have

Z(&) = R(E)exp(1®(E€));

. il
R )’ R B - 2 _ =2
[R) e [R) B =it

2_ .
- 6SOR = 0;

v
M

(30)
¥ = Reb, & = Jmb.

The solution of Eq. (29) can be sought, for example,
in the form of an elliptic cosine

R(£) = A cn(Bg + C, k) = A cn¥, (31)

where k is the modulus and C is an additive constant. It
is easy to verify, however, that compatibility with
Eq. (30) can be achieved only if the cosine-amplitude is
degenerate

cn® — sech#®, k=1 (32)
We shall study below four regions of the spectrum in
which the constants y and 8 have different signs.!!

a. 8 < 0,y < 0. As the solutions of the system of
equations (29) and (30) we study the system of functions
& = D the,

R = A sechd, ¢ = BE + C, (33)
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where @ is a particular solution of Eq. (30). Substi-
tuting Eq. (33) into the system of equations (29) and
(30) leads to the following values of the constants in
Eq. (33):
2
2 = B—.—_ 2 = 1
A 45, ” Bz ' 3BT (34

We call attention to the last relation in Eqs. (34). Tt
relates the nonlinearity parameters with the parame-
ters of linear absorption. For the phase we have

D
® = B lnch® + d?o, (35)

and the constant @ is determined from the conditions
(20). Thus the solution has the form

A .
E = 17 sech(BE + C]e}(p[l( g £+

+ Dinche + ¢]]E.
(4] L

B (36)

In order to normalize this solution we shall use the
additive constant C. For S = S, we have x = 1 and
then from Eq. (36)

R(€ = 0) = A sech(C) = 1,

hence

1
C = Arsech— = Arch 4.
sechy rc (37)

Next we must return to the starting independent
variables:

£ = lnx = 1ng. x = exp(-T1)
for monochromatic radiation, i.e., § = —t, where 7 is

the optical thickness of the medium: 1 = oz, where z is
the distance (path).

Next we assume that the values of the initial
intensity Sy are such that the corresponding constant A
is equal to one. Then C = 0, ®, = 0, and

E(z) = sech(- 3 z]exp{%z T

+ B Inch( Z ]]} E(z).

For the intensity we have

|E(z) |2 = secha[— gz]ehlE(szz =
— 2 o 2
= sech [' § Z] IE(O]I . (38)

Note that the nonlinear parameters y and § do not appear
in the expression (38). For large optical thicknesses
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sech(t) = 2 exp(-1),

so that for large z from the source
2 _ -0z 2
[E(z)]" = a e "[E | (39)
This result distinguishes Bouguer’s law for a linear
medium from a nonlinear medium of the cubic type for
large t. Here, by assumption, A = 1 and the initial
intensity Sy satisfies the relation (see Eqs. (34), (26),
and (22))
- B2 -2 Ret:2

—_— 3 = E . ¥ =
475, K (2K)2 (40)

b. § < 0,y > 0. The result is the same as above.
c. 8> 0, y < 0. The solution of the system of
equations (29) and (30) can be written in the form

R = 4 cosechs, ® = D cths, o = BE + C;  (41)

A .
F|Cosechﬁ|exp [L{ g £ +

D
t g In|sh®| + @0}]& (42)

where the constants C and @ are defined in the usual
manner. We write Eq. (42) under the assumption that
A=1:

E(z) =

cosech [— g 2 - Arcosech 1]

o . n
x expy 3 2+ |- =

For the intensity we have

x

™

+ Bln|she| + (ba]} E.

|E(2)|? = cosechz[— Zz- 0.881] |ECO) |2 43)
This result differs from Eq. (38) for large values of z
also. Experiments indicate that the effects indicated
above can also appear in the far wings of spectral lines.

d. 8 > 0, y >0. The result is the same as in the
preceding case.

5. CONCLUSIONS

This investigation raises the problem of studying
further nonlinear effects in the region of spectral
lines of real media. It was found that in the case of
cubic media the attenuation of the radiation depends
on the sign of the imaginary nonlinear correction
(3 > 0 ord < 0) to the dielectric constant of linear
optics. The formulas describing the generalized form
of Bouquer’s law for nonlinear media show the
difference from the case of the usual fields. In ad-
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dition, the ratio y/3 as a function of the parameters
of the linear theory is predicted — a result that
follows from Maxwell’s equations for cubic media
with a mechanism for self-action of the waves. It is
significant that the proposed model of spectral
self-action makes it possible to obtain an exact
solution of the problem posed in the general
three-dimensional form. It should be noted that
within certain limits the characteristics of the
propagation of a radiation pulse as well as some
problems of nonlinear diffraction of waves by par-
ticles can be studied. In particular, under certain
restrictions on the shape of the initial pulse, it can be
expected that soliton-like pulses will form in the
medium.

The problem studied in this paper is one of the
simplest examples illustrating the proposed method.

I thank Professor S.D. Tvorogov for discussions
of the formulation of the problem.
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