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Íàéäåíî ïðåäñòàâëåíèå ðåøåíèÿ óðàâíåíèÿ ïåðåíîñà ïðèìåñè â àòìîñôåðå, îñíîâàííîå íà ñâåäåíèè èñ-
õîäíîãî óðàâíåíèÿ ê êëàññè÷åñêîìó îäíîìåðíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè. Õàðàêòåð çàâèñèìîñòè êîì-
ïîíåíò ñêîðîñòè ãîðèçîíòàëüíîãî âåòðà è êîýôôèöèåíòà òóðáóëåíòíîé äèôôóçèè îò âûñîòû ñ÷èòàåòñÿ èçâåñò-
íûì. Ðåøåíèå âîçíèêàþùèõ êðàåâûõ çàäà÷ îáëàäàåò äâóõôóíêöèîíàëüíûì ïðîèçâîëîì. Ïðîèçâîëüíûå 
ôóíêöèè îòûñêèâàþòñÿ èç èçâåñòíîãî ðàñïðåäåëåíèÿ ïðèìåñè íà äâóõ óðîâíÿõ, âäîëü çàäàííîé ëèíèè, çàòåì 
íàõîäèòñÿ ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå ïðîñòðàíñòâåííîãî ïîëÿ êîíöåíòðàöèè. Ýôôåêòèâíîñòü äàííîãî 

ïîäõîäà îáóñëîâëåíà òåì, ÷òî îáëàñòü òå÷åíèÿ â ïëîñêîñòè, çà ñ÷åò ââåäåíèÿ íîâûõ ïåðåìåííûõ, îêàçûâàåòñÿ 
êàíîíè÷åñêîé, è òåì, ÷òî ìîæíî èñïîëüçîâàòü óæå èìåþùèåñÿ ìíîãî÷èñëåííûå ðåçóëüòàòû, êàê àíàëèòè÷å-
ñêèå, òàê è ÷èñëåííûå, äëÿ îäíîìåðíîãî óðàâíåíèÿ Ôóðüå. Ðàñïðåäåëåíèå êîíöåíòðàöèè â èñõîäíûõ ïåðå-
ìåííûõ íàõîäèòñÿ ïðîñòûì ïåðåñ÷åòîì, ñ ïîìîùüþ ôîðìóë ïåðåõîäà îò äåêàðòîâûõ êîîðäèíàò ê íîâûì. 

 

Ââåäåíèå 

Ñðåäè ðàçëè÷íûõ ïðîáëåì ñîâðåìåííîé ýêîëî-
ãèè îäíî èç âàæíûõ ìåñò çàíèìàåò ïðîáëåìà ïðîãíî-
çèðîâàíèÿ ïðîñòðàíñòâåííîãî ðàñïðåäåëåíèÿ àýðî-
çîëüíûõ îáðàçîâàíèé òåõíîãåííîãî ïðîèñõîæäåíèÿ. 
Ïåðñïåêòèâíûì ïðè èçó÷åíèè ïåðåíîñà è òðàíñôîð-
ìàöèè àýðîçîëÿ ÿâëÿåòñÿ ïîäõîä, îñíîâàííûé íà 
ïðèìåíåíèè óðàâíåíèé òóðáóëåíòíîé äèôôóçèè [1], 
ðåøåíèå êîòîðûõ îòûñêèâàåòñÿ â ïðèçåìíîì ñëîå 
àòìîñôåðû. Â ñâÿçè ñ ýòèì âîçíèêàåò ïðîáëåìà 
ïîëó÷åíèÿ ëèáî íåïðåðûâíîãî, ëèáî äèñêðåòíîãî 
ðàñïðåäåëåíèÿ êîíöåíòðàöèè ïðèìåñè (àýðîçîëÿ), 
óäîâëåòâîðÿþùåãî íåêîòîðûì ãðàíè÷íûì óñëîâèÿì. 
 Äàííàÿ ñòàòüÿ ïîñâÿùåíà îòûñêàíèþ ïðèáëè-
æåííîãî àíàëèòè÷åñêîãî ðåøåíèÿ ñòàöèîíàðíîãî 
òðåõìåðíîãî óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà, ìî-
äåëèðóþùåãî àäâåêòèâíî-äèôôóçèîííûé ïåðåíîñ 
ñêàëÿðíîé ñóáñòàíöèè â ñäâèãîâîì òå÷åíèè. 

Ïðåîáðàçîâàíèå óðàâíåíèÿ ïåðåíîñà 
ïðèìåñè 

Ðàññìîòðèì ñëåäóþùåå óðàâíåíèå [1]: 
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ãäå u, v – ïðîåêöèè ñêîðîñòè ãîðèçîíòàëüíîãî âåò-
ðà; kz – êîýôôèöèåíò òóðáóëåíòíîé äèôôóçèè, 
îòíîñèòåëüíî êîòîðûõ ïðåäïîëîæèì, ÷òî 
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Çäåñü U(x, y) è V(x, y) – ïðîèçâîëüíûå ñîïðÿæåí-
íûå ãàðìîíè÷åñêèå ôóíêöèè; k0 è α – ïîñòîÿííûå; 
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Â óðàâíåíèè (1) âìåñòî ïåðåìåííûõ x, y ââå-
äåì íîâûå ïåðåìåííûå ϕ, ψ, îïðåäåëÿåìûå äèôôå-
ðåíöèàëüíûìè ñîîòíîøåíèÿìè 

 ,d Udx Vdy d Vdx Udyϕ = + ψ = − + . (3) 

Â íîâûõ ïåðåìåííûõ óðàâíåíèå (1) ïðèìåò âèä 
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Óêàæåì ñâîéñòâî ýòîãî óðàâíåíèÿ. Ïóñòü 

( )0 , ,c zϕ ψ  åñòü íåêîòîðîå ðåøåíèå äàííîãî óðàâíå-

íèÿ, òîãäà  

 ( ) ( ) ( )( )1 0 2, , , ,c z f c f zϕ ψ = ψ ϕ + ψ ψ   

òàêæå áóäåò ðåøåíèåì óðàâíåíèÿ (4) ñ ïðîèçâîëü-
íûìè ôóíêöèÿìè f1(ψ) è f2(ψ). Ýòî îáñòîÿòåëüñòâî 
ïîçâîëÿåò, îòïðàâëÿÿñü îò èçâåñòíûõ «ñòàðòîâûõ» 
ðåøåíèé óðàâíåíèÿ (4), ïîñòðîèòü öåëóþ ñîâîêóï-
íîñòü òî÷íûõ ðåøåíèé óðàâíåíèÿ (4) è ñîîòâåòñò-
âåííî äëÿ èñõîäíîãî óðàâíåíèÿ (1). 

Ñîãëàñíî [3, 4] ðåøåíèå óðàâíåíèÿ (4) âûðà-
æàåòñÿ ÷åðåç ðåøåíèå êëàññè÷åñêîãî óðàâíåíèÿ 
òåïëîïðîâîäíîñòè 
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â âèäå äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïî-
ðÿäêà 

 ( )1
cth

L
c L z

z

∂= − α
α ∂

. (6) 

Óðàâíåíèÿ (4)–(6) ïîêàçûâàþò, ÷òî òðåõìåðíàÿ 
çàäà÷à äëÿ èñõîäíîãî óðàâíåíèÿ (1) ñâåäåíà ê îä-
íîìåðíîé. Èç (5) ñëåäóåò, ÷òî åñëè L0(ϕ, ψ, z) – 
ðåøåíèå ýòîãî óðàâíåíèÿ, òî  

 ( ) ( )0 1 2, ,L L f z f= ϕ + ψ ψ + ψ  , 

ãäå f1(ψ) è f2(ψ) – ïðîèçâîëüíûå ôóíêöèè, òàêæå 
áóäåò ðåøåíèåì ðàññìàòðèâàåìîãî óðàâíåíèÿ. Òà-
êèì îáðàçîì, ìîæíî óêàçàòü äâóõôóíêöèîíàëüíûé 
ïðîèçâîë â ðåøåíèè óðàâíåíèÿ (4), íå ñâîäÿùèéñÿ 
ê ðàíåå óñòàíîâëåííîìó. 

Äëÿ çàìûêàíèÿ îäíîìåðíîé çàäà÷è òðåáóåòñÿ 
çàäàíèå ðàñïðåäåëåíèÿ êîíöåíòðàöèè íà ëèíèÿõ 
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Â ñëó÷àå, êîãäà âûáèðàåòñÿ ðåøåíèå ñ äâóõ-
ôóíêöèîíàëüíûì ïðîèçâîëîì, íåîáõîäèìî òàêæå 
çíàòü ðàñïðåäåëåíèå  

 c(ϕ0, ψ, H) = cH(ψ), 

ãäå H – âûñîòà îáëàñòè èññëåäîâàíèÿ. 
×òîáû îò êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñ ïåðå-

ìåííûìè êîýôôèöèåíòàìè (4), (7) ïåðåéòè ê ñîîò-
âåòñòâóþùåé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè (5), íåîáõîäèìî ïî èç-
âåñòíûì êðàåâûì çíà÷åíèÿì c(ϕ, ψ, z) íàéòè îòâå-
÷àþùèå èì çíà÷åíèÿ L(ϕ, ψ, z). Äëÿ ýòîãî ïðåäñòà-
âèì ðàâåíñòâî (6) â âèäå 
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Èíòåãðèðóÿ äàííîå ñîîòíîøåíèå, íàõîäèì 
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ãäå A(ϕ, ψ) – ïðîèçâîëüíàÿ ôóíêöèÿ èíòåãðèðîâà-
íèÿ. Â ñèëó ëèíåéíîñòè óðàâíåíèÿ (5) âòîðîå ñëà-
ãàåìîå â (9) äîëæíî åìó óäîâëåòâîðÿòü.  
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ñ ïðîèçâîëüíîé ôóíêöèåé B(ψ). Îãðàíè÷åííîñòü 
êîíöåíòðàöèè c(ϕ, ψ, z) è L(ϕ, ψ, z) òðåáóåò, ÷òîáû 
A(ϕ, ψ) = 0; a → ∞ è, òàêèì îáðàçîì, 
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Òàê êàê c(ϕ0, 0, z) – èçâåñòíàÿ âåëè÷èíà, òî èç 
(10) ñëåäóåò êðàåâîå çíà÷åíèå  
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×òîáû óñòàíîâèòü êðàåâîå çíà÷åíèå L(ϕ0, ψ, z), 
ðàñêðîåì íåîïðåäåëåííîñòü â ïðåäñòàâëåíèè (6). 
Èìååì 

 ( ) ( ) ( )
2

2 2

1
, ,0 , ,0 , ,0

L
c L

z

∂ϕ ψ = ϕ ψ − ϕ ψ
α ∂

, 

îòêóäà 

 ( ) ( )2 2 2
0 0 02

0,0,0 e e e ,0,0
k k k

L A k c d

ϕ
α ϕ α ϕ −α τ

−∞

ϕ = + α τ τ∫ , 

ãäå A – ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Îãðàíè÷åííîñòü 
L(ϕ, 0, 0) ïðè ϕ → ∞ ïðèâîäèò ê òîìó, ÷òî A = 0. 
 Åñëè èçâåñòíî ðàñïðåäåëåíèå êîíöåíòðàöèè 
cH(ϕ, 0, H), òî ïðèõîäèì ê êðàåâîìó óñëîâèþ 
òðåòüåãî ðîäà 
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Òàêèì îáðàçîì, êðàåâûå óñëîâèÿ äëÿ L(ϕ, ψ, z) 
óñòàíîâëåíû è â ðåçóëüòàòå ïðèõîäèì ê ñìåøàííîé 
êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ Ôóðüå (5), ãäå â êà-
÷åñòâå äîïîëíèòåëüíîãî óñëîâèÿ L(ϕ, 0, 0) = L0(ϕ). 
 Ïðåîáðàçîâàíèå, èñïîëüçîâàííîå âûøå è èçâåñò-
íîå êàê ïðåîáðàçîâàíèå Áóññèíåñêà, èìååò è ñàìî-
ñòîÿòåëüíûé èíòåðåñ. Åãî ïðèëîæåíèå íå èñ÷åðïûâà-
åòñÿ óðàâíåíèÿìè òèïà (1). Îíî ìîæåò áûòü ïðèìå-
íåíî ïðè èññëåäîâàíèè ïîëíîé ñèñòåìû óðàâíåíèé 
òåïëîìàññîïåðåíîñà, òàê êàê ïåðåâîäèò íåîðòîãî-
íàëüíóþ ñåòêó â îðòîãîíàëüíóþ. Ýòî â ñâîþ î÷åðåäü 
óïðîùàåò ïîñòðîåíèå ðàçíîñòíûõ óðàâíåíèé. 

Ïðèìåð àíàëèòè÷åñêîãî ðåøåíèÿ  

çàäà÷è ïåðåíîñà ïðèìåñè 

Ïðèìåíèì äàííûå ðåçóëüòàòû ê ðåøåíèþ çàäà-
÷è î ïîèñêå õàðàêòåðà ðàñïðåäåëåíèÿ ïðèìåñè, ïî-
ðîæäàåìîé èñòî÷íèêîì ãàóññîâñêîãî òèïà ïðè îáòå-
êàíèè êðóãëîãî õîëìà, êîòîðûé ìîäåëèðóåòñÿ êðó-
ãîâûì öèëèíäðîì (x – m)2 + y2 = R2. Êîìïëåêñ-
íûé ïîòåíöèàë òå÷åíèÿ èçâåñòåí [2]: 
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ãäå ϕ0, v∞, m, R – èçâåñòíûå ïîñòîÿííûå. 
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Äëÿ ãàóññîâîé ìîäåëè ôàêåëà [1]: 
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Òîãäà äëÿ êîíöåíòðàöèè ñ èìååì ïðåäñòàâëåíèå 
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Ïðîèçâîëüíóþ ôóíêöèþ A(ψ) íàéäåì èç óñëî-
âèÿ c0(ψ) = c(ϕ0, ψ, 0), ñ÷èòàÿ, ÷òî íà ëèíèè ϕ = ϕ0, 
z = 0 ðàñïðåäåëåíèå êîíöåíòðàöèè èçâåñòíî. Ðàñ-
êðûâàÿ íåîïðåäåëåííîñòü âî âòîðîì ñëàãàåìîì 
(15), íàõîäèì 
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Ïðèìåì çà êîìïëåêñíûé ïîòåíöèàë òå÷åíèÿ çàêîí 
(13), êîòîðûé îòâå÷àåò îáòåêàíèþ îêðóæíîñòè ðà-
äèóñà R ïîñòóïàòåëüíûì ïîòîêîì, ñêîðîñòü êîòîðî-
ãî íà áåñêîíå÷íîñòè v∞. 

Òîãäà ñîîòíîøåíèÿ (13), (15) è (16) äàþò èñ-
êîìîå ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå ïðèìåñè îò 
îäèíî÷íîãî òî÷å÷íîãî èñòî÷íèêà â ïàðàìåòðè÷åñêîì 
âèäå, õîòÿ â äàííîì ñëó÷àå ìîæíî óêàçàòü ÿâíûé 
âèä çàâèñèìîñòè êîíöåíòðàöèè îò äåêàðòîâûõ êî-
îðäèíàò. 

Ðàñïðåäåëåíèå êîíöåíòðàöèè ïðèìåñè ïðè îáòå-
êàíèè öèëèíäðà çàïûëåííûì ïîòîêîì (m = 100 ì – 
ðàññòîÿíèå ìåæäó èñòî÷íèêîì ïðèìåñè è öåíòðîì 
öèëèíäðà; R = 50 ì – ðàäèóñ öèëèíäðà; v∞ = 5 ì/ñ; 
H = 50 ì; k0 = 0,1 ì2/ñ; α = 1,2) ïîêàçàíî íà ðèñ. 1. 

Íà ðèñ. 1 ïðèâåäåíû çàâèñèìîñòè ìàêñèìàëüíî-
ãî çíà÷åíèÿ êîíöåíòðàöèè îò êîîðäèíàòû z, à òàêæå 
êðèâûå, îïðåäåëÿþùèå çàâèñèìîñòü êîíöåíòðàöèè 
ïðèìåñè îò êîîðäèíàòû x è z. Èç ïðèâåäåííûõ ðå-
çóëüòàòîâ ñëåäóåò, ÷òî õàðàêòåð èçìåíåíèÿ êîíöåí-
òðàöèè ñóùåñòâåííî çàâèñèò îò óðîâíÿ z. Ó çåìíîé 
ïîâåðõíîñòè íà íåêîòîðîì ðàññòîÿíèè îò èñòî÷íèêà 
îòìå÷àåòñÿ ìàêñèìàëüíîå çíà÷åíèå êîíöåíòðàöèè.  
Ñ ðîñòîì z ïîëîæåíèå ìàêñèìóìà ñìåùàåòñÿ ê èñ-
òî÷íèêó. Íà óðîâíå ïîëîæåíèÿ âûáðîñà z = H êîí-
öåíòðàöèÿ ìîíîòîííî óáûâàåò ñ óâåëè÷åíèåì x. Íà 
áîëåå âûñîêèõ óðîâíÿõ ñíîâà íàáëþäàåòñÿ ìàêñè-
ìóì c íà íåêîòîðîì ðàññòîÿíèè x.  

 
à 

 
á 

 
â 

Ðèñ. 1. Çàâèñèìîñòü ìàêñèìàëüíîé êîíöåíòðàöèè cmax îò z 
(a), c îò x: 1 – x = 0,12; 2 – 0,2; 3 – 0,6; 4 – 2; 5 – 4 êì 
(á), c îò  z: 1 – z = 10; 2 – 20; 3 – 30; 4 – 40; 5 – 50;  
 6 – 60; 7 – 70 ì (â) 

 

Ïî ðàñ÷åòíûì äàííûì ìîæíî òàêæå îöåíèòü 
âåðòèêàëüíûé ïðîôèëü êîíöåíòðàöèè â çàâèñèìî-
ñòè îò ðàññòîÿíèÿ äî èñòî÷íèêà. Ïðè ìàëûõ ðàñ-
ñòîÿíèÿõ x ìàêñèìóì ïî âûñîòå îòìå÷àåòñÿ ïðè-
ìåðíî íà óðîâíå èñòî÷íèêà z = H. Ñ ðîñòîì x ìàê-
ñèìóì êîíöåíòðàöèè ñíèæàåòñÿ è ðàñïðåäåëåíèå 
êîíöåíòðàöèè ïî âûñîòå òåðÿåò ñèììåòðèþ: óðîâåíü 
êîíöåíòðàöèè ó ïîâåðõíîñòè âûøå, ÷åì â âåðõíèõ 
ñëîÿõ âîçäóõà. 

Ðàñïðåäåëåíèå ïðèìåñè â óëè÷íîì 

êàíüîíå 

Áûëà òàêæå ðàññìîòðåíà çàäà÷à î ðàñïðåäåëå-
íèè ïðèìåñè èç èñòî÷íèêà, íàõîäÿùåãîñÿ â îòêðû-
òîì ïðîñòðàíñòâå, â êàíàë øèðèíîé 2a. Â ýòîì ñëó-
÷àå  ïåðåìåííûå x, y è ϕ, ψ ñâÿçàíû ñîîòíîøåíèåì 

 
( )

exp
ii a

x iy
u au

π ϕ + ψ ϕ + ψ+ = + − π  
, (17) 

ãäå u – ñêîðîñòü íà áåñêîíå÷íîñòè.  
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Ðèñ. 2. Çíà÷åíèÿ êîíöåíòðàöèè ïðè z = 0 (à); ïðè ψ = 0 
 (á); ïðè ϕ = 0,1 (â); α = 0,1; k0 = 0,1 ì2/ñ; l = 1 

Åñëè íà÷àëüíîå ðàñïðåäåëåíèå L(ϕ, ψ, z) çà-
äàòü â âèäå 

 ( ) ( ) ( ) ( )
2 2

exp exp
, ,0 , 0, ,

1 1

l mz
L L z

− ϕ −
ϕ ψ = ψ =

ψ + ψ +
, (18) 

òî äëÿ L(ϕ, ψ, z) ïîëó÷èì âûðàæåíèå 
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z s
L z l ds

k s

z
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k
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k

∞

ϕ

∞

    ϕ ψ = − ϕ − + +    
ψ +      

  − ξ
  + − − ξ −

 ϕψ +   

 + ξ
 − − − ξ ξ

 ϕ  

∫

∫  

Òîãäà ñîîòíîøåíèÿ (6), (17) è (19) è äàäóò ïðî-
ñòðàíñòâåííîå ðàñïðåäåëåíèå êîíöåíòðàöèè, ïðè ýòîì  

 ( ) ( )2

2 2

0

exp
, ,0 1

1

ll
c

k

− ϕ 
ϕ ψ = + 

α ψ + 
. 

Ðåçóëüòàòû ðàñ÷åòîâ, ïðîâåäåííûõ ïî óêàçàí-
íûì ôîðìóëàì, ïðåäñòàâëåíû íà ðèñ. 2. 

Çàêëþ÷åíèå 

Ïðåäñòàâëåí îäèí èç ìåòîäîâ ïîíèæåíèÿ ðàç-
ìåðíîñòè èñõîäíûõ çàäà÷, ïîçâîëÿþùèé ýôôåêòèâ-
íî íàõîäèòü àíàëèòè÷åñêèå è ÷èñëåííûå ðåøåíèÿ 
ðàññìàòðèâàåìîãî óðàâíåíèÿ. 

Ïîìèìî ýòîãî èñïîëüçîâàííîå ïðåîáðàçîâàíèå 
ïåðåâîäèò íåîðòîãîíàëüíûå â ïëàíå ñåòêè â îðòîãî-
íàëüíûå, ÷òî ñóùåñòâåííî óïðîùàåò îðãàíèçàöèþ 
÷èñëåííûõ ïîäõîäîâ äëÿ ïîëíûõ óðàâíåíèé ïåðå-
íîñà ïðèìåñè. 
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M.G. Nikitina, S.V. Panko, A.V. Starchenko. A representation of solution of pollution transport  
equation and its applications. 

An analytic solution of transport equation modeling pollution transfer in the atmosphere was found. The repre-
sentation of the solution is based on reduction of the input equation to the classic one-dimensional equation of heat 
conductivity. Functional dependences of horizontal wind and turbulent diffusivity on the vertical coordinate are 
supposed to be known. Solution of arising boundary value problems possesses a bi-functional arbitrary rule. Arbi-
trary functions are found on the basis of the known impurity distribution on two levels along a given curve. Then 
the parameter representation of spatial field of impurity is found. An efficiency of the developed approach is condi-
tioned by application of new independent variables, which transform the investigated plane domain to a canonical 
one. New variables allow application of known various both analytic and numerical solutions of the one-dimensional 
Fourier equation. A distribution of concentration in original variables is found by simple number translation with 
usage of transformation formulae connecting Cartesian coordinates and the new ones. 


