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Ïðèâîäÿòñÿ ïðèìåðû äåòåêòèðîâàíèÿ ñèíãóëÿðíîñòåé â ñèãíàëàõ ñ ïîìîùüþ âýéâëåò-ðàçëîæåíèÿ. Îïè-
ñûâàåòñÿ àëãîðèòì ïîñòðîåíèÿ äèôôåðåíöèàëüíûõ è îáðàòíûõ èì îïåðàòîðîâ íà îñíîâå âýéâëåò-áàçèñîâ, 
ïîëåçíûõ äëÿ çàäà÷ àäàïòèâíîé îïòèêè. Ïðèâîäÿòñÿ ïîäðîáíûå ïðèìåðû ïîñòðîåíèÿ òàêèõ îïåðàòîðîâ. Ðàñ-
ñìàòðèâàåòñÿ è ïðèâîäèòñÿ êîíñòðóêöèÿ àäàïòèâíûõ âýéâëåòîâ – âýéâëåò-ïàêåòîâ. 

 
 
 

Ââåäåíèå 
 
Â çàäà÷àõ âîññòàíîâëåíèÿ îïòè÷åñêèõ èçîáðà-

æåíèé âîçíèêàåò íåîáõîäèìîñòü óëó÷øåíèÿ ðåçêîñòè 
ñëàáîêîíòðàñòíûõ èçîáðàæåíèé. Ðåçêîñòü è êîíòðà-
ñòíîñòü èçîáðàæåíèÿ îïðåäåëÿþòñÿ ãðàäèåíòîì ðàñ-
ïðåäåëåíèÿ èíòåíñèâíîñòè, ò.å. ÷åì ñèëüíåå ïåðåïà-
äû èíòåíñèâíîñòè, òåì ñèëüíåå êîíòðàñòíîñòü è ðåç-
êîñòü ãðàíèö. Ñëåäîâàòåëüíî, âëèÿÿ íà âåëè÷èíó 

ïîëÿ ãðàäèåíòà èíòåíñèâíîñòè, ìîæíî óëó÷øàòü çà-
ìóòíåííûå èçîáðàæåíèÿ, óñèëèâàÿ åãî âûñîêî÷àñ- 
òîòíóþ ñîñòàâëÿþùóþ è ïîäàâëÿÿ ôîíîâûå íèçêî-
÷àñòîòíûå òðåíäû [1]. 

Ïðîáëåìà âîññòàíîâëåíèÿ ôàçû îïòè÷åñêîé 

âîëíû ïî åå ïîëþ ãðàäèåíòîâ âîçíèêàåò â çàäà÷àõ 
àäàïòèâíîé îïòèêè è îïòè÷åñêîãî êîíòðîëÿ. Çàäà÷à 
ñòàíîâèòñÿ ñëîæíåå, åñëè ðåãèñòðèðóåìîå èçëó÷åíèå 
ïðîøëî ñëó÷àéíî-íåîäíîðîäíóþ ñðåäó. Â ýòîì ñëó-
÷àå â ôàçå îïòè÷åñêîé âîëíû âîçíèêàþò ñèíãóëÿð-
íîñòè, êîòîðûå ÿâëÿþòñÿ íà÷àëîì ðàçðóøåíèÿ ïó÷-
êà íà íåêîððåëèðóåìûå ó÷àñòêè [2]. 

Äëÿ àíàëèçà è ñèíòåçà îïòè÷åñêîãî ñèãíàëà íàè-
áîëåå ïðåäïî÷òèòåëüíûì â ýòîì ñëó÷àå ÿâëÿåòñÿ 

âýéâëåò-áàçèñ. Îí ïîçâîëÿåò ýôôåêòèâíî ïðåäñòàâ-
ëÿòü äèôôåðåíöèàëüíûå è îáðàòíûå èì îïåðàòîðû, 
îáëàäàåò ñâîéñòâàìè áûñòðûõ ïðåîáðàçîâàíèé,  
âûñîêèì êîýôôèöèåíòîì ñæàòèÿ è èìååò ñâîéñòâî  
ëîêàëüíîñòè. Ñâîéñòâî ëîêàëüíîñòè ïðèäàåò áàçèñó 

âûñîêóþ óñòîé÷èâîñòü ê øóìàì, ïîçâîëÿåò ïðåä-
ñòàâëÿòü ñèãíàëû, èìåþùèå ðàçðûâíóþ ñïåêë-ñòðóê- 
òóðó, è âèçóàëèçîâàòü ñêðûòóþ ïåðèîäè÷íîñòü  
â ñèãíàëå. Â íàñòîÿùåé ñòàòüå ïðèâåäåíû ïðèìåðû 
ðàçëîæåíèÿ ñèíãóëÿðíûõ ñèãíàëîâ ïî âýéâëåòàì, 
ïîëó÷åííûì àâòîðîì â ðàáîòàõ [3, 4], âîññòàíîâëå-
íèÿ ñèíãóëÿðíûõ ñèãíàëîâ ïî èõ ïåðâîé è âòîðîé 
ïðîèçâîäíûì è ïðèìåðû ïðåäñòàâëåíèÿ îïåðàòîðîâ 
â âýéâëåò-áàçèñàõ. 

Âûáîð áàçèñà äëÿ ïðåäñòàâëåíèÿ  
ôóíêöèé ñ îñîáåííîñòÿìè 

 

Äëÿ ïðåäñòàâëåíèÿ ôóíêöèé ñ îñîáåííîñòÿìè 
íåîáõîäèì áàçèñ, èìåþùèé ñõîäñòâî ñ îáîáùåííûìè 
ôóíêöèÿìè. Áàçèñíàÿ ôóíêöèÿ äîëæíà èãíîðèðî-
âàòü íèçêî÷àñòîòíûé ïîëèíîìèàëüíûé òðåíä (ðåãó-
ëÿðíóþ ñîñòàâëÿþùóþ) ñèãíàëà â îêðåñòíîñòè ðàñ-
ñìàòðèâàåìîé òî÷êè, îñòàâëÿÿ ïðè ýòîì îñîáåííîñòè 

áîëåå âûñîêîãî ïîðÿäêà. Òàêèìè ñâîéñòâàìè îáëà-
äàþò âýéâëåò-áàçèñû. Îñîáåííî ýôôåêòèâíî ñèíãó-
ëÿðíîñòè ïðåäñòàâëÿþòñÿ âýéâëåòàìè Ì-ãî ïîðÿäêà, 
òàêèå âýéâëåò-ôóíêöèè áûëè ïîëó÷åíû àâòîðîì  

â ðàáîòàõ [3, 4]. Âýéâëåòû Ì-ãî ïîðÿäêà ïîä÷èíÿ-
þòñÿ óñëîâèþ 

 
⌡⌠Ψ (x)xndx  = 0, n = 0, …, M, (1) 

ãäå M – ïîðÿäîê èãíîðèðóåìîãî ïîëèíîìà àíàëè-
çèðóåìîé ôóíêöèè â îêðåñòíîñòè ðàññìàòðèâàåìîé 
òî÷êè. ×åì âûøå ïîðÿäîê âýéâëåòà, òåì ýôôåêòèâíåå 
ïðåäñòàâëÿþòñÿ ñèíãóëÿðíîñòè âûñîêîãî ïîðÿäêà 
àíàëèçèðóåìîé ôóíêöèè. 

Ïðîäåìîíñòðèðóåì íà ïðèìåðàõ ëîêàëèçàöèþ 
ñèíãóëÿðíîñòåé ñèãíàëà ñ ïîìîùüþ íåïðåðûâíîãî 
âýéâëåò-ðàçëîæåíèÿ: 

 W(s, p) = ⌡⌠
–∞

∞

 
1

s
 Ψ



 x – p

s  f(x)dx. (2) 

Â êà÷åñòâå ìîäåëè âûáåðåì ñèãíàë  

 f(x) = sin(2x) + 0,1sign[sin(2x2)], (3) 

ãäå 
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 sign(x) = 






1, åñëè x ≥ 0

–1, åñëè x < 0
 (4) 

– çíàêîâàÿ ôóíêöèÿ. Ãðàôè÷åñêèé âèä ñèãíàëà f(x) 
è åãî ñîñòàâëÿþùèõ sin(2x2) è sign(sin(2x2)) ïðåäñòàâ-
ëåíû íà ðèñ. 1, à. Â êà÷åñòâå âýéâëåò-áàçèñîâ âûáåðåì 

ñèììåòðè÷íûå îðòîãîíàëüíûå âýéâëåòû âûñîêèõ 
ïîðÿäêîâ ñ ðàçëè÷íîé ôîðìîé (ðèñ. 1, ã). Îäèí èç 

íèõ íàïîìèíàåò äåëüòà-ôóíêöèþ, à äðóãîé – åå 

ïðîèçâîäíóþ. Íèæå ïîä ãðàôèêîì ìîäåëüíîãî ñèãíàëà 

ïðèâîäÿòñÿ êàðòèíû êîýôôèöèåíòîâ åãî âýéâëåò-
ðàçëîæåíèÿ W(s, p) ñ ïîñëåäîâàòåëüíûì óâåëè÷å- 
 

íèåì ðàçðåøåíèÿ. Ïåðâàÿ êàðòèíà (ðèñ. 1, á) êîýô-
ôèöèåíòîâ äåëüòîîáðàçíîãî âýéâëåòà î÷åíü õîðî- 
øî ïîêàçûâàåò ðàçëîæåíèå ñèãíàëà ïî ìàñøòàáàì 
íåîäíîðîäíîñòåé, ðàçäåëÿÿ ïîäîáëàñòè ðåçêèìè ëè-
íèÿìè-ãðàíèöàìè. ×åòêî ïðîñëåæèâàåòñÿ ýâîëþöèÿ 

ôîðìèðîâàíèÿ ñèãíàëà. Ïî ìåðå óâåëè÷åíèÿ ðàçðå-
øåíèÿ âûäåëÿþòñÿ ìàñøòàáû áîëåå ìåëêîãî ðàçìåðà, 
ðàññòîÿíèÿ ìåæäó ãðàíèöàìè êîòîðîãî èçìåíÿþòñÿ 

ïî êâàäðàòè÷íîìó çàêîíó [ñì. âòîðîå ñëàãàåìîå â (3)]. 
È íàêîíåö, íà ìàñøòàáàõ ñàìîãî ìåëêîãî ðàçìåðà 
âèäíà ëîêàëèçàöèÿ ñèíãóëÿðíîñòåé ñèãíàëà, ÿðêèå 
ñâåòëûå ïîëîñû ïîêàçûâàþò êîîðäèíàòó ëîêàëèçàöèè. 

 
à 

 

 

 
 
á 

 

 

 
â 

 
ã 

Ðèñ. 1 
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Âòîðàÿ êàðòèíà (ðèñ. 1, â) êîýôôèöèåíòîâ èí-
òåðåñíà òåì, ÷òî îíà ïîêàçûâàåò ïðîèçâîäíóþ ñèã-
íàëà íà ðàçëè÷íûõ ìàñøòàáàõ. Òàêàÿ êàðòèíà ïî-
ëó÷àåòñÿ, åñëè ñèãíàë ïðîïóñòèòü ÷åðåç ñóáàïåðòóðó 

(ëèíçëåò), öåíòð êîòîðîé äâèæåòñÿ ïî ïðîñòðàíñò-
âåííîé îñè ñèãíàëà (ãîðèçîíòàëüíàÿ êîîðäèíàòà),  
à ðàäèóñ íåïðåðûâíî èçìåíÿåòñÿ ïî âåðòèêàëüíîé 

îñè. Â ýòîì ñëó÷àå ëèíèè-ãðàíèöû ïîêàçûâàþò ìàê-
ñèìóìû è ìèíèìóìû ñèãíàëà, à ïó÷íîñòè – òî÷êè 
ïåðåãèáà ñèãíàëà. Êîýôôèöèåíòû ìåëêîãî ìàñøòàáà 
ïîêàçûâàþò ìåñòî ëîêàëèçàöèè ïðîèçâîäíîé ñèíãó-
ëÿðíîñòè. 

 

Ïðåäñòàâëåíèå äèôôåðåíöèàëüíûõ  
è îáðàòíûõ èì îïåðàòîðîâ  

â áàçèñå ñêåéëèíãîâûõ ôóíêöèé 
 
Ïðèâåäåì àëãîðèòì ïðåäñòàâëåíèÿ äèôôåðåí-

öèàëüíûõ îïåðàòîðîâ 
dn

dxn â áàçèñå ñêåéëèíãîâûõ 

ôóíêöèé, ïîä÷èíÿþùèõñÿ ñâîéñòâó êðàòíîìàñ-
øòàáíîãî àíàëèçà: 

 ϕ(x) = ∑
k=0

N

 pk ϕ(2x – k). (5) 

Íàéäåì ýëåìåíòû ìàòðèöû ïðåäñòàâëåíèÿ îïåðàòî-

ðîâ 
dn

dxn : 

 Dk

(n)
 = 〈ϕ(x) 

dn

dxn  ϕ(x – k)〉. (6) 

Çäåñü 〈f1(x)|f2(x)〉 = 
⌡⌠
–∞

∞
 f1(x) f2(x)dx – ñêàëÿðíîå 

ïðîèçâåäåíèå. 
Ïîäñòàâèâ âûðàæåíèÿ (5) â (6), ïîëó÷àåì  

 Dk

(n)
 = ∑

sm=0

N

  ps pm 〈ϕ(2x – s) 
dn

dxn  ϕ(2x – 2k – m)〉 = 

 = 2
n–1 ∑

sm=0

N

  ps pm D2k–s+m

(n)
. (7) 

Ïîñëå ïðîñòûõ ïðåîáðàçîâàíèé íåòðóäíî ïîëó÷èòü 
ñîîòíîøåíèå (7) â áîëåå ïîäðîáíîé çàïèñè: 

 Dk

(n)
 = 2

n–1 ∑
sm=0

N

 ps pm D2k–s+m

(n)
 = 

 = 2
n–1

 ∑
m = –N + 1

N–1

     ∑
s=0

N

  ps 

pm–2k+s Dm

(n)
. (8) 

Ââåäåì îáîçíà÷åíèå 

 Ak, m

(n)
 = 2

n–1 
∑

s = 0

N

  ps 

pm–2k+s = 2n–1 am–2k, 

 –N + 1 ≤ k, m ≤ N – 1, (9) 

ãäå as = ∑
m = 0

N

  pm 

pm+s, òîãäà ñèñòåìó (8) ìîæíî çàïè-

ñàòü êàê àëãåáðàè÷åñêîå óðàâíåíèå íà ñîáñòâåííûå 
çíà÷åíèÿ:  

 D
(n) = A(n)

 D
(n) = 2n

 A(0)
 D

(n). (10) 

Ïîñëå òîãî êàê îïðåäåëåíû ìàòðè÷íûå ýëåìåíòû 
äèôôåðåíöèàëüíûõ îïåðàòîðîâ, ìîæíî ïðîñòûì 

îáðàùåíèåì ïîëó÷åííûõ ìàòðèö íàéòè îïåðàòîðû, 
îáðàòíûå äèôôåðåíöèàëüíûì. Îäíàêî ñëåäóåò ó÷åñòü, 
÷òî äèàãîíàëüíûå ýëåìåíòû ìàòðèöû ïðåäñòàâëåíèÿ 
ïåðâîé ïðîèçâîäíîé ðàâíû íóëþ è îáðàòíàÿ åé ìàò-
ðèöà ïðè îáðàùåíèè ñòàíîâèòñÿ ñèíãóëÿðíîé. Ïî-
ýòîìó íåîáõîäèìî ïðîèçâåñòè ðåãóëÿðèçàöèþ (ïñåâ-
äîîáðàùåíèå ìàòðèöû). Êàê áûëî óïîìÿíóòî âûøå, 
ëîêàëüíûé áàçèñ ÿâëÿåòñÿ óñòîé÷èâûì, ïîýòîìó äîñ-
òàòî÷íî îñóùåñòâèòü ñëàáûé ñäâèã ñïåêòðà. 

Ïðèâåäåì êîíêðåòíûé ïðèìåð ïðåäñòàâëåíèÿ 
ðàññìîòðåííûõ îïåðàòîðîâ äëÿ òðàïåöåèäàëüíîé 

ñêåéëèíãîâîé ôóíêöèè ϕ(x) (ðèñ. 2) è âîññòàíîâëå-
íèÿ ìîäåëüíîé ôóíêöèè ïî åå ïåðâîé è âòîðîé ïðî- 
 

 

Ðèñ. 2 

 
èçâîäíûì ñ ïîìîùüþ ôóíêöèè ϕ(x). Çàïèøåì äâóõ-
ìàñøòàáíîå ñîîòíîøåíèå 

 ϕ(x) = 
1
2 ∑

k=0

3

 ϕ(2x – k). (11) 

Â ýòîì ñîîòíîøåíèè âñå êîýôôèöèåíòû p ðàâíû, 

ò.å. p0 = p1 = p2 = p3 = 
1
2 . 

Äëÿ ïðåäñòàâëåíèÿ ìàòðè÷íûõ ýëåìåíòîâ îïåðà-

òîðîâ  
dn

dxn íåîáõîäèìî îïðåäåëèòü ýëåìåíòû ìàòðè-

öû A(0) [ñì. óðàâíåíèå (8)]. Â ðàññìàòðèâàåìîì 
ñëó÷àå ýòî áóäóò âåëè÷èíû: 

 a0 = ∑
m = 0

3

  pm

2
 = 1,   a1 = ∑

m = 0

3

  pm 

pm+1 = 0,75, 

 a2 = ∑
m = 0

3

  pm 

pm+2 = 0,5, a3 = ∑
m = 0

3

  pm 

pm+3 = 0,25, 

 a–1 = ∑
m = 0

3

  pm 

pm–1 = 0,75, a–2 = ∑
m = 0

3

  pm 

pm–2 = 0,5, 
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 a–3 = ∑
m = 0

3

  pm 

pm–3 = 0,25. (12) 

Çàïèøåì ìàòðèöó A(0) â ðàçâåðíóòîì âèäå: 

 A
(0) = 

1
2 











a2 a3 0 0 0

a0 a1 a2 a3 0

a–2 a–1 a0 a1 a2

0 a–3 a–2 a–1 a0

0 0 0 a–3 a–2

 =  

 =











 

0,25 0,125 0 0 0

0,5 0,375 0,25 0,125 0

0,25 0,375 0,5 0,375 0,25

0 0,125 0,25 0,375 0,5

0 0 0 0,125 0,25

  . (13) 

Íàéäåì ýëåìåíòû ìàòðèö ïðåäñòàâëåíèÿ  

 Dk

(0)
 = 〈ϕ(x)|ϕ(x – k)〉, Dk

(1)
 = 〈ϕ(x) 

d
dx  ϕ(x – k)〉, 

 Dk

(2)
 = 〈ϕ(x) d2/dx2  ϕ(x – k)〉  

(k èçìåíÿåòñÿ â ïðåäåëàõ –2 ≤ k ≤ 2), ðåøàÿ óðàâ-
íåíèÿ ñîîòâåòñòâåííî  

 D
(0) = A(0) D(0),  D(1) = 2A(0) D(1),  D(2) = 4A(0) D(2). 

Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùèå ðåøåíèÿ: 
 

 D
(0) = 



1

6, 1, 
10
6 , 1, 

1
6  = (0,167; 1; 1,67; 1; 0,167), 

 D
(1) = 



–

1
2, –1, 0, 1, 

1
2  = (–0,5; –1; 0; 1; 0,5), 

 D
(2) = 



1

2, 0, –1, 0, 
1
2  = (0,5; 0; –1; 0; 0,5). 

Òåïåðü ïîêàæåì, êàê ðàáîòàþò ïîëó÷åííûå 
ïðåäñòàâëåíèÿ. Âîçüìåì ìîäåëüíûé ñèãíàë, ãðàôè-
÷åñêèé âèä êîòîðîãî ïðåäñòàâëåí íà ðèñ. 3, à, à åãî 
ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå – íà ðèñ. 3, á è â 
ñîîòâåòñòâåííî (ïóíêòèðíûå êðèâûå): 

f(x) = sin(x3
 0,4) exp[–(x – 2)4 0,7], 0 ≤ x ≤ 4,8. (14) 

Ôîðìèðóåì áàçèñ ñêåéëèíãîâûõ ôóíêöèé 

ϕ(2 

j
 x – k), j = 6, 0 ≤ k ≤ M = 320. Íàõîäèì êî-

ýôôèöèåíòû ðàçëîæåíèÿ bk ñèãíàëà ïî áàçèñó: 
 

 f(x) = ∑
k=0

M

 bkϕ(2 

j
 x – k), (15) 

äëÿ ýòîãî ôîðìèðóåì ïÿòèäèàãîíàëüíóþ ìàòðèöó 
 

 dm,s

(0)
 = Dm–s

(0)
 = 〈ϕ(õ2 

j – m) | ϕ(õ2 

j – s)〉, 

 0 ≤ m, s ≤ M, 

 d
(0) =  

= 











  

1,67 1 0,167 0 0 0 …

1 1,67 1 0,167 0 0 …

0,167 1 1,67 1 0,167 0 ….

0 0,167 1 1,67 1 0,167 …

0 0 0,167 1 1,67 1 …

  

  (16) 

è âåêòîð-ñòîëáåö cs = 〈f(x) | ϕ(õ2 

j – s)〉, êîýôôèöè-
åíòû ðàçëîæåíèÿ ñèãíàëà (15) bk ïðè ýòîì îïðåäå-
ëÿþòñÿ ìàòðè÷íûì âûðàæåíèåì 

 b = d(0)–1 ⋅ c. (17) 

Ðåçóëüòàò ðàçëîæåíèÿ ïðèâåäåí íà ðèñ. 3, à 
(ñïëîøíàÿ êðèâàÿ). 

 

 
 

 

Ðèñ. 3. Ìîäåëüíàÿ ôóíêöèÿ f(x) è åå âýéâëåò-âîññòàíîâ- 
ëåíèå (à);  df(x)/dx è åå âýéâëåò-ðàçëîæåíèå (á);  
  d2f(x)/dx2 è åå âýéâëåò-ðàçëîæåíèå (â) 
 

Òåïåðü îïðåäåëèì êîýôôèöèåíòû ðàçëîæåíèÿ 
b1k ïðîèçâîäíîé ìîäåëüíîé ôóíêöèè  

 
d
dx f(x) = ∑

k=0

M

 b1k ϕ(2 

j
 x – k). (18) 

Ñôîðìèðóåì ïÿòèäèàãîíàëüíóþ ìàòðèöó ïðåä-
ñòàâëåíèÿ îïåðàòîðà ïåðâîé ïðîèçâîäíîé 

 dm,s

(1)
 = Dm–s

(1)
 = 〈ϕ(õ2 

j – m) 
d
dx  ϕ(õ2 

j – s)〉, 

 0 ≤ m, s ≤ M, 

 d
(1) =  

 











0 1 0,5 0 0 0 …

–1 0 1 0,5 0 0 …

–0,5 –1 0 1 0,5 0 …

0 –0,5 –1 0 1 0,5 …

0 0 –0,5 –1 0 1 …

 

 , (19) 

a

á 

â 

    .       .        .     .    .    .    …

3.* 

1

0

–1

4,8 

4,8 

4,8 

11

0

–11

160

0

–160

2,4 

2,4

2,4
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íàéäåì êîýôôèöèåíòû ðàçëîæåíèÿ b1k (18), èñïîëü-
çóÿ ìàòðè÷íîå ïðîèçâåäåíèå âåêòîðà bk â ðàçëîæå-
íèè (15) íà ìàòðèöó ïðåäñòàâëåíèÿ (19) 

 b1 = –d
(1) ⋅ b. (20) 

Ðåçóëüòàò âîññòàíîâëåíèÿ ïðîèçâîäíîé ôóíêöèè f(x) 

ïî ñîîòíîøåíèþ (18) ïðåäñòàâëåí íà ðèñ. 3, á (ïóíê-
òèðíàÿ êðèâàÿ). 

Ïðåäñòàâèì âòîðóþ ïðîèçâîäíóþ â âèäå ðÿäà 
ïî ñêåéëèíãîâûì ôóíêöèÿì ϕ(x) 

 
d2

dx2  f(x) = ∑
k=0

M

  b2k ϕ(2 
jx – k) (21) 

è îïðåäåëèì êîýôôèöèåíòû b2k â (21), èñïîëüçóÿ 
ìàòðè÷íîå ïðîèçâåäåíèÿ âåêòîðà bk â ðàçëîæåíèè 
(15) íà ïÿòèäèàãîíàëüíóþ ìàòðèöó ïðåäñòàâëåíèÿ 
îïåðàòîðà âòîðîé ïðîèçâîäíîé 

 dm,s

(2)
 = Dm–s

(2)
 = 〈ϕ(õ2 

j – m) 
d2

dx2  ϕ(õ2 

j – s)〉, 

 0 ≤ m, s ≤ M, 

 d
(2) = 











 

–1 0 0,5 0 0 0 …

0 –1 0 0,5 0 0 …

0,5 0 –1 0 0,5 0 …

0 0,5 0 –1 0 0,5 …

0 0 0,5 0 –1 0 …

 

 , (22) 

è íàõîäèì 

 b2 = –d
(2) ⋅ b. (23) 

Ðåçóëüòàò ðàçëîæåíèÿ âòîðîé ïðîèçâîäíîé (21) 
ñ êîýôôèöèåíòàìè, ïîëó÷åííûìè ïî (23), ïðèâåäåí 
íà ðèñ. 3, â (ñïëîøíàÿ êðèâàÿ). Èç ãðàôèêîâ âèäíî 
õîðîøåå âîññòàíîâëåíèå ìîäåëüíîé ôóíêöèè, åå 

ïåðâîé è âòîðîé ïðîèçâîäíûõ. 
Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è âîññòàíîâèì ìî-

äåëüíóþ ôóíêöèþ f(x) ïî åå ïåðâîé 
df(x)
dx  è âòîðîé 

d2f(x)
dx2  ïðîèçâîäíûì. Äëÿ ýòîãî äîñòàòî÷íî îáðàòèòü 

âûðàæåíèÿ (20) è (23), ò.å. íóæíî íàéòè êîýôôè-
öèåíòû b ñ ïîìîùüþ âûðàæåíèé 

 b = –d
(1)–1 ⋅ b1, (24) 

 b = –d
(2)–1 ⋅ b2, (25) 

à çàòåì íàéäåííûå êîýôôèöèåíòû ïîäñòàâèòü â (15). 
Êàê áûëî îòìå÷åíî âûøå, â âûðàæåíèè (24) íåîá-
õîäèìî îñóùåñòâèòü ñëàáûé ñïåêòðàëüíûé ñäâèã, òàê 
êàê ìàòðèöà d

(1) èìååò íóëåâûå äèàãîíàëüíûå ýëå-
ìåíòû. Âûðàæåíèå (24) ñëåäóåò ïåðåïèñàòü â âèäå 
 

 b = –(d(1) – I ⋅ λ)–1 ⋅ b1, (26) 

ãäå I – åäèíè÷íàÿ ìàòðèöà; λ = 10–8. Íå áóäåì ïðè-
âîäèòü ãðàôèêè ðàçëîæåíèÿ f(x) ïî êîýôôèöèåíòàì, 
âîññòàíîâëåííûì ñ ïîìîùüþ âûðàæåíèé (24) è (26), 
ýòè ãðàôèêè ñîâåðøåííî èäåíòè÷íû èñõîäíîìó ìî-
äåëüíîìó ãðàôèêó (ñì. ðèñ. 3, à). Îòìåòèì òîëüêî, 
÷òî ìàêñèìàëüíîå êâàäðàòè÷íîå îòêëîíåíèå âîññòà-
íîâëåííûõ ôóíêöèé îò ìîäåëüíîé ñîñòàâëÿëî 

ε = 10–7. Õî÷ó îáðàòèòü âíèìàíèå ÷èòàòåëÿ íà òî, 
÷òî ïðè âîññòàíîâëåíèè ìîäåëüíîãî ñèãíàëà f(x) ïî 
åãî ïðîèçâîäíûì íå ïðîèñõîäèò ïîòåðè èíôîðìàöèè 

î ïîñòîÿííîé è ëèíåéíîé ñîñòàâëÿþùèõ f(x), êàê 

ýòî èìååò ìåñòî ïðè ïîëèíîìèàëüíîì ðàçëîæåíèè. 
Âýéâëåò-áàçèñ  «ðàáîòàåò»  â  îáîáùåííîì   ñìûñëå. 

Â êà÷åñòâå äåìîíñòðàöèè ïðèâåäåì ïðîèçâîä-
íûå ìîäåëüíîãî ñèíãóëÿðíîãî ñèãíàëà (3), ðèñ. 4, à. 
Íà ðèñ. 4, á è â ïðåäñòàâëåíû ïåðâàÿ è âòîðàÿ 
ïðîèçâîäíûå ñèãíàëà ñîîòâåòñòâåííî, ïîëó÷åííûå  
ñ ïîìîùüþ âýéâëåò-ðàçëîæåíèÿ ïî âûøåîïèñàííî-
ìó àëãîðèòìó. Íà ðèñ. 4, â ïðèâåäåí îäèí è òîò æå 
ãðàôèê â ðàçíûõ ìàñøòàáàõ. Ñ ïîìîùüþ ñîîòíî-
øåíèé (24) è (26) ðåøàëàñü îáðàòíàÿ çàäà÷à – âîñ-
ñòàíîâëåíèå ñèãíàëà ïî åãî ïåðâîé è âòîðîé ïðîèç-
âîäíûì, ïðè ýòîì îøèáêà âîññòàíîâëåíèÿ ñèãíàëà 
íå ïðåâûøàëà ε = 10–6. Êîýôôèöèåíòû ìàòðèö D(n), 
n = 0, 1, 2, äëÿ âýéâëåòîâ, ïðèâåäåííûõ íà ðèñ. 1, 
ïðåäñòàâëåíû â òàáëèöå. 

 

k pk d
(0)

d
(1) d

(2) 

–9 
–8 
–7 
–6 
–5 
–4 
–3 
–2 
–1 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

0 
0 
0 
0 
0 
0 
0 

0,000828 
0,018714 

–0,045872 
–0,073234 
0,398704 
0,816354 
0,398704 

–0,073234 
–0,045872 
0,018714 
0,000828 

0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 

–1,2175786 ⋅ 10–8 
–0,0000016 
0,0001787 
0,0014626 

–0,0315657 
0,1883776 

–0,7887922 
0 

 0,7887922 
–0,1883776 
0,0315657 

–0,0014626 
–0,0001787 
0,0000016 

1,2175786 ⋅ 10–8

0 
0 

0 
0 

–1,069838 ⋅ 10–7 
9,36842 ⋅ 10–6 

–0,00085 
–0,004666 
 0,074327 
–0,349716 
1,325481 

–2,089173 
1,325481 

–0,349716 
 0,074327 
–0,004666 
–0,00085 

9,36842 ⋅ 10–6 
–1,069838 ⋅ 10–7 

0 
0 

–8 
–7 
–6 
–5 
–4 
–3 
–2 
–1 
0 
1 
2 
3 
4 
5 
6 
7 
8 

0 
0 
0 
0 
0 
0 

0,004968 
0,004968 

–0,083230 
0,083230 
0,697206 
0,697206 
0,083230 

–0,083230 
0,004968 
0,004968 

0 

0 
0 
0 
0 
0 
0 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 

0,00001 
0,00067 
0,01932 
 0,15275 
–0,75028 

0 
 0,75028 
–0,15275 
0,01932 

–0,00067 
–0,00001 

0 
0 
0 

0 
0 

0,000006 
–0,000133 
–0,001774 
0,063947 

–0,420757 
1,638971 

–2,560522 
1,638971 

–0,420757 
0,063947 

–0,001774 
–0,000133 
0,000006 

0 
0 

 

  .    .     .     .     .     .    …
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Ðèñ. 4. Ìîäåëüíàÿ ôóíêöèÿ f(x) è åå âýéâëåò-âîññòàíîâëåíèå (à);  
df(x)

dx  è åå âýéâëåò-ðàçëîæåíèå (á); 
d2f(x)
dx2  

 è åå âýéâëåò-ðàçëîæåíèå (â) 
 

Âýéâëåò-ïàêåòû 

 
Ââåäåì îáîáùåííîå ïîíÿòèå âýéâëåòîâ – âýéâëåò- 

ïàêåòû, êîòîðûå êîíñòðóèðóþòñÿ ïî ñëåäóþùåé 
ñõåìå [5]: âûáèðàåòñÿ íåêîòîðûé âýéâëåò ñ åãî 
ñêåéëèíãîâîé ôóíêöèåé. Çàïèñûâàþòñÿ äëÿ íèõ 
äâóõìàñøòàáíûå ñîîòíîøåíèÿ 

 ϕ(x) = ∑
k=0

N

 pk ϕ(2x – k); (27) 

 ψ(x) = ∑
k=0

N

 qk ϕ(2x – k), qk = (–1)k p–k+1. (28) 

Òåïåðü â âûðàæåíèÿ (27) è (28) âìåñòî ñêåé-
ëèíãîâîé ôóíêöèè ϕ(x) ïîäñòàâëÿåòñÿ âýéâëåò ψ(x) 
è ïîëó÷àþòñÿ ñëåäóþùèå âûðàæåíèÿ: 

 µ3(x) = ∑
k=0

N

 pk ψ(2x – k), (29) 

 µ4(x) = ∑
k=0

N

 qk ψ(2x – k), qk = (–1)k p–k+1. (30) 

Ýòó ïðîöåäóðó ìîæíî ïðîäîëæèòü è â ðåçóëü-
òàòå ïîëó÷èòü ñåìåéñòâî îðòîãîíàëüíûõ ôóíêöèé, 
íàçûâàåìûõ âýéâëåò-ïàêåòàìè: 

 µ2l(x) = ∑
k=0

N

 pk µl(2x – k), (31) 

 µ2l+1(x) = ∑
k=0

N

 pk µl(2x – k), (32) 

ãäå µ0(x) = ϕ(x), µl(x) = ψ(x), l = 0, 1, 2 … . 
Ïîëó÷åííûé áàçèñ âýéâëåò-ïàêåòîâ îáëàäàåò ëó÷-

øåé ëîêàëèçàöèåé è ÿâëÿåòñÿ àäàïòèâíûì áàçèñîì. 
Ïðè ðàçëîæåíèè ôóíêöèè f(x) â áàçèñ âýéâëåò-ïàêåòîâ 

 f(x) = – ∑
k,j,n=0

   ak,j µn(2 
jx – k)  (33) 

êðîìå èíäåêñîâ ëîêàëèçàöèè k è ìàñøòàáèðîâà-
íèÿ j ïðèñóòñòâóåò åùå è ÷àñòîòíûé èíäåêñ n. Ïðè 
âûáîðå áàçèñà ðóêîâîäñòâóþòñÿ èíôîðìàöèîííî-
ýíòðîïèéíûì êðèòåðèåì 

 E = – ∑
k=0

N

  | ak | 2 log(| ak | 2),   E → min, (34) 

ãäå ak – êîýôôèöèåíòû ðàçëîæåíèÿ ñèãíàëà ïî 
áàçèñó âýéâëåò-ïàêåòîâ. 

Êðèòåðèé (33) îòðàæàåò íåêèé ïðèíöèï «ïîõî-
æåñòè» ïðèáëèæàåìîé è ïðèáëèæàþùåé ôóíêöèé. 
Áîëüøàÿ âåëè÷èíà Å-ýíòðîïèè ñâèäåòåëüñòâóåò  

î ðàâíîìåðíîì âêëàäå êàæäîé èç êîìïîíåíò ðàçëî-
æåíèÿ, à ìàëîå çíà÷åíèå Å îçíà÷àåò ñîñðåäîòî÷åí-
íîñòü ðàñêëàäûâàåìîé ôóíêöèè íà ìàëîì ÷èñëå 
áàçèñíûõ íàïðàâëåíèé. Ýòî îçíà÷àåò, ÷òî ïðè ðàç-
ëîæåíèè ðàçëè÷íûõ ñèãíàëîâ â îäèí è òîò æå áàçèñ 
â ôîðìèðîâàíèè ñèãíàëîâ áóäóò ó÷àñòâîâàòü ðàç-
íûå  áàçèñíûå ôóíêöèè èç îäíîãî è òîãî æå ïàêåòà. 

  

 

a 

á
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Ðèñ. 5. Âýéâëåò-ïàêåòû 
 

Àâòîðîì ñêîíñòðóèðîâàíû âýéâëåò-ïàêåòû íà 
îñíîâå âýéâëåòîâ, ïîëó÷åííûõ â ðàáîòàõ [3, 4]. Íà 
ðèñ. 5 ïðèâîäèòñÿ ãðàôè÷åñêèé âèä âýéâëåò-ïàêåòîâ, 
ñèíòåçèðîâàííûõ èç âýéâëåòîâ (ñì. ðèñ. 1), êîýô-
ôèöèåíòû êîòîðûõ ïðèâåäåíû â òàáëèöå. 

 
Çàêëþ÷åíèå 

 
Â ðàáîòå ïîêàçûâàåòñÿ, ÷òî ïðè âûäåëåíèè 

ñèíãóëÿðíîñòåé ñèãíàëà íåîáõîäèìî âûáèðàòü 
âýéâëåòû ñ íóëåâûì çíà÷åíèåì ìîìåíòîâ âûñîêîãî 
ïîðÿäêà. Òàêèå âýéâëåòû óâåëè÷èâàþò îòíîñèòåëü-
íûé âêëàä ÷ëåíîâ âûñîêîãî ïîðÿäêà ìàëîñòè ñèã-
íàëà. Ïîÿñíÿåòñÿ, êàê ñ ïîìîùüþ âûáîðà ñîîòâåò-
ñòâóþùèé ôîðìû âýéâëåòà âèçóàëèçîâàòü êàðòèíó 
ýâîëþöèè ôîðìèðîâàíèÿ ñèãíàëà è åãî ïðîèçâîäíîé. 
Âýéâëåòû íå èìåþò àíàëèòè÷åñêîãî ïðåäñòàâëåíèÿ, 
ïîýòîìó âàæíûìè ÿâëÿþòñÿ îïèñàííûå àëãîðèòìû 

ôîðìèðîâàíèÿ ìàòðèö ïðåäñòàâëåíèÿ äèôôåðåíöè-
àëüíûõ è îáðàòíûõ èì îïåðàòîðîâ íà îñíîâå âýéâ-
ëåò-áàçèñîâ. Ýòè àëãîðèòìû ìîãóò áûòü ïîëåçíûìè 
ïðè ðåøåíèè çàäà÷ àäàïòèâíîé îïòèêè, ãäå âîññòà-
íîâëåíèå ñèãíàëà ïðîèçâîäèòñÿ ïî åãî ëîêàëüíûì 
íàêëîíàì. Ïðèâåäåííûå â ðàáîòå âýéâëåò-ïàêåòû  
 

ïîçâîëÿþò ðàçëîæèòü ñèãíàë íàèáîëåå îïòèìàëü-
íûì îáðàçîì. Ñêîíñòðóèðîâàííûå àäàïòèâíûå ïà-
êåòû çà ñ÷åò ñåëåêòèâíîãî âûáîðà áàçèñíûõ ôóíê-
öèé íàèëó÷øèì îáðàçîì «ïîäñòðàèâàþòñÿ» ïîä 
àíàëèçèðóåìûå ôóíêöèè íà îñíîâå èíôîðìàöèîííî- 
ýíòðîïèéíîãî êðèòåðèÿ. 
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Yu.N. Isaev. Synthesis of wavelet basis for analysis of optical signals. Part 3. Representation of  
differential and inverse operators in wavelet bases. Wavelet packages. 

Detection of singularities in signals using wavelet decomposition is exemplified. An algorithm for con-
struction of differential and inverse operators based on wavelet bases is described for problems useful from the 
viewpoint of adaptive optics. Detailed examples of such operators are presented. The construction of adaptive 
wavelets – wavelet packages – is considered. 

 


