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To calculate scintillation spectra one assumes that in the atmosphere the field of the
fluctuations of the relative refractive index is locally isotropic on the sphere and ho-
mogeneous in height. In the phase-screen approximation scintillation spectra are ex-
pressed in terms of spectra of the refractive index fluctuations. The sphericity of the
atmosphere is shown to affect the anisotropic fluctuations of the refractive index with an
anisotropy coefficient of more than (a./Hy)"?. Gaussian and power spectra with an
arbitrary coefficient of anisotropy are also considered.

Observations of star obscurations by planets'? and of
an interplanetary station radiosetting behind planets®*
definitely indicate that there exist inhomogeneities in
the refractive index due to turbulence in Planetary

atmospheres. Observations made from satellites™®

provide a possibility of investigating the atmosphere
by means of obscuration data. The use of such methods
from an extraterrestrial source during obscurations by
the Earth’s atmosphere are technically the simplest
measurements that are possible when observing from
onboard space platforms.

Relations connecting the fluctuation spectrum
of the measured energy characteristics of a received
signal with the spectrum of the refractive index have
been described in a number of papers”®, in which
statistical homogeneity of the refractive index
fluctuations was assumed.

However, observations®? definitely indicate that
inhomogeneities of the refractive index are greatly
extended over the Earth’s surface, and in this case the
assumption of their statistical homogeneity in carte-
sian coordinates is not sufficiently justified because of
atmospheric sphericity. A more natural model be
constructed based on the assumption that the relative
refractive index fluctuations constitute a random field
with properties close to those of fields which are
statistically homogeneous on the sphere. Their prop-
erties were studied in Ref. 10. Using this model, the
spectra of the phase fluctuations on an equivalent screen
are calculated for the case of a plane wave from an
extraterrestrial source and the observer located outside
the atmosphere in the phase-screen approximation''.

In this paper the fluctuation spectrum of the light
flux from a star observed through the atmosphere from
space platform is calculated for a preassigned refractive
index spectrum, taking into account atmospheric re-
fraction and sphericity. The values of the parameters
which characterize the anisotropy are found on the basis
of concrete spectra of the refractive index, the effect of
the atmospheric sphericity on which is substantial.

The index of refraction of atmospheric air n differs
only slightly from unity: N = n — 1 <« 1. The mar-
ginal refractive index N can be represented as a random
field, and we assume its statistical mean (N) to depend
only on altitude h above the spherical (with radius a.)
Earth’s surface in the region important for the solution
of the scintillation problem. Without loss of generality,
one can assume that in some height interval in the
neighborhood of the fixed altitude 7, we have

<N> = N(h) = N(h -(h-
( DJ exp (-(h hp) / Ho{hp”' (1)

where H) is the altitude of the homogeneous atmosphere.

Relative fluctuations of the marginal refractive
index v=(N — N )/ N are small compared to
unity, and, from the definition it follows from that
(v)=0. Suppose that in the region important for
scintillation calculations the structure function
D, = <(v(R1—R2))2> depends on the difference of

altitudes AL = Iy — hy and on the angular distance 0
between vectors Ry and R, (see Fig. 1). In other words,
the random field o is assumed to be locally homogeneous
at any altitude and locally isotropic on the sphere!®. The
structure function D,(0, ¢.0) can be estimated from
measurements of the refractive index taken by an aircraft
flying at a constant altitude, and D, (Ah, 0) may be
estimated by means of freely ascending and descending
sondes. Later it will be more convenient to use spectra
®,(xy, ¥) in terms of which D, is given as follows:

Dv= 411'—[:: dk dxl ‘bv[ncl,nc]{l-io(xale) cos(xiﬁh)]‘

. (2)

where «* = x5 + x5 and Jo(&) is the Bessel function of
the first kind. Equation (2) is valid under the as-
sumption that the correlation in the random field on
the sphere rapidly approaches zero for a0 > 1.
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Fig. 1. Schematic representation of observation.
1 — the plane of the equivalent phase screen;
2 — the selected plane of observation.

We shall solve the problem of the flicker spectra
when observing an extraterrestrial source from space
platforms through the Earth’s atmosphere by modeling
the effect of the atmosphere by an equivalent screen.
Such a possibility is based on the fact that fluctuations
of the refractive index significantly affect light waves
only in a limited layer of the atmosphere within the
beam perigee due to the exponentially decreasing
density. The thickness of this layer is Hy and, con-
sequently, the influence of atmospheric turbulence is
concentrated in a segment of the beam with length of
the order of 2(2a.H)" 2. If at the exit of this layer the
intensity fluctuations are not strong, and the distance
L from an observer on board the space platform to the
beam perigee is long enough, (L > 1/2(2a.Hy)"?),
then it is the case that the observed scintillations result
from the phase modulation of that light waves by the
atmospheric turbulence. We shall assume the
equivalent phase screen to be in a plane perpendicular
to the light rays incident upon the atmosphere which
cuts through the Earth’s center (see Fig. 1). After
passing through the screen, a plane wave changes its
phase to k@ where k is the wave number and

¥ =IN dl -

is the perturbation of the eikonal due to the atmos-
phere. The integral in Eq. (3) is to be calculated over
an interval along the beam. The radius of curvature of
the beam in the atmosphere is quite large compared
with the Earth’s radius. Thus, within the beam
perigee, where the curvature is at its maximum, the
radius of curvature, which is the same order of mag-

nitude as Hy/ N , exceeds a, at altitudes greater than
20 km (these altitudes will be of interest to us later)
and tens to hundreds of times greater than a..
Therefore, when calculating Eq. (3) in the framework
of our star scintillation problem, one can perform the
integration over the straight line which is the con-
tinuation of the incident beam. This beam is deter-
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mined by the sighting parameter R, and by an angle ¢
whose vertex is at the center of the Earth and which
lies in the phase screen plane.

The difference between %, = R, — a. and the

altitude of the actual beam perigee is . N and is not
large compared with h since N < 3x107° at altitudes
above 20 km. In what follows we will assume that
¥ = ¥(R,, a.01). In the model used for the refractive
index distribution the mean value (¥) depends only
on R, and is equal (with the accuracy up to Hy/a.) to
< = WR) = (2na #)'? N(h ).
P e 0 P

(4)

For this model of turbulence the structure function

D, = <(UR .ag) - W(R;‘E,ae¢2))2) )
of the eikonal fluctuations y =¥ —¥ in the plane
behind the phase screen may be approximately rep-
resented by a spectral expansion with spectrum F,,.
Using the results of Ref. 11 and assuming that N (/)
is a smoothly varying function as described in Ref. 12,
one can represent the spectrum F,(x;, ) as follows:

o 2
(N((h1+h2]/2)]]

(1+x2H%)17?
10

Fw(icl,le = 2n a Ho

[N

1 0

W

[aHK.
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x l@(xi, K) exp

2 ]dna.
1+ H o

[

(6)

The regular dependence of (W) on the sighting
parameter causes beams passing through the phase
screen to deflect from their initial path by a refraction
angle ¢ =d¥ / dR, in the plane containing the in-

cident beam and the Earth’s center. Since ¢ in turn
depends on R, the average intensity of light (I)
reaching the observer (the observer being located in a
plane parallel to the phase screen at a distance L where
L < a,/ le|differs from the intensity of light incident
upon the screen I3 = 1, by a factor of g, where
= 2= 2 -1
q=(1+Ld¥/adR)", o)
The value R, and the distance between the ob-

servation point and the origin of coordinates in the
observation plane p are related as follows

= R+ gL, £<0.
'op p

Neither the field of eikonal fluctuations nor the
field of intensity fluctuations in the observation plane
is statistically homogeneous. However, suppose on the
basis of the above-mentioned turbulence model that
the correlation of the intensity to be vanishes. Then if
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the observation points are spaced at a distance greater
than H, or if the angular distance between them is

large |, — @,| > 1, then the correlation of the relative
fluctuations of the intensity

-1 -1
B = < - -
159, 9, (I(pl,_aewl} ql) (I[pa,ac(oa) q2)>

(8)
can be approximately written in terms of the spectrum
FI(K1K2)

BI = _[dicl exp (i'c1(p1_p2) + inzae(wi—goal)rl[gl,ga},
€))

The spectrum Fy is associated with the spectrum
of the eikonal by the relation”®

2
_m2-1 .. 2(L 1 2
FI(Kl'sz = 4k"q “sin [ﬁ r—q + K.z] ] F‘p(xl/q,an,

2 _
7799 (10)

Equations (6) and (10) give us a general solution of
the problem of the scintillation spectrum when a star is
observed through the Earth’s atmosphere in the case of

weak scintillations when the variance o7 is small

¢2=IF(xxldx de << 1.
I I 12 1 2

1)
For the anisotropic spectrum
o =_‘i_ exp [-ﬁ-ﬁi* K:]
e, U e ),

2

v

where o? is the variance, and 2mx, and 2nk;' are

the characteristic scales for the field of the refractive
index fluctuations, it is not difficult to calculate F;
and in this instance to elucidate the conditions under
which the sphericity of the atmosphere must be taken
into account. Substituting Eq. (12) into Eq. (6), after
some simple calculations we obtain

Ke K2

2 2 =2 1 1 2

2 - =
kavTexp[2L22+2]]

q K

.| m

x
2 2.2, 2,1/2
mgq Kuicm(l + 2a130.cm + KlHD/q )

2
% sinz[ g—k [i—} + Kz] ] (13)

To simplify further analysis we assume that the ver-
tical scale always satisfies the conditions

FI(KiKel =

2 -1 -1
>>
KHHO 1, KH L k q << 1 (14)

The meaning of the first inequality (14) is clear,
while the second one enables us to deal with the spatial
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frequency range which is of particular interest, and at
the same time to neglect the diffraction, thus, sim-
plifying further analysis. In addition, we shall con-
sider inhomogeneities which are isotropic or extend
over the Earth’s surface

Ky 2 K, (15)

We will characterize the anisotropy of inho-
mogeneities by a parameter n which for spectrum (12)
is equal to kn/%, = 1. On the basis of assumption (14)
one can easily calculate the one-dimensional spectrum

Vl(tcl) = _rFI(Ksz) dk, (16)
which can be found from measurements I made by an
observer onboard a space platform if the star is in the
plane of its orbit. For frequencies where the diffraction
is not significant simple calculations give:

2

vKl
VI{K1] =

g
E

x

3

2=2, 2~4 -2~ -
L™V (q K+ 2qn 2x?+ Enq] exp (—xf/z}
X

2,172
)
m

(1+2a H « 12102
e O

2 2 2. -
{1+HOKH“+2aeHoKm) < (17)

where &, =k, / ky,q. Besides the parameters g, n, xu,

and H, considered above, another parameter 2a.H ok,
is also introduced in Eq. (17). The meaning of this
parameter is clear: it characterizes the relation be-
tween the length of the effective path of the interac-
tion of the beam and the atmosphere 2(2Ha.)'"? and
the characteristic size of the refractive index inho-

mogeneities over the Earth’s surface 2nx, .

For 2a,H, > <1 variability of the refractive in-

dex along a horizontal is insignificant when scintil-
lations are being observed, which formally corresponds
to the model of a spherically layered atmosphere when
n — oo. For this model Eq. (17) yields a simple ex-
pression for Vi(i;) when xHy > 1:

o':Lzﬁz;c:: K>
Vi) s ———  exp [— .
1/2 2 22
(2m) Horcuq 2k q (18)

It is obvious that such extensive variations of v
which extend for hundreds of kilometers over the

Earth’s surface, provided that their vertical scale 27,

is less than the height of the homogeneous atmosphere,
cannot be described at all in the approximation of a
model of a random field which is statistically homo-
geneous in a cartesian coordinate system.

It is also interesting to investigate scintillations
when extension of the refractive index inhomogenei-
ties in the atmosphere over the Earth’s surface is not so

vast, i.e. «%a H,>1. Generally speaking, the de-

m~e
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scription of such refractive index variations in a local
volume with dimensions over the Earth’s surface much

less than (2a.H()'"? but much greater than 2mx,! in

the approximation of statistical homogeneity in a
cartesian coordinate system does not give rise to any

significant objections. Nevertheless, when «?a H,>1,

the effect of atmospheric sphericity can also appear
because in this case the spectrum'’ strongly depends on
the ratio between the two large parameters

2 2 _ 2
lcnﬂi/EaeHDxm =7 HO/Zae. 19)

For the Earth’s atmosphere Hy ~ 6+8 km while
a. = 6.4x10% km, therefore H,/2a. < 1, but, pa-
rameter (19) depending on the degree of anisotropy
can be both small and large compared with unity.

Taking spectrum (17) as an example, let us in-
vestigate the manifestation of atmospheric sphericity
in the spectra of star scintillations observed from space
through the Earth’s atmosphere in the case when the
refractive index inhomogeneities are not so greatly

extended over the Earth’s surface x%a H,>1. It is

quite evident that for statistically isotropic fluctua-
tions n = 1 the sphericity of the atmosphere is mani-
fested only through variations of the average pa-
rameters, wherefore the cases in which n > 1 should
be interesting. For spectrum (12) under the conditions
expressed by Eq. (14) the frequencies &, which do

not differ significantly from unity are of great interest
because for high frequencies the spectral density
Vi(ky), decreases exponentially in all the cases. In this
frequency range spectrum (17) coincides with that of
Eq. (18) for &7>»2a, / Hym?* if ratio (19) is large, i.e.

n? > 2a./H,. If the opposite situation obtains i. e.,
1 < n? < 2a./H,, one can easily show that spectrum
(17) for xj<2a, / Hm> does not differ from the

scintillation spectrum computed on the assumption of
statistical homogeneity of the field v in the cartesian
coordinate system. Thus, the assumption that the
refractive index fluctuations are a statistically ho-
mogeneous field on the sphere is essential for the case
of great anisotropic inhomogeneities with anisotropy
parameter n? > a./H,.

This conclusion can be given a descriptive
physical interpretation. Anisotropic inhomogeneities
are extended along the beam within its perigee when
n > 1. However, due to the sphericity of the at-
mosphere the farther inhomogeneities (along the
beam) are from the beam perigee, the larger is their
slope angle towards the beam. The influence of in-
homogeneities on-, a light wave due to their bending
with respect to the beam become markedly weaker
when the slope angle exceeds the ratio between the
vertical and horizontal dimensions, i.e.. it exceeds the

value n~'. Since the slope angle is J2(h-h) / a,

where /7 is the height of the point on the beam at which
this inhomogeneity occurs the region of effective
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interactions of the light wave with the refractive index
inhomogeneities is limited by fall off of the air density
with altitude when 1 < n? < a. H;' and by the
bending of the greatly extended inhomogeneities
relative to the beam in the opposite case when
" > a./H,.

Along with spectrum (12) we will consider an
anisotropic power spectrum

_ 2 2 2 2, 2 2, . -2
® = A
v pcvn[K1+n{K2+K3}} , 3<puc<s,

n=1, (20)

where C? is the structure characteristic, and

A, = (47®) 7'M (p-1) sin(n(p-3)/2).

For expression (20) the structure function D, is given by

. = ®|h -n |F3
D,(h,~h,0) = Cj|h-h [M72,

-] u-3
Dv(O,aee} - Cv(aee/n}

(21)

The calculation of Fi(ixj, x,) for power spectrum (20)
gives the following expression

an' 24 122 i 2

Filk,k)=——MK Y oin% 2 | L+ 3] [x

17172 1/2 2 q 2
q(aHD)

2
-ps2
,E% + 1,2,3] z"zu[wz,—(g-s)/z;z].
(22)

where

_ -2 2 -2 22 2, -2,-1
Z = al (k +
n 0[ 9 ] xz) (1 + K Ha ),

and U(1/2, —(u — 3)/2; Z) is a degenerate hyper-
geometric function in the notation of Ref. 13. For the

spectrum Vi(x;) and sufficiently high frequencies
kiHy > 1 we obtain

V (k) =
11 y 172

=]
ant’?4 T i _u-z
S S LA
o ¥y

L

21 y 2
x sin kg [1+ o ]] U{1/2,—(p-3]/2;{1+y]ae/n HO}.
(23)

The parameter a./Hn?, used in this expression as well
asin Eq. (22), explicitly characterizes the influence of
atmospheric sphericity.

For inhomogeneity spectrum (19) the peculiari-
ties associated with atmospheric sphericity are mani-
fested in the variance of the fluctuations o’. Inte-
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grating Eq. (22) by parts we obtain for large values of
n? > a./H, an approximate expression
2n”4 K2eCcPH ! Ly pr2-1
2 _ u v'o
%1 T tp2)sin(n(p-2)/0)T(p/2) Fiﬁ . (24)

In the opposite case when 1 < n? < a./H, we obtain
an approximate expression which is the same both for
fluctuations statistically homogeneous on the sphere
and for statistically homogeneous fluctuations.

5/2 2=2 2 -1/2
2. n A“k 7 Cvn(HOac) _L -1
1 sin(n(p-2)/4)T(p/2) K (25)

Comparing Egs. (24) and (25), one can easily show
that the variances of the intensity fluctuations for
values of m which are not too large grow with in-
creasing degree of anisotropy, all other conditions
being equal. However, the sphericity of the atmos-
phere limits the increase of the variance o} when the

anisotropy becomes sufficiently strong n? > a./H,.

The preceding investigation of scintillation
spectra shows that in the case of anisotropic fluctua-
tions of the refractive index in the atmosphere data
analysis of extraterrestrial sources from space plat-
forms through the Earth’s atmosphere requires use of
the model in which the fluctuations are statistically
locally-homogeneous on the sphere.

For such a model general expressions have been
derived in this paper to calculate the spectra of weak
scintillations for prescribed spatial spectra of the
inhomogeneities. For the concrete examples the cal-
culations lead to simple formulas which enable us to
elucidate the role of anisotropy and to show that the
parameter n?Hy/a. is the criterion for deciding when it
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is necessary to take into account the sphericity of the
atmosphere in the analysis of the data of scintillation
observations.
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