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The optical transfer operator (OTO) of the atmosphere—ocean system (AOS)
as a three-dimensional plane layer with the horizontally inhomogeneous reflecting
and refracting interface between two media is formulated by the method of
influence functions (IFs) and spatial-frequency characteristics (SFCs) using the
perturbation theory series. The case is treated first when no splitting into spatial
and angular variables is used for the refraction and reflection coefficients. Such an
OTO has the most general form and is expressed in terms of the linear IF and SFC
of the atmosphere and the ocean. The solution of the problem for the entire AOS is
reduced to the solution of two problems for each medium.

INTRODUCTION

In this paper, we present the mathematical models
formulated for detailed description of the process of
radiative field formation and image transfer in the
atmosphere—ocean system (AOS) with a horizontally
inhomogeneous  interface. =~ The solar  radiation
propagation in the AOS is commonly described by the
boundary-value problem of the transfer theory for a
layer with a nonorthotropic interface between two
media, when the ocean is modeled as a reflecting
underlying surface. Generalized solutions of such
problem in the form of linear and nonlinear functionals,
with the universal characteristics of the linear transfer
system being their kernels, are constructed by the
method of the influence functions (IFs) and spatial
frequency characteristics (SFCs).18

The functions so constructed establish explicit
relations  between  problem  solution and the
characteristics of sources and the reflecting interface, as
well as outline a “scenario” at the interface with regard
to the contribution of multiple scattering in a medium
and multiple re-reflection from the interface, and the
scenario transfer through a turbid reflecting and
absorbing medium. These functionals describe the
optical transfer operator (OTO) of the atmosphere—
underlying surface system, including the case in which
spatial and angular dependences in the reflection
operators cannot be factorized.>8

The problems for the AOS with the reflecting and
transmitting interface are more complicated. For the case
of a horizontally homogeneous smooth or wavy interface,
the numerical algorithms have been developed for
modeling the radiation in the AOS,29 and the OTO has
been formulated by the method of the influence
functions. 1011 We have developed the
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method of the IFs and SFCs as applied to two-medium
problems with the horizontally inhomogeneous interface
when spatial and angular dependences cannot be
separated for the reflection and transmission
operators. 12

The perturbation theory series and the theory of
generalized solutions of kinetic equations provide the
basis for mathematical apparatus of the IF, SFC, and
OTO models. Here we present new results
demonstrating how the solution can be obtained for any
order of multiplicity of radiation interaction with the
interface and the OTO of AOS can be constructed with
regard to multiple scattering in each medium with the
help of universal linear transfer characteristics: the IFs
of the atmosphere (®,) and the ocean (©,) or
corresponding SFCs of the atmosphere (y,) and the
ocean (y,.).

We have derived the most general representation
of the OTO of AOS, from which a particular
representation in any (linear and nonlinear)
approximations can be found. The reduction of the
solution of one boundary-value problem of transfer
for the two-medium AOS to the solution of two
boundary-value problems for each medium separately
and the formulation of the OTO in the matrix form
with the two-component vector of IF @ ={0,, 0.}
or SFC vy ={y,, W,.} as a kernel are crucially new
results in the approach proposed here. For the first time
this approach was proposed by wus in Refs. 2
and 10—12.

The mathematical models of IF, SFC, and OTO
constructed here allow one to develop new algorithms
for remote sensing of the AOS, theory of vision and
image transfer in a turbid media, as well as numerical
simulation of radiation fields in the AOS illuminated
by the Sun or other source.
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FORMULATION OF THE PROBLEM

Let us consider a plane layer infinite in horizontal
direction (—oo < x, y < o) of finite height (0 <z < H),
which is illuminated in any way (from the top, from
the bottom, or from the inside). At the level z=nh
within the layer, the interface between two media is
located, which reflects and transmits the radiation. The
underlying surface is at the bottom (z= H). The

system atmosphere—interface—ocean—bottom is
considered as nonmultiplicative (without
multiplication).

The direction of radiation propagation is specified
by vector s=(u, ), p=cosd, pel[-1,1] on unit
sphere Q = [—1,1]x[0, 2x], where 8 e [0, 180°] is the
zenith angle counted off from the positive direction of
the z axis, ¢ € [0, 2x] is the azimuth angle counted off
from the x axis. The value ¢ = 0 is in the plane of solar
vertical, being coincident with the XOZ plane. The
solar flux is incident on the layer boundary z = 0 in the
direction sy = (ug, ¢9) with the =zenith angle
99 € [0, 90°], ny = cos9y, and the azimuth angle ¢y = 0.
For downward transmitted radiation we introduce the
hemisphere of directions QF={(u,@):u>0}, and for
upward reflected radiation - the hemisphere Q-
={(u, ¢):pn <0}, Q=Q UQ".

The boundary conditions are written using the
following sets:

To={(z,7,5):2=0, s € Q"},

Ty={(zr,s):z=H,seQ},
T, =1{z r,8):z2=hseQ,
I,={CGr,s):z=h seQ}.

The radiation passage through the interface is

described by the reflection (é1 and kz) and

transmission (%12 and ]A"21) operators, where subscript 7
is for the upper layer (usually, the atmosphere), and
subscript 2 is for the lower layer (the ocean):

[é1 O(h,r,s)= f O, 7y, sDq(r, s, sTdst,

Q+
seQ, (1)
[Ry ®] (h, 71, 9) = [ @h, 7y, 57 o, s, 57) ds,
o
s e Qf (2)

(Tia @1y iy 9) = [ @, 7, s tip(ry, s, 1) ds,

Q+
s e Qf, (3)
[%21 @] (h, 7y, 8) = f O(h, 7y, s7) tyy(r, s, s) ds7,
o
se Q. (4)

Optical properties of the atmosphere and the ocean
are described by the altitude profiles of the total
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extinction coefficient 6.(2) =o4(2) + o,5(2), absorption
coefficient o,,,(2), total scattering coefficient cy(z) =
=0,(2) + o,(2), which includes the aerosol (hydrosol)
c,(2) and molecular o,(z) components, and the total
scattering phase function (y is the scattering angle):

om(2) v ()

os(z) 7’

oa(2) 1alz, 1)
L T E)

which in general comprises the aerosol (hydrosol)
Ya(z,x)  and  molecular  (Rayleigh)  y,(x) =
= 3(1—cos2x) /(16n) components.

The integral operator of the kinetic equation K=D

- S includes the collision integral

Sd = o,(2) f Dy ds’
Q
and the transfer operator

= (s, grad) + oy (2) =
=D +sing 9 | Gin sine <
=D, + sin$ cosp 7~ + sind sing 29
In 1D case,

- ~ P 0
K,=D, - S, Dzzu£+0t(2).

ON THE SEPARATION INTO CONTRIBUTIONS
FROM THE ATMOSPHERE AND THE OCEAN

The radiation propagation in the atmosphere—ocean
system with the interface is described by the general
boundary-value problem of the transfer theory?:

K®=Fy, ®|r, = 1o (D‘I“Hsz+kH(D7

R ~ N R R _
@‘FZ=R2®+T12CD+][]Z, (I)|I—~Z=R1(D+T21CD+][]Z,

(6))
where Fy, fo, fu, [ and [, are possible sources of
radiation. A single event of radiation interaction with
reflecting bottom is described by the operator

[I:QH ®I(H, r,s) = f OH, r,s") qu(ry, s, sHdst. (6)
Q+

Here, we do not detail the reflection and transmission
operators, and use only their general form.

Because the boundary-value problem (5) is linear
with respect to sources, the net radiation field of the
system can be considered as superposition of solutions
to a set of boundary-value problems of type (5) with
one of the radiation sources Fp, fo, fiu, 1 and [,
respectively. Using the case in which the system is
illuminated by the solar flux as an example, we show
how the initial boundary-value problem of the transfer
theory can be separated into the boundary-value
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problems for the components of the
D=0+ @, + Oy + Dy + D

In the case of system illumination by the solar flux
(fy=Fp,=f}, =1, =0), the direct attenuated radiation

@Y is sought as the solution to the Cauchy problem:

light field:

~ 0 _ 0 _ _ _
{D,o"=0, @ Ip, = ® S, 86 =s50), @, =0 (D)
for the upper layer ze[0, /] and ®0 = 0 only for s = s.
The background radiation of the atmosphere @, is
sought as the solution of a 1D problem for a plane
layer ze[0, /] with zero boundary conditions:

(K, 0,=5 @

‘Da‘ro =0, ‘Da‘r; =0. ®)

The radiation of the atmosphere reflected from the
interface is sought as the solution of the boundary-
value problem for the layer ze[0, 2] with the source at

z=h:

{K®p=0, ®up|p =0, q)aR\r*=R1¢’aR+R1(‘DO+®a)-
0 h

9)

In more detail, ®,z = ®2R + GDZR. The component ®2R

describes the contribution into the atmospheric haze

due to scattering, within the upper layer, of the direct
flux reflected from the interface (z€[0, %]):

o =0 0 0 - 0 - 0
{Kq)aRZO, CI)aR\F():O, QQR‘FZ=R1 O,p tR1D". (10)

Because of atmospheric scattering of the haze
diffuse component reflected from the interface, the

component (I)ZR is formed, which is the solution of the
problem (z€[0, X])

S od d d S od L
{Kdjr=0, q)aR\FOZO, (DaR‘[‘Z =R Qur+R @, (11)

The radiation formed in the atmosphere is incident
on the interface (z=/h) and is the source of the
component ®,, of the system light field (the ocean
takes part in the formation of this component; ®,. = 0
for ze[0; H]):

K®o =0, Dol l—~0=0, Dy | FH=0,

q)oc‘l“z =R Qpe + Ty Do, (12)

- - - 0
Do ‘ I“;;:R2 Do tT13 P Ty (o +cDa+cDaR)~

For detailed consideration, the superposition

d

_m0 d _ sa aR
q)oc - (Doc + cI)ocv CDOC - q)oc + q)oc ’

may be introduced, in which the brightness field
components caused by the influence of the direct

solar radiation @20 (problem (12) with the source
f‘u(d)o + CDBR)) and the atmospheric haze q)ZC (problem
(12) with the source %12(@1 + @ZR)) are separated.
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The contribution of illumination from the
reflecting ocean bottom can be found as a solution of
the boundary-value problem

KCDq = 07 CDq|l—~O =0, q)q‘rH = RH (I)q + EH'

|t = Ry @y + Ty @y, Oyl = Ry @y + Ty @,

(13)

in which the bottom illumination Ej = éH D, serves
as a source.

EQUATIONS FOR INFLUENCE FUNCTIONS
OF THE ATMOSPHERE AND THE OCEAN
AND OPTICAL TRANSFER OPERATOR

The solutions of the 1D boundary-value problems
of the transfer theory for direct solar radiation given by
Eq. (7) and for atmospheric haze given by Eq. (8) are
well known.2 The 3D and 1D boundary-value problems
given by Egs. (9)—(11), in which the ocean was
considered as a reflecting nonorthotropic or Lambertian
surface, were studied in Refs. 1-8. The light field
components ®2R, GDZR, and @, are calculated in terms
of the influence function of the atmosphere ®,(s7;z,
71, s) being the solution of the boundary-value problem

{Ko,=0, @, =0, Olp =fsGirns (10
with the source
fs(s75 7y, s) =8(r)) 8(s = s7). 15)

The boundary-value problem for finding the
individual components of radiation in the system
formed under the effect of multiply scattered radiation
in the ocean can be written in general as

K®,=0, CDOC|[‘0=07 @ zﬂ(R1 CI)OC+T21CI)0C+Ea)7

ocl FZ
‘Doc\rfﬂ(Rz Qo713 PocTE o), (DOC|FH:07
(16)

where as sources of radiation serve the ocean
illumination from the top (from the atmosphere)
E,.(r;, s) and the atmosphere illumination from the
bottom (from the ocean) E, (r,, s).

The solution to the problem (16) is sought as a
perturbation series
Dz, 7,8)= X" D,z 7, 5), 17

n=1

with the parameter m indicating the act of radiation
passage through the interface. Let us introduce the two-
component vectors

®,= {q)a,n’ q)oc,n}r E= {Ea’ Eoc}’ e = {®ar ®0c}- (18)
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In the linear approximation (n = 1), the boundary-
value problem with two sources E, and E,,.

{K@=o,¢”h=a |, =0, .

(D1|I“Z = FEoes (DMFZ =E,

is separated into two boundary-value problems: for the
ocean (ze[h, H])

{K (Doc,1 = 0’ cl)oc,1|1"H = 0’ q)oc,1|1“;; = Eoc (20)
and for the atmosphere (z€[0, %])
{K @, =0, @y1lp, =0, Pailp; = Ea (21)

Let us represent the illumination as functionals

1 0
E(r,s) =9 f (s —s)ds™ f 8(r —rDE(r,s)dr],
97 —o0
(22)
E,.(r,s)=

—on [ 8= dst [ 80D Bl shdrl,  (23)
ot —o0

then the solutions to problems (19) and (20) can be
represented as linear functionals (seQ)

®©, 1(z,7,,5)=(0,, E) =

1 o0
=5 fds{ f@a(sI;z, i —711,8) E(rq, s dr g,
(27 —00
z € |0, i, (24)

cl)()0,1(2’ Ty, S) = (®ocr Eoc) =

1 o0
=5 f dst f Ouc(sT; 2z, r = 711, 8) Eoe(ryyq, sT) dryq,
Qf =
2 <l Hl (25)

The kernels of functionals (24) and (25) are the IF of
the atmosphere ©,(s7,z, 7, s), being the solution of
boundary-value problem (14), and the IF of the ocean
0©,.(s™; z, 7|, s), being the solution of the problem for
the layer ze[h, H]

{K @ =0, Ouclp, =0, Oulpt = f(s™ 71, ) (26)

with the source f5(s*; 7, s) = 8(r) 8(s — s*).

For the second and succeeding approximations
(n > 2) of perturbation series (17), the boundary-value
problem (ze[0, H])
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Ko,=0, q)n‘r‘o =0, (Dn|1"ZZR1 ®), — 1+T1 Oy — 4,
(Dn‘r‘;;:RZ ®,  tT1y Oy — 4, q)n‘rH:O

27
is separated for the sources into two problems: for the
layer z€[0, A]

{K @,,=0, @,/ =0,

q)a,nh"z :R1 q)a,n -1 + T21 cl)oc,n -1 (28)
and for the layer ze[h, H]

{K cDoc,n =0, q)oc,n|FH =0,

q)oc,n|[‘;; = R2 cDoc,n*l + T12 q)a,n*1~ (29)

For the f={fu(s.; 1,71, 9),
foc(s,; b7y, s)} with the parameters s, let us define the

vector  function

linear functional
0, ) = {(0, 1), O, fo)}, (30)

with the components being the linear functionals
(seQ):

[(®a’ fa)](S*y Z, Ty, s) =

1
=5 f ds’f O,(s7 2z, v, — 71, 8) fals,s b, vl s7) drl,
(27 —00
z € |0, i, (31

[(®oc’ foc)](s*; Z, T, s) =

1 o0
=on f ds* f Ouc(st; 2, 71 =71, 8) focls,; h, vl sT) drf,

ot =
z e [h, H]. (32)

The parameters s, may be absent in the functions f, and

fOC'

The interaction of radiation with the interface is
described by the vector functional, with the kernels
being the influence functions of the atmosphere and the
ocean:

[ME1Ch 1, 5)=P(@, )= [{31(9?*”[3)”21(@“”[09},

T12(®av fd) +é2(®ocv foc)
(33)

where the matrix j) is

. R, T
P{ Ry Ty }
Ty Ry
Let us write down the explicit expressions for the
components of functional (33):
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[Ry(®,, f)1(s,; h, 71, 5) =

= [ 1@y 1,5 by 71 59 @i, s, 5% ds* =
Q+

1 0

= f qi(ry, s, 51 dst 5 f ds™ ffa(s*; hy, i, s7) x
ot o —o0

x O, b, v —r,sHdr], seQ (34)

[k2(®oc’ foc)] (S*; h, ry, s) =

= f [Oge, fo)1(sy; 7, 57) qo(ry, s, s7) ds™ =
o

1 o0
= f g-(r, s, s7) ds™ P f dst f foc(s,s b, 71, %) x
Q ot o
x Ou (st b, v — 7], s dr], seQf (35)

[f’u(@a, flCs,; by ry, s) =

= f [(©,, fI1(s,; b, 7y, sT) tyory, s, s7) dst =
Q+

1 ¥ ,
= f tio(ry, s, s7) ds*% f ds™ ff.d(s*; h, 7], s7) x
a* Q

x @,(s7; h, v —r], s dr], seQF; (36)
[%21((90(:’ foc)](s*; h, vy, s) =

= f [(Opc, focd1Cs,; Ry 7y, s7) toy(ry, s, s7) ds™ =
o

1 0
= f tyy (ry, s, s7) ds™ P f ds* ffoc(s*; h, ], s%) x
(o ot
x Ou (st b, ry —7],s)dr], seQ. (37)
For n = 2, the solution to boundary-value problem
(27) takes the form of two linear functionals for two
components being the solutions of boundary-value
problems (28) and (29)
D0 = (0 Ry @y g + Ty Dy q) =
= (®ar R1 q)a,l) + (®a’ T21 q)oc,l)’

q)oc,Z = (®007 R2 q)oc,1 + T12 q)a,i) =
= (®oc’ RZ q)oc,l) + (®ocr T12 q)a,1)~

Using representations (24) and (25), functionals (31)
and (32), and operator definitions (1)—(4), we derive
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[é1 ®, (|(h, rp, ) = f q1(ry, s, sPdsT x
Q+

1 o0
x5 f dst f 0,(s1; 2, 717711, sT) Ea(riq, s7) drjq =
97 —00

1 o0
=5 f dst fEa(rM, s7) drpq x
Q7 —00
X f g1(ry, s, s7) ©,(s1; 2, 7, — 7,1, s7) dsT=R(®,, E,),
Q+
[Ty q)oc,1](hw ) s) = f t21(7’1_, S, ST) dSIx
e

o0
1
x9m [ dst [ @uclsti 2, 7y =ity s Eoelrug,s7) dryy =
ot =

1 o0
=50 [ st [ Euclry, sD dryy x
ot =
X f to1(ry, s, 87) Ouc(sT; 2z, 1 — 74, s7) dsT=
o
= T21(®ocr Eoc)’

[é2 Do 1(h, 1), 5) = f q>(r,, s, s7) ds7 x
o

0
1
x5 [ dst [ Eoclrig,si) @nclsts 2, ry—riy, s1) dryy =
ot

1 0

T on f dst onc(”u, sT) dryq x

ot —0
) f G271, 5, 51) @oclst; 2, 71 = 71y, 57) dsy =

o
= R2(®OC’ Eoc),
[Ty @411k, 71, 8) = f t1o(ry, s, sT) dst x
Q+

1 o0
x5 f dst fEa(rM,sI)@a(sI;z,rL—rM,SJ{) dr =
Q7 —00

1 0
=5 f dst fEa(rM, s7) drpq x
(27 —0o0
x f t1o(r,s,sT) O,(s1; 2,7 — 711,87 dsT=T12(0®,, E,).
Q+

As is seen, the isoplanarity property is not
fulfilled; therefore,



22 Atmos. Oceanic Opt. /January 1996,/ Vol. 9, No. 1

1%1((921’ Ea) # (IA%1 0,, Ea)’ 1%2((“)00 Eoc) # (1%2 Ooc; Eoc)r
]:21(®ocv Eoc) * (T21 O Eoc)v ]:12(®av Ea) * (%12 0y, Ed)

The second—order approximation of perturbation
series (17) can be found in the explicit form as (s € Q)

1 o0
d)az(z, T, S) = Py f dsy f 0,(s3; 2z, 7| — 719, $) x
07 —00
x [Ry @, (1(h, 719, s3) drjy +
1 o0
+ Py f dsy f 0,(sy; z, r| =79, ) x
(27 —00

X [Tqq @pe 1] (h, 719, 53) drjy =

1 o0

= f dsy f 0,(sy; z, r| =79, ) x
Q* —00

x{[R1 (@, ED1(h, 7 9,53) +

+[T91(Ooe, Eo) 1 U, 719,50} dry = (0, R((O,, E)) +

+(0,, Ty(Oue, Eoe)), 2z € [0, Al

1 o0
q)OC,Z(Z’ Ty, s) = ﬂ f dsér f ®0c(5‘§; Z, ] — Ty, s) x
o —©
X [é2 @ 1] (B, 79, s5) drjy +

1 o0
+ P f ds3 f O (st; z, r| — 7o, 8) x
ot ™
x [Ty @, 11(h, 719, s5) drpy =

= i f dsy f Oy (s; 2, 7] — 719, 8) x
Qf =
s{[Ry (O, Eqc)1(h, 719, 55) +
(T 15(Oy, ED 1, 71, 59} dr 15 =(Oc, Ry(Oe, Eg)) +
+ (@, T12(0,, E,)), z < [h, H].

We turn our attention to the following fact: at the
interface level z = & the components ®, , and ®,.,, are
defined for the entire sphere of directions s € Q.

Now let us write the first three approximations in
the vector operator form and use definition (33):

®, - [;’;ﬂ - ((goi” ’j;))] ~ (0, ), (39)

F,=P® =P E) =ME,

®,=(0,F)=(® ME) = (®, P ®,) = (0, P(®,E)),
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F,=P®,=P(@ F)=MF,=ME,
®;= (0, F)) = (@, PFy = (®, M F,) = (0, M’ E).

It can be shown that two successive (n—1)th and
nth approximations are related by the recursion relation

®,= (0, P0, ) =(® M E), (39)

which includes matrix operator describing a single
event of radiation passage through the interface at the
level z = h with regard for multiple scattering in both
media. As a result,

®= §¢n=(®,1~:)+(®, iM"E)=(®,2E),

n=1 n=1

ZE= iM”E (40)

is the sum of the Neumann series over the multiplicity
of radiation passage through the interface. The
solution of boundary-value problem (16) represented
in the form of functional

®=(0,7E) (41)

is the optical transfer operator of the atmosphere—
ocean system. It establishes the explicit relation
between the radiation measured and scenario (40) at
the interface. The scenario (40), in its turn, is
expressed explicitly in terms of the reflection and
transmission characteristics of the interface at its
given illumination with the help of the influence
functions of the atmosphere and the ocean.

EQUATIONS FOR THE SFC OF THE
ATMOSPHERE AND OCEAN AND THE OPTICAL
TRANSFER OPERATOR

With the help of the Fourier transform over the
coordinate r,=(x,y)

;(p) = FlfrD1(p) = ff(rl) exp [i(p, )] dr, =

= f ff(x, y) exp [i (py x + p, »)] dr dy,

where the spatial frequency p=(p,, p,) takes only real
values (-0<p,, p, <o), the boundary-value problem

Kb =F, ®|- =f), O =
{ b ‘FO f()v |FH fHV
O =fp Ol =11

ey =Fn @l =1

is reduced to the 1D parametric boundary-value
problem?



T.A. Suchkevich et al.

VY v
b q) = )
fo, ®lp, =/u

v v, v vV_
Ol =11 @y, =1

i) o=F, o

P =Ly |
‘ (42)

with the operator

—i(p, s)) - S,
= py sind cose + p, sind sing .

L(» =D,
(p, s1)

The Fourier transforms are indicated by the symbol “v*

atop. The boundary-value problem (42) differs from
the standard 1D boundary-value problem? by the
presence of the anisotropic complex total extinction
coefficient

cvit(z, p,s1) =c(2) —ilp, s)),

Y
which is p-dependent. If the solar flux (F,=fy=

v
= f =0) is the source of radiation, then boundary-
value problem (42) is separated into two problems: for
the layer z€[0,/]

- v vV vV Vo

{L(p) @ =0, O =0, @ =f} (43)
and for the layer ze[h, H]

N \Y V v \/+

{L(p) @ =0, [, =0, =[] (44)

As was shown in Refs. 1-8, the solutions

to boundary-value problems (9)—(11) in the form
v
of Fourier transforms of the light field components ®2R
v v
, (I)ZR, and ®,p, as well as the solution to boundary-

value problem (43), are determined via the spatial
frequency characteristic of  the atmosphere
Y,(s7; 2, p,s) being the solution of the boundary-value
problem for the layer z €[ 0, #]

{Lp) v, }5({; p,s), (45)

v
fs(s75p, 8) =

The spatial-frequency characteristic and the
influence function of the atmosphere are related by the
direct and inverse Fourier transforms over the
coordinate 7,:

=0, Wip, =0, Yl =

Flfs(s™ 7y, $)] =8(s = s7).

W.(s75 2, p,8) = F[O,(s7; 2z, 71, $)] =

= f O,(s7; 2, 7y, s) exp [ip, r )] dry,

—00

O,(s7 2,71, ) =F ' [W,(s7; 2, p, )] =

B (215)2 f Pals™ 2, p, 8) exp [=ilp, 7)1 dp.
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We will seek for the solution of boundary-value
problem (16) in terms of the Fourier transforms. To do
this, we introduce the perturbation series

\ © \Y
Doe(z, p, ) = 20" @z, p, 5) (46)

n=1

and two-component vectors
v v v v VooV
(Dn = {cDa,w cDoc,n}7 En = {Ew Eoc}-

Now we write down the Fourier transforms for
reflection and transmission operators (1)—(4):

[I\*/hC\I/)] (h, p,s) = F[é1 O(h, p,s) =

fdP fCh(P P, s, s q>(h p,st) dst =
—00 Q+

e )2
" (2n )Zfd” f‘“(P S S*><I>(h p—p, st dst
—o0 Q+
VoV .
[R2(D](hy py S) = F[R2 CI)](]’)7 pY S) =
- (2::)2 S [asp =55 Ok, p', 57 ds =
e o

T, y .
~Gor S S a5 ) @, p-p s ds
S

[%12 C\I/)](l’l p, S) = F[f}z q)](h p, S) =

= o )2 fdp ftl)(h P, s t12(p Py, st dst =

= om )2 fdp fq)(h p—p,sH) t12(p s, st) ds*

[Ty, %J(h P, ) = FITy ®1(h, p, 5) =

fdp f@(hp S)t21(p p,s,s7)dsT =
Q-

e )2

1 ” v v
T ()2 [ ap [ o, p=p, s tn(p', s, 5 ds”
L

In the linear approximation (#=1) boundary-value
problem (19) in terms of the Fourier transforms is
separated into two problems: for the ocean (ze[h, H])

~ v \ V vV
{L(P) q)oc,1 = 07 CDOCA‘[‘H = 07 cDoc,i‘r;; = Eoc (47)

and for the atmosphere (z¢[0, &])
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~ \ \ \ i
L) @1 =0, Oyylp =0, @yylp; =E.  (48)

Let us now find the Fourier transforms of
functionals (22) and (23)

v 1 v
Ep,s) = P f 8(s —s7) E(p, s7) ds7,
o
’ 1  p + +
E.(p, s) = P f 8(s = s7) Ey(p, s7) dst,
Q+
then the solutions of problems (47) and (48) can be
written in the form of linear functionals (s € Q)
v v
(Da,1(27 P, s) = (\Pay Ea) =
1 v
=5 f‘{’a(s{; 2, p, s) E(p, s7) ds7, z € [0, A,
o
v v
q)oc,1(2r P, s) = (l{’()cr Eoc) =
1 v
=5 f‘POC(sJ{; 2, p, 8) Eoe(p, s7) dst, z € [h, HI,
Q+

whose kernels are the SFC of the atmosphere
W¥,(s7; z, p, s), being the solution of boundary-value
problem (45), and the SFC of the ocean

lPOC(S+; Z, py S) = F[®OC(S+; 2, rJJ S)] =

= f Ouc(sh; 2, 7, ) exp [i(p, rD]dr,

Ouc(st; 2, 71, 8) = F 1 [W, (5" 2, p, $)] =

0

(235)2 f Yools™s 2, p, s) exp[—i(p, )] dp,

0

which is the solution of the boundary-value problem for
the layer z € [/, H]

. vV
{L(p) Woe =0, lFoc‘l"H: 0, \Poc‘[‘;; = f5(5+; P s) (49)
with the source

7[5(5+; p, $) = Flfs(s*; 7, $)] = 8(s — s%).

T.A. Suchkevich et al.

The Fourier transform of the influence vector-
function is the SFC vector

Y = F[O] = {\Pav \POC}7

whose components are the SFCs of the atmosphere
W,(s7; 2z, p, s) and the ocean W (sT; z, p, ).

VAR,
For the vector-function f = {f,(s,; I, p, s),

vV
foc(sw; I, p, s)} with the parameters s, let us define the

vector linear functional (s € Q):

\ V \
('.Il, f) = {(l{‘a’ fa)r (\Poc’ foc)},

with the components being the Fourier transforms of
linear functionals (31) and (32):

[(\Pav \I/fd)](s*v zZ, p, s) = F[(@)a7 fd)] =

1 v
=5 f‘i’a(s’; 2, p,8) falsys b, p,s7) ds™, z € [0, A,

Q
(50)

[(\POCV \]/[OC)](S*; Z? pV S) = F[(G)ocy foc)] =

= i f Yo (st z,p,8) }V‘OC(S*; h,p,sT)ds*, z e [h, H].
Q+
(51)
The interaction of radiation with the interface is
described in terms of the Fourier transforms by the
functional whose kernels are the SFCs of the
atmosphere and the ocean

1O 10, p, s) = F[P f] = G(¥, f) =

Ive (¥ / ) i T (¥ / )
_ |:\/1 a f\";l \/21 oc’ Coc :| 7 (52)
T12('{Ia’ fa) + RZ(lIIocr foc)

where the operator matrix is

l\/% T

- 1 Ty

¢ |:7v 1\/3 :|
12 2

Let us now take the Fourier transform of Eqs. (34)—
(37) and find the expressions for the components of
functional (52) in the explicit form

’ 1 (Y v
FIR((O,, )1 sy b, p,s) =5 f ds™ f ds* mf Xh(p_pr,s,y) falsas Byp s W (s™5 2, phsH)dp o=
a* o

o

1 7;mv . o '
~on fds (211:)2 ffa(s*y h,p’s ) dp
Q- —o0

1

T (2n)?

f V.75 2, p5y s gh(p —p,s, st dst =

” y v v v
f dp’ f a1(p = p's s, s [Py, fI1(sy; By ply sT) dst = [R{(F,, [ ](sy; I, p, 5). (53)
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Similarly we find

F[k2(®oc’f0c)](5‘*;h,pyS) % )2
Q-

F[%Q(@a, sy by p,s) = o )2

—0 Q+

F[%m(@oc, foc)](s*; h,p,s) (2 )2

o

In Egs. (53)—(56) the condition of isoplanarity is not
fulfilled; therefore,

V V V V V V V V
Rl(\yar fa) # (R1 \Par fa)’ RZ(\Pocv foc) # (RZ lFocr foc)’
v V v V V v v v
T21(\I}ocy foc) # (T21 \I}ocy foc)v T12(\Pav fa) # (T12 \Pay fa)-

For n =2 the solution to boundary-value problem
(28) in terms of the Fourier transforms is determined
via the SFC W,(s7; z, p, s):

\ A ~
(Da,2(27 P, S) = (\I}av F[R1 (Da,1]) + (\Pay F[T21 (Doc,1])7

whereas the solution of boundary-value problem (29) —
via the SFC W,.(s7; z, p, $):

v - .

cDoc,Z(Zr P> S) = (\Poc’ F[R2 cDoc,1]) + (l{‘ocr F[T12 cDa,l])-

In the second approximation, we derive the

components in the explicit form:

\

1
®©, (2, p, s) = P f Y. (s3; z, p, s) dsy x

o
fdl% fCh(P p1, 52, 1) x
—00 Q+

1 v
x {2— S Wt pr D Eipy, s ds1} dsj +
o

* (2n )2

+ i f W, (s3; 2, p, s) dsy x
o
1 v
“ on)? f dp4 f t1(p = p1, 52, 51) %
o o
1 v
X {% f \POC(ST; h, Pt ST) Eoc(piv SJlr) dST} dST =
Q+
v v v v
= (Vo [R{(Yy, EDD + (Wor, [Ty (Foe, Eo)D);
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fdp [ 5.5 [¥ e fod s p s = R (W fo) Wi, ), (54)

fdp f t1o(p=p', s, sOI(Y,, fa)](s*,h p,sHdst= [T12(‘Pa, fa)](s*,h p,s), (55)

fdp [ o055 Mo, fo N 5 A5 = [Ty (Wog, fo) Wi, ).

(56)

vV

1
Dy oz, p,8) = P f Woo(s3; 2, p, s) dst x

Q+
7 y
“ (2n)? f dp qu(p =Pt 85, s7) %
—0 o
! vV
X % f\POC(sT; hy p17 ST) EOC(pfv ST) dsi{ dsT +
Q+

1
o f Yoo (s3; 2, p, ) dst x
Q+

*Oom )2 fdm ftu (p = p1, 53, s x

x {2— [ walsti Ay s sD Epyy s d51} ds =

o
V vV V vV
= (\Poc, [R2(l{’0cr Eoc)]) + (\Poc, [T12(\Par Ea)])

Let us now write the first three approximations in the
vector operator form using the definition of
operation (52):

\
Q{} [@w“}@,ﬁ),
(Doc,l (l{‘oc’ Eoc)

\ A~
F1*G®1*G(\P E)_QE

@y = (¥, F) = (¥, O E) = (¥, G @) = (¥, G(¥, E)),
~ V IS V ~ V ~aq V

F,=G®=G(¥,F)=0F =0"E,

\Y V ~ Vv ~ V A2\/

®,- (¥, F,) = (¥, G0 = (¥, O F) = (¥, 02 E).

Two successive (n—1)th and nth approximations are
related by the recurrence relation

v -V “n1
®,=(¥¢ Go, ) =(¥ 0" E),
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in which the matrix operator describes a single event of
the radiation interaction with the interface in terms of
the Fourier transforms, and the multiple scattering in
both media is taken into account. As a result,

\Y O\ \Y SN \Y A~V
= ZQH—(‘I’,EH(‘I’, ZQ"E)—(‘I’,YE),
n=1

n=1
AV \
YE= Y Q"E (57)

is the sum of the Neumann series (in terms of the
Fourier transforms) over the multiplicity of radiation
passage through the interface with regard for the
multiple scattering in both media. The representation

vV ~ V
o=(¥, YE) (58)

is the optical transfer operator of the atmosphere—ocean
system, which establishes the explicit relation between
the Fourier transform of the radiation to be measured
and the Fourier transform of scenario (57) at the
interface. In this case, expression (57) for the scenario
expresses the explicit relation with the reflection and
transmission characteristics of the interface at its given
illumination with the help of the SFCs of the
atmosphere and the ocean.
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