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The angular and spatial parameters of a laser beam are estimated analytically 
from the transfer equation in the small-angle approximation. It is shown that the an-
gular anisotropy of scattered radiation can be accounted for simply by calculating the 
rms error in an elementary act of scattering. 

 
 

Laser radiation propagating in turbid media 
typically displays significant dependence upon the 
optical properties of such media. 

We estimate the energy and spatial-angular pa-
rameters of the laser beam propagating through a 
turbid medium by using for this purpose the small-
angle approximation of the scalar version of the ra-
diation transfer equation. Here the isotropic medium 
containing large scattering particles is assumed to be 
described by three optical parameters: its extinction 
factor , its scattering coefficient , and its scatter-
ing phase function x(). 

The small-angle approximation solution of the 
transfer equation has the form1,2,3 
 

 
 

 (1) 
 

where 0( , )F L     is the Fourier transform of the 

radiation source luminance; ( , ( ) )phF z L z     is 

the Fourier transform of the scattering phase func-
tion of the medium; z is the longitudinal coordinate 
axis, coinciding with the geometrical center of the 
beam; ,   are the spatial and angular frequencies, 
respectively, of the Fourier transform of the radia-
tion intensity in the plane z = L. 

In the most typical practical situation, when the 
optical parameters of the medium are randomly vary-
ing along the beam path, the radiation flux trans-
ferred through a flat round area, symmetrical with 
respect to the beam axis, can be presented as 
 

(2) 
 

where Srec is the area of the receiving surface. 
Exact integration of the expression (2) is, gener-

ally speaking, impossible. Practical results are ob-
tained by approximate calculations. Note that, in con-

trast to free space, the spatial diffraction of radiation 
in the axial zone of a narrow light beam is clearly ob-
served in a stratified turbid medium. We may consider 
the beam effective cross section as the parameter char-
acterizing such diffraction. For the given case the ef-
fective cross section is most naturally defined as the 
ratio of the energy flux density in the beam to that at 
its axis. Then, by definition, we have3 

 

 (3) 
 

where Sef is the effective cross-section of the beam in 
the z = L plane. 

On the other hand. 
 

 (4) 
 

where Ref is the effective beam radius. 
Substituting (1) into (3) for a source with a 

Gaussian luminance distribution in the z = 0 plane and 
sin exponential scattering phase function2, we have 
 

 (5) 
 

which yields 
 

 
 (6) 
 

where ( )z  is the effective scattering coefficient 

0( )(1 ),z x     x0 is the isotropic backscattering 
part of the scattering phase function. 

Integrating the denominator of (6) by parts and 
replacing variables as in Ref. 2, we obtain 
 

 (7) 
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where 2 2 2 2;p in inr r L    
 

 
 
and rin is the initial beam radius; in is the initial 
angular divergence of the beam, 2( )z  is the mean 

square of the angle of ray deviation in each elemen-
tary act of scattering for the phase function of the 
form (5) 2 2( ) 6 ( ).z z    

As can be seen, in a turbid medium the effective 
beam radius is given by the product of the beam size 
in free space and a certain function characterizing 
the radiation diffraction. This result enables one to 
simplify greatly the procedure of assessing beam pa-
rameters for the actual conditions. 

By analogy with the effective cross section, one 
can consider the effective angular divergence of the 
beam. We define it as the ratio of the effective ra-
dius to the propagation distance. We have then 
 

 (8) 
 
where ef is the effective angular divergence of the 
beam in the medium. in themedium. 

From the above expressions we can obtain for 
the recorded beam power 
 

 
 

 (9) 
 
where r0 is the radius of the receiving surface which 
intercepts the incident flux. 

The case when the beam is symmetrical with re-
spect to the receiving surface is exceptionally ideal-
ized. As a rule, the beam axis does not coincide with 
the receiver geometrical center. To estimate in a con-
venient manner the effect of the beam spatial dis-
placement on the signal level one can introduce a 
function of the form 
 

 (10) 
 
satisfying the normalization condition 
 

 
 

Here ,  are the parameters characterizing the beam 

displacement 2 2.      
This function opens up the possibility: for tak-

ing account of the effect of the beam displacement 
on the signal level, and for extending the integration 
to an infinite plane, thus simplifying the calculations 
considerably. As a result we have 
 

 
 

 (11) 
 

Comparing the obtained relationships, we see that 
(11) is not equal to (9) for  = 0; this is the conse-
quence of the simplifications we assumed while intro-
ducing the function (10). However, in practice, for 
r0/Ref ` 1, the above discrepancy is negligibly small. 

The analysis of the above results demonstrates 
that to estimate the power of the optical signal 
transmitted through a turbid medium, one has only 
to take account of the combined effect of spatial 
diffraction and extinction of radiation, both due to 
multiples scattering in the direction of beam propa-
gation. These conclusions find their support in com-
parisons of theoretical vs. experimental data.2,3 

The processes considered in this paper relate to 
stationary radiation sources. Moreover, if the source 
intensity varies noticeably at a temporal scale con-
siderably longer than the average lifetime for pho-
tons in the medium, the light field there can be con-
sidered quasistationary,4 so that there remains no 
need to account for temporal distortions of the pulse 
shape produced by scattering of the photon pathways 
in the medium.5 

These results can find application to calculating 
laser beam characteristics in the real atmosphere, 
and also to assessing the required field of view for 
receiving optical systems. 
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