
«Îïòèêà àòìîñôåðû è îêåàíà», 19, ¹ 12 (2006) 

1016 Îðëîâ È.È., Êóðêèí Â.È., Îéíàö À.Â. 
 

 

ÓÄÊ 534.222 
 

È.È. Îðëîâ, Â.È. Êóðêèí, À.Â. Îéíàö 
 

Ðàñïðîñòðàíåíèå âîëí è ãåîìåòðè÷åñêàÿ îïòèêà 
 

Èíñòèòóò ñîëíå÷íî-çåìíîé ôèçèêè ÑÎ ÐÀÍ, ã. Èðêóòñê 
 

Ïîñòóïèëà â ðåäàêöèþ 18.08.2006 ã. 
 

Ðàññìîòðåí ôîðìàëüíî ñòðîãèé ìåòîä ïîñòðîåíèÿ ðåøåíèé äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, âîçíèêàþùèõ â çàäà÷àõ ðàñïðîñòðàíåíèÿ âîëí â ñëîèñòî-íåîäíîðîäíûõ ñðåäàõ. Èçó÷àåìûé ìåòîä îñ-
íîâàí íà ïðåîáðàçîâàíèè îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ê ôîðìàëüíî íåîäíîðîäíîìó äèôôå-
ðåíöèàëüíîìó óðàâíåíèþ, îïåðàòîð êîòîðîãî äîïóñêàåò òî÷íûå ðåøåíèÿ òèïà ïðèáëèæåíèé ãåîìåòðè÷åñêîé 
îïòèêè. 

Íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñòàíäàðòíûì ñïîñîáîì ñâîäèòñÿ ê èíòåãðàëüíîìó óðàâíå-
íèþ âîëüòåððîâñêîãî òèïà, êîòîðîå ïðåîáðàçóåòñÿ ê êàíîíè÷åñêîé ñèñòåìå äâóõ îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Äëÿ ïîëó÷åííîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïðåäëîæåí 

ñòðîãèé ìåòîä ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè ïðèáëèæåíèé ê òî÷íîìó ðåøåíèþ èñõîäíîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ. 

Ïðåäëîæåííàÿ ñõåìà ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè ïðèáëèæåíèé äëÿ ðåøåíèé îáûêíîâåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ ìîæåò áûòü èñïîëüçîâàíà â çàäà÷àõ ðàñïðîñòðàíåíèÿ âîëí â ñëîèñòî-íåîäíîðîä- 
íûõ ñðåäàõ. Èçëîæåííûé ìåòîä ïðèìåíèì ïðè íàëè÷èè ïîòåðü è íå èìååò îãðàíè÷åíèé íà ìàñøòàáû íåîä-
íîðîäíîñòåé, à åãî îáîñíîâàíèå íå ñâÿçàíî ñ èñïîëüçîâàíèåì àñèìïòîòè÷åñêèõ ñîîáðàæåíèé. 

 

Ââåäåíèå 
 
Ïðèáëèæåíèå ãåîìåòðè÷åñêîé îïòèêè øèðîêî 

èñïîëüçóåòñÿ ïðè ðåøåíèè ðàçëè÷íûõ ôèçè÷åñêèõ 

çàäà÷, ñâÿçàííûõ ñ èññëåäîâàíèÿìè ðàñïðîñòðàíåíèÿ 
âîëí (ñì., íàïðèìåð, [1]). Â îñîáåííîñòè âåëèêà åãî 
ðîëü â çàäà÷àõ ðàñïðîñòðàíåíèÿ âîëí â ïëàâíî íå-
îäíîðîäíûõ ñðåäàõ. Â äàííîé ñòàòüå íà ïðèìåðå ðàñ-
ïðîñòðàíåíèÿ àêóñòè÷åñêèõ âîëí â ñëîèñòî-íåîäíî- 
ðîäíîé ñðåäå ðàññìàòðèâàåòñÿ ôîðìàëüíî ñòðîãèé 
ïîäõîä ê èññëåäîâàíèþ âîëíîâîãî óðàâíåíèÿ, òåñíî 
ñâÿçàííûé ñ ïðèáëèæåíèåì ãåîìåòðè÷åñêîé îïòèêè 
è ñâîáîäíûé îò îãðàíè÷åíèé íà ñâîéñòâà ñðåäû. 
  Èçâåñòíî, ÷òî (ñì., íàïðèìåð, [2]) äàæå íå-
áîëüøèå èçìåíåíèÿ ïàðàìåòðîâ ñðåäû ìîãóò ñóùåñò-
âåííî ñêàçàòüñÿ íà êîýôôèöèåíòå îòðàæåíèÿ. Â ñâÿ-
çè ñ ýòèì æåëàòåëüíî èìåòü ìåòîä ïîñòðîåíèÿ ðå-
øåíèé âîëíîâûõ óðàâíåíèé, ïîçâîëÿþùèé ñòðîèòü 
ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ê òî÷íîìó ðåøåíèþ. 
Ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ, ïðè îäíîì èç ïîä-
õîäîâ ãåîìåòðè÷åñêàÿ îïòèêà ÿâëÿåòñÿ ïðåäåëüíûì 
ñëó÷àåì âîëíîâîé òåîðèè ïðè ñòðåìëåíèè äëèíû 

âîëíû ê íóëþ. Ýòî è ïîçâîëÿåò èñïîëüçîâàòü àñèì-
ïòîòè÷åñêèå ìåòîäû ïðè îáîñíîâàíèè ãåîìåòðè÷å-
ñêîé îïòèêè è ïîñòðîåíèè ðÿäà ïîñëåäîâàòåëüíûõ 
ïðèáëèæåíèé. 

Â íàñòîÿùåé ñòàòüå ðàññìîòðèì çàäà÷ó ïîñòðîå-
íèÿ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ê ðåøåíèþ àêó-
ñòè÷åñêîãî âîëíîâîãî óðàâíåíèÿ äëÿ ñëîèñòî-íåîäíî- 
ðîäíîé ñðåäû, íå èñïîëüçóþùóþ àñèìïòîòè÷åñêèå 
ìåòîäû. Â îñíîâó èçëàãàåìîãî äàëåå ïîäõîäà ïîëî-
æåíà îñíîâíàÿ ôîðìà ïðèáëèæåíèÿ ãåîìåòðè÷åñêîé 
îïòèêè, áåç îáðàùåíèÿ ê êàêèì-ëèáî àñèìïòîòè÷å-
ñêèì ñîîáðàæåíèÿì (ñì., íàïðèìåð, [3]). 

Îñíîâíàÿ ñèñòåìà óðàâíåíèé 
 

Ïóñòü çàâèñèìîñòü ïàðàìåòðîâ ñðåäû îò êîîð-
äèíàòû õ â àêóñòè÷åñêîì ñëó÷àå çàäàåòñÿ âåùåñò-
âåííûìè ôóíêöèÿìè ρ(õ), ñ(õ), ãäå ρ(õ) è ñ(õ) – 
ïëîòíîñòü âîäíîé ñðåäû è ñêîðîñòü ðàñïðîñòðàíå-
íèÿ çâóêà â íåé. Ïðåäïîëîæèì òàêæå, ÷òî ïðè 
õ → –∞ è õ → ∞ ïàðàìåòðû âîäíîé ñðåäû ñòðåìÿò-
ñÿ ê ïîñòîÿííûì çíà÷åíèÿì, ðàâíûì ñîîòâåòñòâåííî 
ρ–, ñ– è ρ+, ñ+ [2]. Â ðàìêàõ ýòîé ìîäåëè çàäà÷à 
èçëó÷åíèÿ àêóñòè÷åñêèõ âîëí ìîæåò áûòü ñâåäåíà  
ê óðàâíåíèþ äëÿ ôóíêöèè Ãðèíà 
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(x). Îòìåòèì, ÷òî ðàññìàòðèâàåìàÿ çàäà÷à 

ìîæåò áûòü îáû÷íûì îáðàçîì îáîáùåíà íà ñëó÷àé 
íàêëîííîãî ïàäåíèÿ âîëíû íà ñëîèñòóþ ñðåäó, êàê 
ýòî ðàññìîòðåíî, íàïðèìåð, â [2]. 

Èçâåñòíî, ÷òî äëÿ ïîñòðîåíèÿ ôóíêöèè Ãðèíà 
G(x, k) äîñòàòî÷íî íàéòè ïàðó ëèíåéíî íåçàâèñè-
ìûõ ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ 
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Èìåííî ýòà çàäà÷à è áóäåò îñíîâíîé â íàñòîÿùåé 

ðàáîòå. Èçâåñòíî [3], ÷òî îòïðàâíûì ïóíêòîì äëÿ íà-
õîæäåíèÿ ïðèáëèæåíèÿ ãåîìåòðè÷åñêîé îïòèêè ÿâëÿ-
þòñÿ ðåøåíèÿ ñòàöèîíàðíîãî âîëíîâîãî óðàâíåíèÿ äëÿ 

îäíîðîäíîé ñðåäû. Äåéñòâèòåëüíî, ñ÷èòàåòñÿ, ÷òî ðàñ-
ïðîñòðàíåíèå âîëí â ñðåäå ñ ìåäëåííî èçìåíÿþùèìèñÿ 
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ïàðàìåòðàìè (íà äëèíå âîëíû) áëèçêî ê ðàñïðîñòðà-
íåíèþ âîëí â îäíîðîäíîé ñðåäå ñ õàðàêòåðèñòèêà-
ìè ðåøåíèÿ, áëèçêèìè ê ïàðàìåòðàì íåîäíîðîäíîé 
ñðåäû íà ðàññìàòðèâàåìîì ó÷àñòêå. Òàêàÿ òî÷êà çðå-
íèÿ íå ñâÿçàíà ñ èñïîëüçîâàíèåì àñèìïòîòè÷åñêèõ 

ñîîáðàæåíèé è òàêæå èìååò ïðàâî íà ñóùåñòâîâàíèå 
êàê îñîáûé ìåòîä. 

Îñíîâûâàÿñü íà àíàëîãèè ñ ðàñïðîñòðàíåíèåì 
â îäíîðîäíîé ñðåäå, ðåøåíèÿ óðàâíåíèÿ (2) áóäåì 
èñêàòü â ðàìêàõ ñëåäóþùåé ñõåìû. Ââåäåì ïàðó 
ôóíêöèé 
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àñèìïòîòè÷åñêèé õàðàêòåð ïîâåäåíèÿ êîòîðûõ ñïå-
öèàëüíûì îáðàçîì íîðìèðîâàí â áåñêîíå÷íîñòè. 
Ýòè ôóíêöèè ôîðìàëüíî óäîâëåòâîðÿþò îäíîðîä-
íîìó óðàâíåíèþ 
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ãäå èñïîëüçîâàíî îáîçíà÷åíèå 
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Ôóíêöèÿ χ(x) íàçûâàåòñÿ øâàðöèàíîì [4. Ò. 5]. 
Øâàðöèàí îáëàäàåò òåì ñâîéñòâîì, ÷òî îí èíâàðè-
àíòåí îòíîñèòåëüíî äðîáíî-ëèíåéíûõ ïðåîáðàçîâà-
íèé îïðåäåëÿþùåé åãî ôóíêöèè n(x). 

Ïðåîáðàçóåì îäíîðîäíîå óðàâíåíèå (2) ê íåîä-
íîðîäíîìó óðàâíåíèþ âèäà 
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dx
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Çàïèñü óðàâíåíèÿ (2) â âèäå óðàâíåíèÿ (6) óäîáíà 

òåì, ÷òî äëÿ îïåðàòîðà, ñòîÿùåãî â ëåâîé ÷àñòè (6), 
ôóíêöèè (3) ÿâëÿþòñÿ ðåøåíèÿìè îäíîðîäíîãî óðàâ-
íåíèÿ. Òåì ñàìûì çàäà÷à ïîñòðîåíèÿ ðåøåíèé óðàâ-
íåíèÿ (2) ñâåäåíà ê ïîñòðîåíèþ ðåøåíèé íåîäíî-
ðîäíîãî óðàâíåíèÿ (6). Îòìåòèì, ÷òî ïðîäåëàííûå 
ïðåîáðàçîâàíèÿ òî÷íû è íå îñíîâàíû íà àñèìïòî-
òè÷åñêèõ ñîîáðàæåíèÿõ. Áîëåå òîãî, îíè íå òðåáó-
þò êàêîé-ëèáî ïëàâíîñòè èçìåíåíèé ñâîéñòâ íåîä-
íîðîäíîé ñðåäû. Â òîì ñëó÷àå, êîãäà ôóíêöèÿ n(x) 
ìîæåò ïðèíèìàòü íóëåâûå çíà÷åíèÿ, ôóíêöèÿ χ(x) 
áóäåò èìåòü îñîáåííîñòü, íî ýòîò ñëó÷àé â äàííîé 
ñòàòüå íå ðàññìàòðèâàåòñÿ. 

Äåéñòâóÿ ñòàíäàðòíûì îáðàçîì, ïðåîáðàçóåì íå-
îäíîðîäíîå óðàâíåíèå (6) ê èíòåãðàëüíîìó óðàâíå-
íèþ, çàäàâ ñîîòâåòñòâóþùèå óñëîâèÿ â áåñêîíå÷íî-
ñòè. Äëÿ ýòîãî ïîñòðîèì ôóíêöèþ Ãðèíà ñëåäóþùå-
ãî óðàâíåíèÿ: 
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k n x x G x k x x

dx
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Òàê êàê ïîëíûé íàáîð ðåøåíèé îäíîðîäíîãî óðàâ- 
íåíèÿ, îïðåäåëÿåìîãî îïåðàòîðîì, ñòîÿùèì â ëåâîé 
÷àñòè (7), èçâåñòåí, òî ôóíêöèþ Ãðèíà áóäåì èñêàòü 
â âèäå ëèíåéíîé êîìáèíàöèè ýòèõ ðåøåíèé ïðè õ < x0: 
 

 0 – –( , ) ( , ) ( , ).G x x C f x k C f x k
+ +

= +  (8) 

Ïðè õ > x0 ñ÷èòàåì ôóíêöèþ Ãðèíà ðàâíîé íó-
ëþ. Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ýòîé ëèíåéíîé 
êîìáèíàöèè èìåþòñÿ äâà óñëîâèÿ: íåïðåðûâíîñòü 
ôóíêöèè Ãðèíà â òî÷êå õ = x0 è óñëîâèå íà ðàçíîñòü 
åå ïðîèçâîäíûõ â ýòîé æå òî÷êå. Èç ýòèõ óñëîâèé 
ñëåäóåò ëèíåéíàÿ ñèñòåìà óðàâíåíèé, ðàçðåøàÿ êî-
òîðóþ, ïîëó÷àåì 
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ãäå èñïîëüçîâàíî îáîçíà÷åíèå 
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Òàê êàê èññëåäóåìîå óðàâíåíèå áåç ïåðâîé ïðî-
èçâîäíîé, òî ôóíêöèÿ Δ(õ, k) = Δ(k) è åå çíà÷åíèå (k 
è n(x) âåùåñòâåííû) ìîæåò áûòü âû÷èñëåíî, íàïðè-
ìåð, ïðè õ → ∞. Ëåãêî óáåäèòüñÿ, ÷òî ýòî çíà÷åíèå 
ðàâíî Δ = –2ik. Ïîñëå ýòîãî, ïðîäåëàâ ñòàíäàðòíûå 
ïðåîáðàçîâàíèÿ, ïîëó÷àåì ôóíêöèþ Ãðèíà â âèäå 
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êîòîðàÿ òîæäåñòâåííî ðàâíà íóëþ ïðè õ > x0. Îò-
ìåòèì, ÷òî ôóíêöèÿ Ãðèíà (11) èãðàåò âñïîìîãàòåëü-
íóþ ðîëü, ïîýòîìó äëÿ íåå íåò íåîáõîäèìîñòè ñòà-
âèòü óñëîâèÿ èçëó÷åíèÿ â áåñêîíå÷íîñòè. Òàêîãî ðî-
äà óñëîâèÿ èìåþò ñìûñë ëèøü äëÿ òîé ôóíêöèè Ãðè-
íà, êîòîðàÿ ñîîòâåòñòâóåò èñõîäíîé çàäà÷å íà èçëó-
÷åíèå âîëí. 

Ñ ïîìîùüþ ôóíêöèè Ãðèíà (11) óðàâíåíèå (6) 
ìîæåò áûòü ïðåîáðàçîâàíî ê èíòåãðàëüíîìó óðàâ-
íåíèþ âîëüòåððîâñêîãî òèïà 
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Ýòà æå ôîðìóëà çàïèñûâàåòñÿ è â âèäå 
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Ââåäåì òåïåðü ïàðó ôóíêöèé, îïðåäåëèâ èõ ðà-
âåíñòâàìè 
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2

x

x

u x k f x k y f y k u y dy
ik

u x k f x k y f y k u y dy
ik

∞

+

+ + − +

∞

−

+ − + +

⎧ ⎧ ⎫⎪ ⎪⎪ = − χ⎨ ⎬
⎪ ⎪ ⎪⎩ ⎭⎪
⎨
⎪
⎪ = χ
⎪⎩

∫

∫

 (14) 

3. Îïòèêà àòìîñôåðû è îêåàíà, ¹ 12. 
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Äèôôåðåíöèðóÿ ââåäåííûå ôóíêöèè, ïîëó÷àåì 
ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé: 

 

(1)

(1)

( ) ( ) ( )
( ) ( ),

( ) 2 ( )

( ) ( ) ( )
( ) ( ).

( ) 2 ( )

du x f x x
u x u x

dx f x ikn x

du x f x x
u x u x

dx f x ikn x

+

++ +

+ +

+

−

−+ −

+ +

−

⎧ χ
= +⎪

⎪
⎨
⎪ χ

= −⎪
⎩

 (15) 

Àíàëîãè÷íî ýòîé ñèñòåìå ïîëó÷àåòñÿ âòîðàÿ ñèñ-
òåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, îïðåäåëÿþùàÿ 
âòîðîå ëèíåéíî íåçàâèñèìîå ðåøåíèå èñõîäíîãî âîë-
íîâîãî óðàâíåíèÿ u–(x, k). Åñëè èç êîìïîíåíò ( , )u x k

±

+  

ðåøåíèÿ u+(x, k) îáðàçîâàòü ïåðâûé ñòîëáåö ìàòðè-
öû Z(x, k), à èç êîìïîíåíò ( , )u x k

±

−  âòîðîé ñòîëáåö 
ýòîé ìàòðèöû, òî ââåäåííûå äâå ñèñòåìû óðàâíåíèé 
â ìàòðè÷íîé çàïèñè ïðèíèìàþò âèä 

 3

( , )
( ) ( , ) –

dZ x k
ikn x I Z x k

dx
=  

 0

( ) ( )
– ( , ) ( , ),
2 ( ) ( )

n x x
I Z x k I Z x k

n x ikn x
+

′ χ
+  (16) 

ãäå I
α
 – ìàòðèöû Ïàóëè; I+ = (I3 + iI2)/2. Ïðè ïåðå-

õîäå îò ñèñòåìû (15) è îò âòîðîé ñèñòåìû, àíàëîãè÷-
íîé åé, ê ìàòðè÷íîìó óðàâíåíèþ (16) èñïîëüçîâàíû 
ðàâåíñòâà 

 (1) ( )
( ) ( ) ( ),

2 ( )

n x
f x ikn x f x

n x
+ +

′⎧ ⎫
= −⎨ ⎬
⎩ ⎭

 

 (1)
–

( )
( ) ( ) ( ).

2 ( )

n x
f x ikn x f x

n x
−

′⎧ ⎫
= − −⎨ ⎬
⎩ ⎭

 

Åñëè ïåðåéòè ê íîâîé ôóíêöèè ñ ïîìîùüþ çàìåíû 
[ ]0
1

( , ) ( , )/ ( ),Z x k Z x k n x⇒  òî óðàâíåíèå (16) ïðèìåò 
ñëåäóþùèé âèä: 

[ ]
[ ] [ ]

0

0 01
3 1 1

( , ) ( )
( ) ( , ) ( , ).

( )

dZ x k x
ikn x I Z x k I Z x k

dx ikn x
+

χ
= +  (18) 

Èç ôîðìóëû (18) ñëåäóåò, ÷òî óìåíüøåíèå ýôôåêòà 
îòðàæåíèÿ èñ÷åçàåò ñ ðîñòîì ÷àñòîòû ïðè óñëîâèè 
îãðàíè÷åííîñòè øâàðöèàíà, à ýòî îáû÷íî èìååò ìå-
ñòî â àêóñòè÷åñêîì ñëó÷àå. 

Óðàâíåíèå (18) ìîæíî òàêæå çàïèñàòü â âèäå 
 

 
[ ]

[ ]
0

01
3 12 2

( , ) ( )
( ) 1 ( , )

2 ( )

dZ x k x
ikn x I Z x k

dx k n x

χ⎡ ⎤
= − +⎢ ⎥

⎣ ⎦
 

 [ ]0
2 1

( )
( , ).

2 ( )

x
I Z x k

kn x

χ
+  (19) 

Åñëè æå ââåñòè îáîçíà÷åíèÿ 

 [ ]0
3 2 2

( )
( ) ( ) 1 ,

2 ( )

x
x kn x

k n x

χ⎡ ⎤
α = −⎢ ⎥

⎣ ⎦
 

 [ ]0
2

( )
( ) ,

2 ( )

x
x

kn x

χ
α =  

òî óðàâíåíèå (19) ïðèìåò âèä 

 
[ ]

[ ] [ ]
0

0 01
33 1

( , )
( ) ( , )

dZ x k
i x I Z x k

dx
= α +  

 [ ] [ ]0 0

22 1
( ) ( , ).x I Z x k+α  (21) 

Çäåñü íèæíèé èíäåêñ ó êîýôôèöèåíòîâ óêàçûâàåò íà 
òî, ÷òî ýòî êîýôôèöèåíò ïðè ìàòðèöå Ïàóëè ñ òåì æå 
èíäåêñîì, à âåðõíèé íà òî, ÷òî ýòî êîýôôèöèåíòû 
íà ñîîòâåòñòâóþùåì øàãå ïðîâîäèìûõ èòåðàöèé. 
Íèæíèé èíäåêñ ó èñêîìîé ìàòðèöû óêàçûâàåò íà 
îòñóòñòâóþùåå ñëàãàåìîå ñ ñîîòâåòñòâóþùåé ìàòðè-
öåé Ïàóëè, à âåðõíèé èíäåêñ óêàçûâàåò íà íîìåð 

öèêëà èç òðåõ ïîñëåäîâàòåëüíûõ èñêëþ÷åíèé îò-
äåëüíûõ ñëàãàåìûõ óðàâíåíèÿ. Äåòàëüíî ýòî ðàñ-
ñìîòðåíî äàëåå. 

 

Ñõåìà ïîñòðîåíèÿ ðåøåíèÿ 
 

Ðàññìîòðèì ñõåìó ïîñòðîåíèÿ ïîñëåäîâàòåëü-
íûõ ïðèáëèæåíèé ê òî÷íîìó ðåøåíèþ, îñíîâàííóþ 
íà óðàâíåíèè (21). Äëÿ ýòîãî ñ öåëüþ ôèêñàöèè ðàñ-
ñìàòðèâàåìîãî ìíîæåñòâà ðåøåíèé ïîòðåáóåì âû-
ïîëíåíèÿ óñëîâèÿ 

 [ ]0
3 01

lim ( , )exp( ) .
x

Z x k ikI x I
→+∞

− =   (22) 

Ââåäåì ôóíêöèþ 
[ ]1
3
( , ),Y x k  ÿâëÿþùóþñÿ ðåøåíèåì 

óðàâíåíèÿ 

 
[ ]

[ ] [ ]
1

0 13
33 3

( , )
( ) ( , )

dY x k
i x I Y x k

dx
= α  (23) 

ñ óñëîâèåì â áåñêîíå÷íîñòè òèïà (22). Â ñëó÷àå âå-
ùåñòâåííûõ n(x), k ôóíêöèÿ [ ]0

3
( )xα  áóäåò âåùåñò-

âåííîé, à ìàòðè÷íàÿ ýêñïîíåíòà 
[ ]1
3
( , )Y x k  áóäåò èìåòü 

âèä ñóììû ýêñïîíåíò ñ ìàòðè÷íûìè êîýôôèöèåí-
òàìè. Ýòó ìàòðèöó-ôóíêöèþ ïðåäñòàâèì òàê: 

 [ ] [ ]{ }1 1

33 3
( ) exp ( )Y x i x I= β =  

 [ ] [ ]1 1

0 33 3
cos ( ) sin ,I x iI⎡ ⎤ ⎡ ⎤= β + β⎣ ⎦ ⎣ ⎦  (24) 

ãäå ââåäåíî îáîçíà÷åíèå 

 [ ] [ ] [ ] [ ]{ }1 0 0 0

3 3 3 3
( ) ( ) ( ) ( ) .

x

x x y dy

∞

β = α ∞ − α − α ∞∫  (25) 

Òàêàÿ ôîðìà ââîäèìîé ôóíêöèè âûáðàíà äëÿ òîãî, 
÷òîáû îáåñïå÷èòü âûïîëíåíèå óñëîâèÿ òèïà (22) äëÿ 
ìàòðèöû 

[ ] [ ]1 1

3 3
( , ) ( )Y x k Y x= . Îòìåòèì, ÷òî (ìàòðè÷-

íàÿ) ôóíêöèÿ 
[ ]1
3
( , )Y x k  èìååò âèä, àíàëîãè÷íûé ïðè-

áëèæåíèþ ãåîìåòðè÷åñêîé îïòèêè, íî ñ íåñêîëüêî 
èíîé ôàçîé â ýêñïîíåíòå. 

Åñëè ââåñòè òåïåðü îáîçíà÷åíèå 
[ ]0
1
( , )Z x k =  

[ ] [ ]1 1

3 3
( , ) ( , ),Y x k Z x k=  òî óðàâíåíèå (21) ïðåîáðàçóåòñÿ 

ê ñëåäóþùåìó óðàâíåíèþ: 

 
[ ]

[ ]
1

03

2

( )
( )

dZ x
x

dx
= α ×  

(17)

(20)
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 [ ] [ ]{ } [ ]1 1 1

2 13 3 3
cos 2 ( ) sin 2 ( ) ( ).I x I x Z x⎡ ⎤ ⎡ ⎤× β − β⎣ ⎦ ⎣ ⎦  (26) 

Çäåñü èñïîëüçîâàíî ñâîéñòâî ìàòðèö Ïàóëè I2I3 = iI1. 
Ââîäÿ ñîîòâåòñòâóþùèå îáîçíà÷åíèÿ, óðàâíåíèå (26) 
çàïèñûâàåì â ñòàíäàðòíîé ôîðìå 

 
[ ]

[ ] [ ] [ ] [ ]
1

1 1 1 13
2 12 3 1 3

( )
( ) ( ) ( ) ( ),

dZ x
x I Z x x I Z z

dx
= α + α   (27) 

ãäå èñïîëüçîâàíû îáîçíà÷åíèÿ 

 [ ] [ ] [ ]1 0 1

2 2 3
( ) ( )cos 2 ( ) ,x x x⎡ ⎤α = α β⎣ ⎦  

 [ ] [ ] [ ]1 0 1

1 2 3
( ) ( )sin 2 ( ) .x x x⎡ ⎤α = −α β⎣ ⎦  

Ïðèíöèï ââåäåíèÿ îáîçíà÷åíèé òîò æå, ÷òî è ñôîð-
ìóëèðîâàííûé ðàíåå. Óñëîâèå â áåñêîíå÷íîñòè äëÿ 

íîâîé ìàòðèöû ïðèíèìàåò âèä 

 [ ]1
03

lim ( , ) .
x

Z x k I
→+∞

=   (29) 

Òåïåðü ââîäèì ðåøåíèå 
[ ]2
2

( , )Y x k  ñëåäóþùåãî 

óðàâíåíèÿ 

 
[ ]

[ ] [ ]
2

1 22
22 2

( )
( ) ( )

dY x
x I Y x

dx
= α  (30) 

ñ óñëîâèåì â áåñêîíå÷íîñòè òèïà (29). Ýòî ðåøåíèå 
èìååò âèä 

 [ ] [ ]2 1

22 2
( ) exp – ( )

x

Y x I y dy

∞⎧ ⎫⎪ ⎪
= α =⎨ ⎬

⎪ ⎪⎩ ⎭
∫  

 [ ] [ ]1 1

0 22 2
ch ( ) – sh ( ) .

x x

I y dy I y dy

∞ ∞⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= α α
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
∫ ∫  (31) 

Ïîëàãàÿ 
[ ] [ ] [ ]1 2 2

3 2 2
( ) ( ) ( ),Z x Y x Z x=  äëÿ ìàòðèöû 

[ ]2
2
( )Z x  

èç (27) ïîëó÷àåì óðàâíåíèå 

 
[ ]

[ ] [ ] [ ] [ ]
2

2 2 2 22
1 31 2 3 2

( )
( ) ( ) ( ) ( ).

dZ x
x I Z x i x I Z z

dx
= α + α   (32) 

Êîýôôèöèåíòû â ýòîé ôîðìóëå îïðåäåëåíû ðàâåí-
ñòâàìè: 

 [ ] [ ] [ ]2 1 1

1 2 2
( ) ( )ch 2 ( ) ,

x

x x y dy

∞⎡ ⎤
⎢ ⎥α = α α
⎢ ⎥⎣ ⎦
∫  

 [ ] [ ] [ ]2 1 1

3 2 2
( ) – ( )sh 2 ( ) .

x

x x y dy

∞⎡ ⎤
⎢ ⎥α = α α
⎢ ⎥⎣ ⎦
∫  

È åñëè òåïåðü ââåñòè ðåøåíèå óðàâíåíèÿ (òðåòèé øàã) 
 

 
[ ]

[ ] [ ]
3

2 31
11 1

( )
( ) ( ),

dY x
x IY x

dx
= α  (34) 

òî, ó÷èòûâàÿ ïðåäñòàâëåíèå ýòîãî ðåøåíèÿ â âèäå 
 

 [ ] [ ]3 2

11 1
( ) exp – ( )

x

Y x I y dy

∞⎧ ⎫⎪ ⎪
= α =⎨ ⎬

⎪ ⎪⎩ ⎭
∫  

 [ ] [ ]2 2

0 11 1
ch ( ) – sh ( ) ,

x x

I y dy I y dy

∞ ∞⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= α α
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
∫ ∫  (35) 

ïðåîáðàçóåì óðàâíåíèå (32) ê âèäó 

 
[ ]

[ ] [ ] [ ] [ ]
3

3 3 3 31
3 23 1 2 1

( )
( ) ( ) ( ) ( ).

dZ x
i x I Z x x I Z z

dx
= α + α   (36) 

Çäåñü èñïîëüçîâàíû îáîçíà÷åíèÿ 

 [ ] [ ] [ ]3 2 2

3 3 1
( ) ( )ch 2 ( ) ,

x

x x y dy

∞⎡ ⎤
⎢ ⎥α = α α
⎢ ⎥⎣ ⎦
∫  

 [ ] [ ] [ ]3 2 2

2 3 1
( ) – ( )sh 2 ( ) .

x

x x y dy

∞⎡ ⎤
⎢ ⎥α = α α
⎢ ⎥⎣ ⎦
∫  

Óðàâíåíèå (36) àíàëîãè÷íî óðàâíåíèþ (21), è, ñëå-
äîâàòåëüíî, åãî ðåøåíèå ìîæåò ñòðîèòüñÿ ïî òîìó 
æå àëãîðèòìó, ÷òî è èçëîæåííûé âûøå. Îòëè÷èå 
áóäåò òîëüêî â òîì, ÷òî òåïåðü äëÿ âñåõ ââîäèìûõ 
ìàòðèö óñëîâèå â áåñêîíå÷íîñòè áóäåò àíàëîãè÷íî 
ôîðìóëå (29). Ïîä÷åðêíåì, ÷òî ðàññìîòðåííûé âû-
øå àëãîðèòì ïîçâîëÿåò ðåêóððåíòíî ñòðîèòü ïîñëå-
äîâàòåëüíûå ïðèáëèæåíèÿ â ðàìêàõ ôîðìàëüíî ñòðî-
ãîé ñõåìû, ïðè÷åì ïðè ñëàáûõ îãðàíè÷åíèÿõ íà êî-
ýôôèöèåíòû èñõîäíîãî óðàâíåíèÿ. 

Ðàññìîòðèì íåêîòîðûå ñâîéñòâà ïîëó÷åííûõ óðàâ-
íåíèé. Åñëè èíòåðïðåòèðîâàòü ââåäåííûå ôóíêöèè 

( , ),u x k
±

+  ( , )u x k
±

−  êàê ÷àñòè ðåøåíèÿ, îòâåòñòâåííûå 

çà ïåðåíîñ ýíåðãèè â îäíîì èç äâóõ âîçìîæíûõ íà-
ïðàâëåíèé, òî ìîæíî ââåñòè (ïî îïðåäåëåíèþ) ôóíê-

öèþ îòðàæåíèÿ, ïîëîæèâ ( , ) ( , )/ ( , ).R x k u x k u x k
− +

+ + +
=  

Äëÿ ýòîé ôóíêöèè èç óðàâíåíèÿ (18) ñëåäóåò óðàâ-
íåíèå òèïà Ðèêêàòè 

 
( , )

–2 ( ) ( , ) –
dR x k

ikn x R x k
dx

+

+
=  

 
2( )

– 1 ( , ) .
2 ( )

x
R x k

ikn x
+

χ
+⎡ ⎤⎣ ⎦  (38) 

Çàìåòèì, ÷òî ôóíêöèÿ îòðàæåíèÿ óäîâëåòâîðÿåò 

íóëåâîìó óñëîâèþ â áåñêîíå÷íîñòè, ÷òî ñîîòâåòñòâó-
åò îòñóòñòâèþ îòðàæåíèÿ îò áåñêîíå÷íî óäàëåííîé 
÷àñòè ñðåäû. Ýòî – ïðè óñëîâèè íàõîæäåíèÿ èñòî÷-
íèêà ïîëÿ ñëåâà îò ó÷àñòêà íåîäíîðîäíîñòè. Äëÿ 
âòîðîãî ëèíåéíî íåçàâèñèìîãî ðåøåíèÿ ìîæíî ïî-
ëó÷èòü àíàëîãè÷íîå óðàâíåíèå. 

 

Âûâîäû 
 

Èçëîæåííûé ïîäõîä ê èçó÷åíèþ ðåøåíèé óðàâ-
íåíèÿ (1) íà ïåðâûõ øàãàõ ôîðìàëüíî íàïîìèíàåò 
ìåòîä ãåîìåòðè÷åñêîé îïòèêè (ìåòîä ÂÊÁ) äëÿ îä-
íîìåðíîãî ñëó÷àÿ. Íî, â äåéñòâèòåëüíîñòè, ýòî èíîé 
ïîäõîä, êîòîðûé îñíîâàí íà òîì, ÷òî åñëè ìû çíàåì 

ðåøåíèå óðàâíåíèÿ ñ áëèçêèì, â íåêîòîðîì ñìûñëå, 
êîýôôèöèåíòîì, òî ìîæíî ïîñòàâèòü çàäà÷ó íà èçó-
÷åíèå ñâîéñòâ ðåøåíèé íóæíîãî óðàâíåíèÿ ñ ïîìîùüþ 

èíòåãðàëüíîãî óðàâíåíèÿ, ïîëó÷àþùåãîñÿ èç íåîä-
íîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Êàêèå æå 

(28)
(37)

(33)

3.* 
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ðåøåíèÿ âñïîìîãàòåëüíîãî óðàâíåíèÿ ìû áóäåì 
èñïîëüçîâàòü äëÿ ïîñòðîåíèÿ èíòåãðàëüíîãî óðàâ-
íåíèÿ, îïðåäåëÿåòñÿ êîíêðåòíîé çàäà÷åé è ìîæåò 
áûòü ñîâñåì íå ñâÿçàíî ñ ìåòîäîì ãåîìåòðè÷åñêîé 
îïòèêè. Òåì ñàìûì èñïîëüçîâàííûé â ðàáîòå ïðèåì 
íîñèò îáùèé õàðàêòåð. 

Êðîìå ýòîãî ïðåäëîæåíà ðåêóððåíòíàÿ ñõåìà 
ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè ïðèáëèæåíèé ê òî÷-
íîìó ðåøåíèþ, ôîðìàëüíî íå çàâèñÿùàÿ îò êàêèõ-
ëèáî ïðåäïîëîæåíèé î êîýôôèöèåíòàõ èñõîäíîãî 
óðàâíåíèÿ. Èçëîæåííàÿ â ðàáîòå ñõåìà ìîæåò áûòü 
èñïîëüçîâàíà è ïðè èññëåäîâàíèè ðàñïðîñòðàíåíèÿ 
ðàäèîâîëí â ñëîèñòûõ ñðåäàõ. Îïðåäåëåííûå èçìå-
íåíèÿ ïðè ýòîì âîçìîæíû â ñëó÷àå íàëè÷èÿ îòðà-
æàþùèõ áàðüåðîâ, êàê ýòî, íàïðèìåð, èìååò ìåñòî 

â çàäà÷àõ, îòíîñÿùèõñÿ ê âåðòèêàëüíîìó çîíäèðî-
âàíèþ èîíîñôåðû. 

Ïðàêòè÷åñêàÿ ýôôåêòèâíîñòü ïðåäëîæåííîé â ðà-
áîòå ñõåìû ìîæåò áûòü èññëåäîâàíà íà îñíîâå ìà-
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðîöåññà ðàñïðîñòðà-
íåíèÿ äëÿ ñëó÷àåâ, ïðåäñòàâëÿþùèõ ñàìîñòîÿòåëü-
íûé èíòåðåñ. 
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I.I. Orlov, V.I. Kurkin, A.V. Oinats. Wave propagation and geometrical optics. 
A formally strict method for solution of ordinary differential equations, which arise in the problems of wave 

propagation in a stratified inhomogeneous medium, is considered in the paper. The method is based on transfor-
mation of a homogeneous differential equation to a formally inhomogeneous one with operator that admits  
exact solutions similar to geometrical optics approximations. 

Inhomogeneous differential equation is reduced to Volterra integral equation, which then is transformed to  
the first-order canonical combined differential equations. For obtained combined differential equations, a strict 
solution method by successive approximations to exact solution of the initial differential equation is proposed. 
  The proposed scheme can be used in problems of wave propagation in stratified inhomogeneous media. The 
method is applicable in the presence of losses and has no heterogeneity scale restrictions. Substantiation of the 
method does not use asymptotical expressions. 

 


