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The self-action of a Gaussian beam in a cubic medium under conditions of strong 
nonlinear response of the medium is modeled numerically. It is shown that in the 
propagation process the beam acquires a close to hyper Gaussian profile, and as the 
nonlinearity parameter a increases the intensity on the axis of the beam becomes equal 
to the maximum intensity and for  > 5000 the maximum intensity and the intensity 
on the beam axis do not differ by more than 2%. The efficiency of the calculations per-
formed by the method of splitting and nonlinear difference schemes are compared. It is 
shown that the self-action of powerful beams is best calculated by using nonlinear 
schemes combined with Newton’s method as implemented in the paper. 

 
 

In works concerning the self-action of optical 
radiation the characteristics of the defocusing of 
light beams under conditions of strong nonlinear 
response of the medium have been studied the least, 
in spite of the fact this situation is realized in a 
number of practical problems, such as, for example, 
the transfer of light energy. The case when the char-
acteristic nonlinearity parameter a was of the order 
of 200–1000 has been studied in only several works 
(see Refs. 1–3). This situation is explained by the 
fact that the numerical modeling of the propagation 
of such beams presents significant difficulties, for 
example, large amounts of computer time are re-
quired. In this connection, to calculate the self-
action of optical radiation in strongly nonlinear me-
dia it is necessary to develop efficient numerical 
methods. In particular, it is necessary to compare the 
nonlinear difference schemes4 and the splitting meth-
ods5 currently widely employed in the modeling of 
nonlinear optical problems. 

Such a comparison must be performed, since 
numerical modeling is increasingly used in nonlin-
ear optics, and more and more investigators are 
using this technique for the first time. For some 
problems in nonlinear optics this comparison was 
performed in Ref. 6, where, in particular, the 
method of splitting, which differs from the tradi-
tionally employed method by the fact that it uses 
an iterative process and makes it possible to ex-
pand substantially its range of application, was 
proposed and justified. In Ref. 7 different noncon-
servative schemes for calculating the self-focusing 
of a beam in a curve Kerr medium were compared 
and it was concluded that among the methods 
studied the method of splitting is best. Thus the 
logical continuation of these works, for the pur-
pose of determining the most efficient method of 
numerical modeling, in particular, in problems of  

nonlinear self-action, is to compare the method of 
splitting and nonlinear schemes. We shall do this 
for the example of defocusing of a beam in a curve 
Kerr medium, taking into account the relative sim-
plicity of the organization of the iterative processes 
and the existence of several invariants of the 
propagation of optical radiation in such a medium. 
Therefore the purpose of this work is, first of all, 
to determine the characteristics of defocusing of a 
Gaussian beam in a Kerr medium under conditions 
of strong nonlinear response of the medium. Sec-
ond, to compare the results of calculations per-
formed using different methods of numerical mod-
eling; and, third, to describe the difficulties aris-
ing in the modeling of the propagation of optical 
radiation under such conditions and possible meth-
ods for overcoming them. 

The nonlinear propagation of a light beam in a 
Kerr medium is described by the quasioptic equation 
 

 (1) 
 
with the boundary condition in the case of a colli-
mated Gaussian beam 
 

 (2) 
 
where A is the complex amplitude of the beam nor-
malized to the peak value; z is the coordinate along 
which the optical radiation propagats and which is 
measured in units of the diffraction length ld = 2ka2, 
where k is the wave number and a is the initial ra-
dius of the beam;  is the transverse Laplacian; r is 
the transverse coordinate normalized to a; and,  is 
equal to 50, 500, and 5000 (the first two values were 
employed to compare the different methods of nu-
merical modeling). 
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The methods mentioned above were used in the 
numerical experiments. In addition, for the nonlinear 
schemes both the method of simple iteration and 
Newton’s method, which has not been used previ-
ously for problems in this class, were employed. A 
variable cubic grid with an initial step size 

0r
h (near 

r = 0) and Nr points was introduced for the trans-
verse coordinate. 

Comparison of the computational results for 
moderate values of the nonlinearity (for example, 
 = 50) shows that the method of splitting with the 
same number of points Nr (for example, Nr = 100 
and 

0r
h  = 0.02) requires a smaller (than the nonlin-

ear scheme) step size hz for integration along z al-
ready for paths z > 0.12. Thus hz = 0.01 in the sec-
tion z = 0.2 the intensities on the axis and in the 
aberration ring, determined by both methods, differ 
by 10%, while the position of the maximum intensity 
differs correspondingly by 0.11 a. The discrepancy in 
the values of the beam radii is insignificant. 

The advantage of nonlinear schemes is most 
clearly evident for self-action of optical radiation 
with  = 500. Thus the method of splitting with 

0r
h  = 0.02, Nr = 100, and hz  10

–3 gives qualita-

tively correct results only on the path z  0.05 
(nonlinear schemes give correct results on path 
z  0.1). As the path length is increased the previ-
ously formed aberration ring disappears and the in-
tensity on the axis starts to increase. It is important 
to underscore the fact that the integral characteris-
tics, for example, the beam radius, change insignifi-
cantly as hz is decreased, while the intensity on the 
beam axis depends strongly on hz. Thus, for exam-
ple, in the section z = 2 for hz = 10–3, 10–4, and 10–5 
the beam radius is equal to 2.83, 2.98, and 2.99, 
respectively (the correct value is equal to 4.4), while 
the peak intensity is equal to 2.36, 0.347, and 0.346. 
We note that errors appear in the numerical integra-
tion owing to the pore approximation of the trans-
verse structure of the beam beyond the section 
z = 0.05: the region of the drop in intensity near the 
geometric shadow of the aberration ring contains 
only a few points of the approximation, which re-
sults in an overestimation of the intensity and the 
formation of a tubular beam profile, as well as fur-
ther focusing of the beam. As nr is increased up to 
300, 

0r
h  = 0.0066, the intensity distribution changes 

right up to the section z = 0.25 (calculations were 
not performed beyond this section): the radius of the 
ring increases monotonically as z increases and inten-
sity in it exceeds its value on the axis by approxi-
mately 10% (see Fig. 1). The distribution of |A|2 
within the ring is practically uniform (this effect is 
observed on path z  0.05), and the beam propagates 
as a hyper Gaussian beam. 

Analogous dependence of the solution on the 
integration steps is also obtained in calculations 
using the nonlinear scheme. In contrast to the 
method of splitting, however, the nonlinear scheme 

gives the correct result on the path z  0.12 al-
ready for N1 = 200. 
 

 
 

FIG. 1. The intensity on the axis I(0) (solid 
curves), the peak intensity Ip (dashed curves), 
the beam radius ab (dot-dashed curves), and 
the coordinates of the peak intensity rp (dotted 
curves) versus ã in calculations by the nonlinear 
scheme for a = 500 with hz = 10–3; 

0r
h  = 0.02, 

0.06, and 0.005; Nr = 100, 300, and 400 (curves 
1, 2, and 3, respectively). 

 
We shall study the case of strongly nonlinear 

response of the medium  = 5000. The calculations 
were performed up to the section z = 0.1. We note 
that the main characteristics of the propagation of 
the beam are identical to the preceding case (an ab-
erration ring forms, the radius of the ring increases 
as z increases, and the distribution within the ring is 
close to uniform: the difference in the values of the 
intensity in the section z = 0.1 is equal to 2%). 
However the uniform profile of the beam is formed 
on shorter paths (z < 0.015) and the intensity differ-
ential in the aberration ring is much smaller than for 
 = 500. It is important to note that after the path 
z = 0.015 the profile of the beam remains un-
changed. 

Comparing the calculations by the two methods 
gives the following results. The calculation per-
formed by the nonlinear scheme up on the path 
z = 0.05 are already correct for Nr = 600. The 
method of splitting, however, gives in this case a 
much larger aberration ring (1.7 times larger; the 
correct value is equal to 2.87) and it overestimates 
by a factor of 1.3 the intensity in it. The method of 
splitting gives close results (see Fig. 2) only for 
Nr = 750. As the path length is further increased the 
difference in the ratio of the steps in the transverse 
coordinate, for which correct results are obtained for 
the nonlinear scheme and for the method of split-
ting, increases rapidly. 

From the foregoing comparison of the effective-
ness of the numerical modeling based on the different 
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methods it follows that the calculations performed by 
the nonlinear schemes can be performed with a smaller 
number of points along the transverse coordinate. For 
the nonlinear scheme, however, an iteration process 
must be organized. Therefore there arises the ques-
tion of the relative computer time required (it may 
be more advantageous to perform calculations with a 
larger number of points by method of splitting than 
by the nonlinear scheme). For this reason we com-
pared two iterative methods: simple iteration and 
Newton’s method. As an illustration Fig. 2 (dot-
dashed curves) shows the dependence of the number 
of iterations on z for  = 500, hz = 10–3, 

0r
h  = 10–2, 

N = 200, and  = 5  10–3 (relative accuracy). It 
shows that Newton’s method at the initial stage of 
propagation requires 5 times fewer iterations than 
the simple iteration alone. The number of iterations 
subsequently decreases to  2–3. Thus the computer 
time required in the nonlinear scheme combined with 
Newton’s method remains virtually constant com-
pared with the use of the method of splitting for the 
calculating self-action. 
 

 
 

FIG. 2. The peak intensity Ip versus z in cal-
culations by the nonlinear scheme (solid 
curves), by the method of splitting (dashed 
cures) for  = 5000, hz = 10–3, 

0r
h  = 10–2, 

4  10–3, and 2  10–3; Nr = 200, 500, and 100 
(curves 1, 2, and 3, respectively) and the 
number of iterations S (dot-dashed curves) 
for the method of simple iteration (1) and 
Newton’s method (2) with  = 500. 

 

In conclusion we shall briefly formulate the ba-
sic results of this work. 

1. The self-action of light beams in a medium 
with a cubic nonlinearity for a   200 results in the 
formation of a close to uniform intensity distribution 
in the aberration ring for path z  50/. 

2. The intensity differential in the ring de-
creases rapidly as a increases, and for  > 104 does 
not exceed 1%, i.e., the beam profile become practi-
cally uniform. 

3. The method of splitting requires a larger 
(compared with the nonlinear difference scheme) 
number of points along the transverse coordinate, 
and it increases as z and  increases. To reduce the 
required computer time significantly the calculation 
of self-action of the light beams should be performed 
on grids that can be adapted (restructed) to the so-
lution combined with the nonlinear scheme and 
Newton’s method. 

We also note that this paper is the first paper in 
a series of works devoted to the investigation of the 
self-action of light beams and pulses under condi-
tions of strong nonlinear response (this situation can 
also be encountered for propagation in semiconduc-
tors, since in semiconductors, as is well known the 
non linearity constant are large). In which il was 
possible to test a method of calculation with the 
help of Newton’s method and to determine the exist-
ing difficulty in the numerical modeling. 
 

REFERENCES 
 

1. M.P. Gordin. V.P. Sadovnikov, and 
G.M. Strelkov, Radiotekh. Elektron., No. 6, 1257 
(1985). 
2. Yu.N. Karamzin, A.P. Sukhorukov, and 
V.A. Trofimov, Izv. Vyssh. Ushebn. Zaved. Ser. Ra-
diofiz., No. 10. 1292 (1984). 
3. V.A. Trofimov, ibid 28, No. 5, 1692 (1985). 
4. I.G. Zakharova, Yu.N. Karamzin, and 
V.A. Trofimov, Modern Problems in Mathematical 
Physics and Computational Mathematics [in Rus-
sian], Nauka, Moscow (1988). 
5. G.I. Martchuk, Methods of Splitting [in Russian], 
Nauka, Moscow (1988). 
6. I.G. Zakharova, Yu.N. Karamzin, and 
V.A. Trofimov, On a Splitting Method for Solving 
Problems in Nonlinear Optics, Preprint No. 13. Insti-
tute of Applied Mathematics of the Academy of Sci-
ences of the USSR, Moscow (1989). 
7. Taha et al., J. of Comput. Phys. 55, No. 1, 203 
(1984). 


