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We analyze how the inhomogeneities along signal and reference atmospheric paths affect the
efficiency of correction for phase distortions. Adaptive-optics systems operating with signals reflected
from an object or scattered by atmospheric inhomogeneities as with reference ones are considered. The
levels of residual distortions at various time lags in an adaptive system are studied. Calculations are
performed for different scenarios of an optical experiment: ground paths and high-altitude (aircraft)
horizontal paths. To describe altitude variations of the wind speed, the Bufton’s model is used.

Introduction

Laser beams formed in the atmosphere are subject
to the effect of turbulent fluctuations causing beam
distortions.1.2 To correct for turbulent distortions of
optical beams, adaptive optical systems are used.
Turbulent distortions themselves are independent of the
object speed or the laser beam scanning speed, but
requirements to an adaptive optical system (first of all,
the frequency pass band3) in the case of a moving
object are higher than those in the case of a stationary
object. Adaptive optical systems usually use reference
sources, whose radiation passes through the atmosphere
in the direction opposite to the sounding radiation.

Since adaptive optical systems critically depend on
the quality of the supplementary information used, the
possibility of forming a reference source in the optical
channel, in which the optical system itself operates, is
very important. However, most often the optical scenario
allows the reference source to be formed for a somewhat
different optical channel or direction. This gives rise to
manifestation of the so-called anisoplanatism of
fluctuations.

Basic equations

Anisoplanatism in adaptive systems operating
using a reference source is caused by different
aberrations of the wave front along atmospheric paths
for the corrected and reference beams. This difference is
caused either by the difference in the path lengths of
the optical wave because of purely geometric factors
(different paths or different radiation divergence of the
corrected and reference beams) or by the time lag.4$8
In many cases, the causes giving rise to these factors are
similar and, what’s more, the methods of their
mathematical representation are similar as well.

Let us consider the problem of compensation for
turbulent aberrations in the approximation of a phase
screen generated on the path at the distance x. It is
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assumed that turbulent fluctuations are delta-correlated
along the direction of propagation. It follows from here
that to calculate fluctuations, one should perform
integration along the variable x. Assume that a random
screen is generated in the plane x; ¢(p, X, t) are phase
fluctuations at a time t and a point p, where p is the
cross coordinate. Using the Taylor’'s frozen
turbulenceB hypothesis, we can relate the parameters of
the phase screen at the time t and t + 1 as follows:

(P, X, t+T)=0(PI VL X, ) =¢(pI VLS VT1,%,0), (1)

where T is the time lag; V is the wind velocity vector.
The similarity of the mathematical description of the
angular anisoplanatism and the anisoplanatism caused
by the time lag follows from Eq. (1).

The optical scenario of the experiment is
characterized by the coordinates of the target and the
reference source $ beacon. We use here the angular
coordinates of the target 61 and beacon 6, which are the
ratio of the linear coordinates and the distance between
the observation plane and the plane of the target (or
beacon). The angular coordinates of the beacon and the
direction of the system’s optical axis are described by the
variables 6, (t) and 65(t). The angular coordinate 6+(t)
for an actual object (target) being at the distance L
and moving at a speed v = M B30 m/s in the cross
direction varies as

Br(t) = vt/L = o, )

where w is the angular frequency of the object motion;
B is the Mach number. If the beacon is formed direct ¥
by ref Bction from the object itse B, then the angu kr
variab B 6,(t) = 61(t). If some arbitrary disp Rcement
of the object takes p Rce, then, because of the finite
speed of Eght “ and the presence of some Rg in the
adaptive system 14, to provide correcting for
f Bictuations, the Ray Bigh beacon shou B be formed in
advance, that is, it shoul be formed at that point,
where the object wi Bbe at the time t + 14. Then

Bp(t) = 61 (t) + 2vi /L + vig/ZL =
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= 01(t) + 2v/c + vig/L, 1. = L/cC. 3)
In the genera Bcase
Bp(t) = 61(t) + n (2v/c + vig/L), %)

where n is the advance parameter of the beacon; n > 0,
when the beacon advances the object, or n = 0, if the
beacon does not advance the object.

When choosing the direction of the axis of the
adaptive optica B system, the BRg associated with the
finite speed of Eght shou M allo be taken into account.
Thus,

BA(t) = B7(t) + VIZL = B1(t) + v/C. )

As a resu l, the reference wave emitted at the time t
acquires, when crossing the phase screen, aberrations
described by the function

Pr(P) = OLp + Bp(Dx, t+ (L $x)/¢] =
= ¢[p + Bp(Dx $ (L $X)V/c, t]. (6)

Here we assume that the time of propagation of the
reference wave to the phase screen is (L $ x)/c.

Rayleigh beacon

At the time t + L/c the reference wave achieves
the aperture of the adaptive optica Bsystem, and at the
time t + L/c + 14 the correcting surface is formed with
the use of the information carried by this reference
wave.

The controld Rser beam comes to the phase
screen at the time t + L/c + 14 + X/¢ and acquires the
fo Bwing aberrations:

dA(p) =0[p+Ba(t+LAC+Tg)X, t+LAC+Ty+X/C] =
=¢[p+Oa(t+LAZCc+T)Xx$V (LAC+T14+x/C), t]. (7)

Comparing Eqgs. (6) and (7) one can see that the
residua Berror of correction is caused by the re Rtive
disp Rcement of the phase screen. This disp kcement is
equa lto

A=[6p(t+L/C+1g) $0,(1)] XxBV (14 + 2x7¢C). (8)

Substituting it into Eq. (5), we obtain

A=[v/L(t+1q) +2v/Cc S0, ()] xSV (14 +2x7¢c) (9)

and, using Eq. (4), we find

A=v(Igx/ZL+2x/¢c) (1$n) $V (1q + 2x/c). (10)

When 14 = 0, Eq. (10) becomes simp Br, name ¥
A=2x/c (v(1$n) V). (11

It shou B be noted that this re ktive disp Bcement
A can be reduced to zero through the proper choice of
the parameter n:

A=0forn=ny=1%$VAVv. 12
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If the wind speed is equa Bto the object speed, i.e.,
V =v, then the optimall valle of the parameter n
equall zero, i.e., the beacon formed by the signal
ref Bcted from the object is optimall

If v >V, then the optima lva bie of n approaches
unity, i.e., just the anticipatory Ray Righ beacon is
optimall In the case that the object moves in the
direction opposite to the wind, the optima Bva lie of ng
is Rrger than unity.

At a considerab B time Bg T4, the disp hcement A
can be reduced to zero, if we take

(13)

Tq +2x/¢C
ﬂozl‘% d

Tgx/ZL+2x/¢

In the case that the turbu Ence is concentrated near the
object, that is, x = L, we have

N=1%V/v. (14)

In this situation, the optima Bva le of the parameter n
is independent of the time Rg. In the opposite
situation, when the valle of the coordinate X
approaches zero, we have

Vi Td TqC
=l-f=—— X<<—, 15
Mo Vv X1g/L+2/¢ 2 15
or
L/v
=1- , Tg>>2L/c=21.. 16
M=t v 1 ¢ 19

In the area adjacent to the aperture (coordinate x
is sma l§, we can omit unity in the Rtter equation, thus
obtaining that

L/v
A

No=- an
that is, if the wind and the object have the same
direction, then the advance parameter tends to negative
infinity, and if the object moves in the direction
opposite to the wind, then it tends to the positive
infinity.

In the generalcase, turbu Bnce is distributed a l
over the path, and we have to consider a set of phase
screens. Moreover, the wind speed may depend on the
coordinate x, and this means that phase screens shou M
move with different speed.®

Spatial filtering function

In the generaBcase, optimization by anticipatory
re-aiming of the beacon is rather difficu k. Moreover, in
the majority of reaktic situations, the intensity of the
Ray Bigh beacon is too Bw to provide for the phase
correction. However, in some cases the anticipatory re-
aiming of the beacon gives some advantages.

To estimate the correction efficiency, we shou M
ca Bu kte the variance of residuall f Bictuations. This
variance is the path integrall of some function
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depending on the intensity of turbu EBnce Cﬁ(x) and on
the disp kcement A(X).

The needed equation can be derived from the we
known equation describing the angu Rr anisop Rnatism,
since in both cases the source of residua Berrors is the
same. For the angu Br anisop Rnatism, the variance of
residua Ephase errors was presented in Ref. 8 as

L
0} =(8/6,)5/3 =95/3 2.91k2jc§(x)x5/3dx . (18)
0

Since the product of 6 by x is the reRtive
disp hcement of the trajectories of the reference and
basic beams, we can obtain the fo Bwing equations:

L
0%y =2.91k j C2(x)(0x)5/3dx =
0

L
= 2.91kZIC§ (X)8573 (x)dx. (19
0

Note that for the phase screen, i.e., a thin turbu Ent
Ryer characterized by the coherence Ength

ry>/3 =0.423k2C2 (x)3x , (20)
the equation for the variance has the fo Bwing form:
04 = 6.88(A/1)%/3. 1)

This equation coincides with the phase structure
function written for the difference coordinate A. The
variance of the residuall error caBulited by this
equation accounts for the phase fMictuation component
determined as a constant Bg (piston). Since this
component does not affect the correction efficiency, the
efficiency is overestimated.

Equation (19) becomes more accurate, when the
ratio A/D (here D is the aperture diameter) decreases.
The equation for the variance of phase fHlictuations
without the constant component of fie B f Bictuations is
given in Refs. 4, 10, and 11. With the designations
used in this paper, this equation can be written as

L
035 =2.91K2 [ CZ (DY FIAK) 7 DOOJdX , (22)
0

where

32 (u)
u2

f(0) =0.896 ju—8/3du [1- Jo(2au)] {1— 4 J (23)
0

is the spatia Bfi Bering function,® and the function D(x)
is a projection of the aperture diameter onto the p kne x.
It shou B be taken into account that the reference
beam diverges, whi B the direct (basic) beam is focused.
For beams with Rrge diameters and sma Mbeacons, the
equation for a spherica Bwave can be used, name ¥,

D(x) = D (1 $ x/L). (24)
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At sma M valles of the argument, the filering
function

f(o) = a®/3 (25)

and Eq. (22) transforms into Eq. (19). At Rrge va les
of the argument, the fi Bering function saturates and the
resu ling variance of the error of phase correction
achieves the Bve Btwice as high as the Bve Bachieved by
the system without a correction, that is,

og¢ (A/D - ©)=201.03(D/ry)5/3. (26)

The function f(a) is shown in Fig. 1. Dots correspond
to the vallies obtained from numerica Bintegration. The
sold curve is the resull of approximation of the
caBullited resulls by a nine-order po¥nomiall The

approximation was performed in the Bgarithmic
coordinates, that is,
9
Bogi(a)= > a,(Nog)" . @7
n=0

Using the approximation (27), we caBulited the
variance of the correction error for different paths. The
coefficients of the approximation are given be Bbw in the
Tab B

$1; By f(0)
$2—
$3
$41

$5—

$6 —

.4 T T Y T T [ I T O Y T
$4 $3 $ $1 0 1 2 3  Bga

Fig. 1. Spatia Kfi Bering function f(a).

For the case of correction with the use of the
ref Bcted signall Bt us consider the effect of a time
BRgl0 caused by the finite speed of Nght, i.e., when
n=0 and 1y =0. As the object speed increases, the
residua B error of correction increases too. Therefore,
there exists a Emiting object speed corresponding to a
given Bvell of the residuall error. Assume that the
residua Berror equa l 10% of its Bve Bin the absence of
correction, that is,

1

5% =0.10.03(D/ry)573. (28)

2
GA¢<
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Table
a) if $4 < Bbg a < 0, then
n=0 n=1 n=2 n=3 n=4
$ 0.90300263 + 0.54630991 $ 0.0075005029 + 1.9852349 + 3.0232371
n=>5 n==6 n=7 n=28 n=29
+ 2.2959981 + 1.0072076 + 0.25730477 +0.035491319  + 0.0020411442
b) if 0 < Bbg a < 4, then
n=0 n=1 n=2 n=3 n=4
$ 0.90300481 + 0.46973638 0.41229668 + 0.29897322 $ 0.15200895
n=5 n==56 n=7 n=8 n=9

+ 0.042862686

0.0024713447

$0.0020118738

+5.33356E$4 $4.1574399E$5

15 M Hs = 10 km M
5 _ 15
D=1m H, = 20 km
L | D=1m
30
1+ 1+ o
20
1° I z
10
0.5 - 0.5+
0 0
$1° $1°
L $2° r $2°
$3° $30
0 \ \ \ \ L \ \ \ \ L
100 200 300 400 L, km 100 200 300 400 L, km

Fig. 2. Maximum object speed (measured in Mach numbers) at high-a Bitude atmospheric paths under conditions of adaptive
correction using ref Bcted signa Bas a reference one. The wind speed is 10 m/s, and the residua Berror is 10%. Time Rg is absent in
the system. Horizonta Bpropagation of radiation (0), paths directed to the Bwer hemisphere ($1°, $2°, $3°), and paths directed to

the upper hemisphere (1°, 2°, 3°).

100 200 300 400

L, km

0.

w
I

- -
100 200 300 400

L, km

Fig. 3. Maximum object speed at high-a Bitude atmospheric paths under the conditions of adaptive correction using ref Bcted signa il
CaBu Btion was made with the use of the Bufton’s mode Bfor the wind veBcity Vy =5 m/s, residuaBerror is 1%. Horizontall
propagation of radiation (0), paths directed to the Bwer hemisphere ($1°, $2°, $3°), and paths directed to the upper hemisphere

@, 20, 3°.

The maximum object speed ca Bu lted for this Bvell
of the residualerror is depicted in Figs. 2 and 3. The
ca Bu Rtions were performed assuming constant wind
speed of 10 m/s. The direction of the object motion
coincided with the direction of the wind. Consequent ¥,
the maximum object speed usua ¥ does not exceed the
speed of sound. For the paths with the negative till

ang B as measured from the horizon (this can take p kce
on ¥ at e Bvated paths), this va Be is no Rrger than the
ha I speed of sound. It shou B be noted that, according
to the condition (28), high efficiency of correction can be
achieved on¥ at smaMratio D/ry. For examp B, for
0.103(D/r0)5/3 <1 we obtain the condition
(D/ro) < 3.9.
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Application of the Bufton’s model

Simi Br resu s were obtained with the use of the
B ufton’s mode K of the vertica Bdistribution of the wind
speed; the resulls are depicted in Figs. 4 and 5. The
B ufton’s wind mode B as known, is described by the
fo Bwing equation:
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2
h - 9400

V() =V, +30exp| - | ——— s 29

M=Vy p{(%oo” 29)

where Vg is the mode Bparameter corresponding to the

wind speed at the ground Bve I h is the current height

above the ground, in m. In ca Bu Rtions it was assumed
that Vg4 = 5 m/s.

Opps % Opg» % o
8 |- $2° g0l %
Hs = 10 km . E
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Fig. 4. Norma kzed residua Berror of phase correction with the use of Ray Bigh beacon. The time Bg in the system was 1 ms (upper
row) and 10 ms ( Bwer row). The B ufton’s wind V, = 5 m/s; D = 1 m. Horizonta Bpropagation of radiation (0), paths directed to
the Bwer hemisphere ($1°, $2°, $3°), and paths directed to the upper hemisphere (1°, 2°, 3°).
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Fig. 5. Maximum a Bbwab B object speed (in Mach numbers) at short atmospheric paths for the adaptive system operating against
the ref Bcted signa B Residua Berror is 1%. The time Rg in the system is 14 =0 (a) and 1g = 1 ms (b); H¢ is the target height;

Hs = 5 m; the Bufton’s wind Vg =5 m/s; D = 0.5 m.
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In this case, the stricter condition

3, <ﬁ0% =0.0103(D/1y)%/3 (30)

is super-overestimating for the residua Bphase error. As
can be seen, for some paths the correction error exceeds
this Emit even at the zero object speed. Under the most
favorab B conditions, the maximum object speed shou M
be be Bw 50$100 m/s. When the object moves in the
direction opposite to the wind, this restriction becomes
even stricter.

It fo Bws from the above data that the correction
with the use of the signallref Bcted from the object
itse K has Emited capabi Bties.

Let us consider the correction with the use of the
Ray Bigh beacon. In this case, the correction error can
be minimized by se Bcting a proper valle of the re-
aiming parameter n. Since the case that the object speed
is much higher than the wind speed is more important for
us, the optimalvalie of the re-aiming parameter n is
chbse to unity. It folbws from Eq. (10) that the
correction error is fu l§¥ determined by the wind speed
profi B and the time Bg 14 and independent of the
object speed.

As an examp B, Bt us consider the resull obtained
with the use of the Ray Bigh beacon (see Fig. 4). The
p bts show the wvariances of the residuall phase
aberrations normalkzed to the variance of the same
f Bictuations in the absence of correction. The time Rg
of the adaptive system is equa lto 1 and 10 ms.

The caBulktions show?® that the zero time Rg
corresponds to the maximum efficiency of the adaptive
system operating with app kation of the Ray Righ
beacon, as we Bas for the system using the ref Bcted
signa | when the object speed equall zero. It can be
seen that even for the Bbngest paths the re ktive error
of the phase correction is no Rrger than 1%. Thus, for
the Bufton’s wind mode B the residua Berror proves to
be abhost an order of magnitude sma lr, if the opticall
system is pBced at the allitude of 20 km. In the
Bufton’s mode B as known, the maximum wind speed
(35 m/s) takes p Bece at the a Ritude of 10 km.

As the time HBg increases up to 1 ms, the residuall
phase error becomes equa lto severa Bpercent. For the time
Bg of 10 ms, the error increases up to 30$60% for the
system allitude Hg = 10 km and up to 5%$10% for the
allitude Hg =20 km. Thus, we have that for rather
high correction the time Rg shou M be decreased down
to 1 ms and for the efficient operation in the who
range of the considered paths the Rg shou B be within
0.1 ms.

Simi kr ca Bu ktions were made for the ground
atmospheric paths as we B The resu s corresponding to
correction with the error sma lr than 1% are shown in
Fig. 5, wherefrom we obtain the maximum alwab &
object speed at the zero time HBg of the adaptive
system. The maximum object speed is Bss than 2$3 M
rough ¥ in every second case. When the time Hg is
about 0.1 ms, the maximum object speed varies from
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0.5 to 1.5 M. Thus, at these paths the use of a beacon
based on ref Bction again Bads to the strict conditions on
the object speed and the speed of adaptive contro ll

Taking the advance parameter equa lto unity, Bt
us consider the contro Bbased on the Ray Righ beacon.
For this beacon, residua Bdistortions are independent of
the object speed and ful¥ determined by the wind
speed profi B and the time Rg of the adaptive system.
The ca Bu kted resu s normalzed to the residua Berror
at the time Bg of 1 ms are shown in Fig. 6. In the
who B interval we obtain the residua Berror Bss than
1%, and this error is alnhost independent of the path
Ength.

’0§¢,% Hy: —®— 100 m
0.8 —— 500 m—4— 1.5 km
B —¥—5km —e— 10 km

W

ST scsssseces

Fig. 6. Residua Bdistortions as a function of the path Ength
for the time Bg of 1 ms (a) and as a function of the time Bg
in the feedback circuit (b) of the adaptive system for different
initia B a Bitudes of the source. In both cases the Ray Bigh
beacon was used as a references source. Hg = 5 m; the B ufton’s
wind Vy =5 m/s; D = 0.5 m.

To study the dependence of the residua Berror on the
time Bg, Bt us consider a 10-km Bng path (Fig. 6b). It
can be seen from Fig. 6b that the increase of the time
BRg up to 10 ms increases the residuall error up to
a bhost 15%. Therefore, the maximum a Bwab B time HBg
in the adaptive system is 1$2 ms.
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Conclusions

App kation of a signall both refBcted from
an object and scattered by the atmospheric
inhomogeneities (Ray Righ signa B as a reference beacon
makes it possib B creating a rea Bbstic adaptive opticall
system. This system can operate abng both Bbw and
high-a Ritude (aircraft) paths. Since the corrected and
reference signa ll do not coincide, a rather high Bve Bof
correction, i.e., the small valle of residuall phase
distortions caused by anisop Rnatism, can be achieved
on ¥ with a fast enough adaptive system, in which the
tota Btime Rg does not exceed 1$2 ms.
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