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The peculiarities of size spectrum formation dynamics for submicron aerosols 

at coagulation in the mode of free molecular collisions  are studied using numerical 

simulation by Smolukhovsky system of equations. 
 

Aerosol generation is a wide spread phenomenon 
often observed both under natural conditions and in 
various processes related to human activity.1$4 In many 
cases, when aerosols are formed in photochemical and 
chemical reactions, quick condensation in various gas 
dynamic flows,5$7

 and burning,8$9
 particles of submicron 

size are generated. In this connection, processes of 
aerosol formation have been being studied intensely 

both experimentally9$14,19$26
 and theoretically9$18 in 

recent 10$15 years. 
As experimental data are accumulated and methods 

for measuring the aerosol size spectra and concentration 
are developed, both theoretical models of aerosol 
generation processes and the methods for solving 
equations describing the generation kinetics and growth 

of aerosol particles are permanently being improved.27$

30 As a rule, the measured parameters in experiments 
are the concentration and size spectrum of aerosol 
particles with the size not exceeding 1 μm. The 
minimum diameter is determined by the type of a 
condensation device used to coarsen the particles. Most 
advanced systems are capable of detecting clusters 
starting from 1$3 nm and even particles of molecular 
size for some nuclei.31$32 In the case of aerosol particles 
formation from complex organic molecules, the size 
spectrum of an ensemble to be studied may involve 
particles  containing  from  10  to 1010 monomer units. 

Now there exist two different approaches 
describing nucleation and growth of aerosols.  The first 
one is based on the classical description of the 
generation kinetics of a new phase.  The principal 
attention here is paid to determination of the expression 
that describe the free energy needed to form a cluster of 
critical nucleus.  The expression for the rate of 
generation of new particles is written using the 
commonly accepted methods.  Further formation of the 
size spectrum is determined by the rate of condensation 
growth of particles generated, as well as by the rate of 
creating new critical nuclei. Another one approach relies 
on solving a system of kinetic equations (Smolukhovsky 
equations), the number of which equals the number of 
monomers in a particle of maximum size.  Within the 
frames of a strict approach we would face, at the final 

stage, the problem of solving a system of about 1010 
equations to find the size spectrum of particles smaller 
than 1 μm. 

In our previous papers,33, 34 we described in detail 
the method for numerical solution of the system of 
Smolukhovsky equations. Next the results were used for a 
comparison with the experimental data on the kinetics of 
photochemical aerosol generation obtained under 
laboratory conditions. Apart from the laboratory 
experiments, the experimental data are available on 
evolution of the size spectrum and number density of 
aerosol particles generated at photolysis of the 
atmospheric air.35, 36 The aforementioned theoretical and 
experimental investigations have stimulated further 
development of numerical simulations with the results 
presented in Ref. 37. 

This paper describes the results of numerical 
simulations aimed at revealing the peculiarities in the 
size spectrum formation for a submicron aerosol at 
coagulation in the free molecular collision mode. 

To simulate the dynamics of aerosol formation, we 
used the system of coagulation equations of the 
following form: 

dN1

dt
 = $ N1 ∑

i=1

∞

 β1i α1j Ni + F(t),  (1) 

dNl

dt
 = 

1
2
 ∑
i+j=l

 βij αij Ni Nj $ Nl ∑
i=1

∞

 βli αli Ni, (2) 

where βij are the gas-kinetic constants of collision for  
particles consisting of i- and j-monomer units; αij is the 
efficiency of particle coagulation at a collision; Nl(t) is 
the number density of particles consisting of l monomers; 
and F(t) is the intensity of the source of monomers. 

If the source intensity is constant F(t) = F = const, 
then having changed the variables 
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Eqs. (1) and (2)  are reduced to the dimensionless form 
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dn1

dτ
 = 1 $ n1 ∑

i=1

∞

 K1i α1j ni,  (5) 

dn1

dτ
 = 

1
2
 ∑
i+j=1

 Kij αij ni nj $ nl ∑
i=1

∞

 Kli αli ni,  (6) 

where 

Kij = βij/β11.  (7) 

In the case of free molecular collisions, 

Kij = 
1

4 2
 (i1/3 + j1/3)2 (1/i + 1/j)1/2 (8) 

and β11 = 7.8⋅10$10 cm$3 s$1 at ρ = 1 g/cm3. 
The method for solution of the system of equations 

(5) and (6) is described in detail in Ref. 33.  The 
accuracy of the solutions obtained is also estimated 
there.  The numerical solution was aimed at revealing 
qualitative peculiarities in the dynamics of size 
spectrum formation both at a continuously acting 
source of monomers and at a source of a pulsed type. 

The principal peculiarities of the size spectrum 
shape are shown in Figs. 1$3 for the continuously 
acting source. Figure 1 presents the total number 
density of aerosol particles as a kinetic function of the 
minimum cluster size (in monomer units) measurable in 
measurements of the aerosol particle number density. 
The upper curve shows the case, when the minimum 
detectable particle (cluster) contains 20 monomer units. 
The lower curve describes the situation with jmin = 104. 
The characteristic feature of these curves is that the total 
number density of aerosol particles sharply increases, 
reaches maximum, and then slowly decreases. The smaller 
the minimum detectable size of particles, the earlier the 
maximum is reached and the higher and sharper is it. 

 

 

FIG. 1. Time dependence of the total number density 
of particles with the size greater than jmin. 
 

Figure 2 shows the kinetic curves at the initial 
stage for clusters starting from a dimer. It is seen that 
at the beginning the slope of the kinetic curves noticeably 

varies as the minimum detectable cluster size changes. It 
increases with increasing j. However, starting from 
j = 10 the slope of the kinetic curve is practically 
constant. Thus, the kinetic curves are very similar to 
each other varying only in the position along the time 
axis. 

 

FIG. 2. Kinetic curves NJ(t) = ΣNi for the values of J 
from 2 to 50. 
 

As the duration of coagulation  increases, the 
bimodal size spectrum is formed (see Fig. 3). The size 
spectra in both regions of fine and coarse-disperse 
particles are approximately described by the same 
functions. In the region of fine particles, it is a power-
law function with the minus valued exponent. The size 
spectrum of coarse-disperse particles can be presented, 
in the first approximation, by a lognormal distribution.  
The spectral width is practically the same, and the 
modal size of the coarse fraction increases with the 
increasing duration of coagulation (d3 ∼ τ). 

 

 

FIG. 3. Number  density NJ(τ) as a function volume 
of j-sized particles at different duration of source 
operation τ. 

 

Figure 4 shows the transformation of the size 
spectrum after termination of the monomer generation. 
It is seen that the coarse fraction is practically "frozen," 
while the fine fraction becomes significantly variable. 
As the observation time increases, fine particles 
disappear due to high mobility, and the size spectrum of 
fine particle becomes narrower. As the calculations 
show, if the coagulation efficiency is 100% at the 
beginning, the most noticeable changes in the kinetic 
curves are observed for clusters less than 10 monomers. 
So, the next stage of our study was to reveal 
peculiarities of the kinetic curves at different probability 
of collisions between clusters of different size. 

 

 

FIG. 4. Transformation of the particle size spectrum 
after termination of monomer generation at τ = 100. 
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FIG. 5. Particle size spectra for different values of the 
coagulation efficiency: α11 = 10$1 (a); 10$3 (b);  
10$5  (c); τ is the dimensionless time. 
 

 
 

 

FIG. 6. Particle size spectra for different values of the 
coagulation efficiency: α12 = α21 = 10$1 (a);  
10$3 (b); 10$5  (c); the initial part of the spectrum. 

Figure 5 shows the peculiarities in the size 
spectrum of particles coagulating at different efficiency 
of dimers (α11 = 0.1, 10$3, and 10$5) coagulation. Similar 
dependence for a tetramer is shown in Fig. 6.  These 
curves for a dimer are characterized by the formation of a 
single-mode distribution. At α11 of not very small value, 
the size spectrum is the same as at α11 = 1 at a longer 
duration of coagulation. In the case, when the aerosol 
particle size is limited by a tetramer, polymodal size 
spectra appear. 
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