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An analytical solution of the radiation transfer equation is constructed in the
space of Lagrangian variables spatially related to three—dimensional trajectories of
optical rays. Using this solution the parabolic equation for the wave eikonal is
reduced to a system of five ordinary differential equations. This system of equations
describes the lowest—order aberrational distortions of noncircular beams with axial
symmetry in media with an arbitrary mechanism of nonlinearity.

To illustrate the efficiency of the obtained system the nonlinear part of the
dielectric constant of media with the Kerr and thermal types of nonlinearity has been
calculated. Evolutions of wave aberrations of axially symmetric beams in both types of

nonlinear media are compared.

Propagation of light beams through nonlinear media is
accompanied by their distortions of aberration type. In the
so—called aberration—free approximation such nonlinear
distortions are reduced to self—action of beams, during
which the parabolic shape of their wavefront is conserved.!3
Aberrations of the fourth order, in particular, spherical
aberrations, as well as aberrations of higher orders, can
significantly alter the character of the beam propagation,
introducing such specific features into it as generation of
aberration rings, limitation of the transverse size of
Gaussian—type beams, redistribution of the field at the near
focal zone, etc.48

An even wider spectrum of nonlinear aberrations is
associated with self—action of noncircular beams, in
particular, of elliptic ones."> No mathematical apparatus
has been developed so far, which would make it possible to
study aberrations of such beams that made the investigation
of aberrations of even the lowest orders very difficult.
Moreover, it was impossible to study the suppression or
induced development in nonlinear media of aberrations,
which were initially introduced into the beam wavefront.
All that hampered solving a wide range of problems in
optics of nonlinear media.

This paper develops the aberrational theory of thermal
blooming of light beams with degenerated central symmetry of
their cross section for the case of the axially symmetric
(elliptic) beams. Such a self—action takes place in media with
arbitrary mechanisms of nonlinearity. Aberration distortions of
the fourth order are self—consistently described by a system of
ordinary differential equations, using three additionally
introduced aberration functions. The theory agrees with its
earlier developed simplified modifications,%’ and naturally
generalizes them. The methodology used may be applied to
description of aberrational distortions of other even orders,
which are characteristic of noncircular beams.

Prior to description of nonlinear aberrations of beam
with axial symmetry, whose field remain invariable at either
simultaneous or independent change of signs of transverse
coordinates x and y, let us first determine a wavefront
profile characteristic of such beams. For this purpose we
consider the characteristic equation of the ray trajectories

dp/dz=V s, 1)
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which relates the change of the transverse vector p = {x, y} of

a running point of the ray trajectory along the longitudinal

coordinate z to the addition to the eikonal of the plane wave
J 3 .

s(r), where r={r,y 2z and V, = (6x , ay) is the

transverse Hamiltonian.

Within the so—called aberration—free approximation,
the ray trajectories (1) of an elliptic beam are completely
defined by the vector function & = {¢, &,},
g =x/a,,[(2), & =1y/a,[X2), (2)
which is conserved along each trajectory; a,, and a,, are the
characteristic initial and f, ,(z) the running dimensionless

semi—axes of the cross section of an elliptic beam.®® In
accordance with Eqs. (1) and (2) we have

63/6§i =y fi(ai() fiyii + [ fi d&/dz) (1 =1, 2) B (3)
and, therefore, integrating Eq. (3) we obtain
, " (&)dg‘
s(r) = 5,(2) + Zalzo 1 12](: + fd_zl de, |, (4)
=1 (£=0)

where 5,(2) is the additional phase shift due to the change

in the velocity of wave propagation.

If aberrations are present, the vector &(r) is no longer
conserved, and it is characterized (as may be easily calculated)
by the n = N(N + 5)/2 dimensionless aberration functions in
accounting for aberrations described in the eikonal by products
of various even powers of transverse coordinates x and y, right
up to the terms of the cumulative power 2(N + 1)
(N =1,2,..). In the particular case of aberrations of the
fourth order (N = 1), being considered below, the number of
the needed aberration functions is n = 3.

Denoting the aberration functions as Au(z) and A,,(2)

we may express the integrands in Eq. (4), which satisfy the
condition of integration
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as follows:

dg; i_f% a3 iolsi dd,,

L2 Ty, i (=LY, ©

so that the eikonal of an axially symmetric beam itself is
represented in the form

’

2
& 2) = 52) + 5 Yai 17 (f 34 &?) &+
i=1 !

1
+ 7 Ayl [y F A1E7E5 - (6)

The law of intensity distribution of a beam distorted
by aberrations can be found from the parabolic equation of
the radiation transfer

ol/oz+v, (IVs)+dl =0, )

where I is the radiation intensity and § is the absorption
coefficient of the medium.
The solution of Eq. (7) satisfying the condition

I(r, 0) = I, (xp) , €))

at the boundary z=0 of the nonlinear medium, where
&(p, 0) = £,(p) can be expected to have the following form:

I(n) =1,(N) e % j(®)| | (9)

where == {51, 52} is a continuous transverse vector,
coinciding with &, at z=0, its transformation from the
variables ; ,(§, 2) to the variables &, = x/a,(, &)= y/ay,
(f,,€0) = 1) or to the variables &, , is performed with the
help of the Jacobian

J@ = A8, 5)/&E, &) =, )&, B/, £). (10)

It can easily be seen that representations (9) and (10)
satisfy the law of conservation of the total radiation power
of the intensity I(r)exp(5z), which follows from Eq. (7),
while substitution of Egs. (9) and (10) into equation
Eq. (7) reduces it to an identity provided that equations

08,/0z+V BV s=0@i=1,2), (11)
al]/oz+ vV (JV$)=0. (12)

are satisfied.

If we take Eq. (1) account into from Eq. (11) it
follows that the functions Em(a, z) are conserved along the
ray trajectories, being thus the Lagrangian variables
determining the running point (the coordinate z plays the
role of time). Such a point belongs to the ray trajectory of
the trajectory in the space, of the trajectory originating
from the point B(g), 0) =, As to the integrals of the
equation of the ray trajectories (Eq. (1)), from which one
finds the variables E, 5 they are generally represented by

the recurrent relation

C,=M(x, F, 2)(i=1,2), (13)
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where ®(C, 2) are the integral functions of corresponding
indices, and the vector C = {C,, C,} denotes the set of the
same integrals (13). Since the integral function @, always

enters into Eq. (13) additively, simple redenoting the
constant Ci can make the initial value of (Di(C, 0) =0.

From integrals (13) one can write the variables
g = M7(C, 0, 2) (i =1,2) (14)

in terms of the functions M*i1 which are inverse to the

functions in the right side of integrals (13) and determine
the Lagrangian variables at z = 0

B, =My (C)=M;"(C,0,00G=1,2). (15)

After substituting constants (13) into Eq. (15) the
Lagrangian variables become related to the variables &, ,, z

(or to the Euler variables x, y, and 2) as follows:
g, = My (Mg, ®, 2) (i=1,2). (16)

After the recursive substitutions of Eq. (13) the value C in
the argument of @, is also expressed in terms of £ and 2.

Integration of the function J(E) from Eq. (12) over
trajectories (1) at the initial condition J(§;) = 1 yields

J(8) = exp { - f[VLS(p, Ol d&} , Aan

0

where in accordance with Egs. (2) and (14)
P(C) = {‘110 f1 M1_1(C17 @1, Q), ay, f2 M2_1(C2, (DZ, Q)} . (18)

Note that the functions £} ,(¢) and @, ,(C, ¢) are taken with
the argument ¢ and according to Eq. (13),

C,=MyE) =M, (&, 0,0 =12

at z = 0, what finally determines the functional dependence
of the Jacobian.

Using expressions (9)—(17) and applying them to
noncircular beams with wavefront (6) one can find integrals
(13) of Eq. (1) in the form

Ci=g2+A,+0, (i=1,2), (13)
where the integral functions are

z
300 (1540 Ci—AL)—LC, Q)

0 L0 Cy ;=45 (-5 (C,0) Ap(Qde
0

a
o(C,2) =

(i=1,2).

In accordance with Eq. (16) the Lagrangian variables
are determined from Eq. (13') by the formulas
g, = g1 + [afz, 0) + ¢f§, 2, 0)] &?}*"”"z(i =12, 16)

in which afz, 0) =Afz) — A, and A,) = A0). As to the

Jacobian of transformation (10), it appears to be
represented, in agreement with Egs. (17) and (18), as a
function
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J=y e [ =S (& ], (10"

of the Euler coordinates, where

HY()
2 — 2 L
LG D= ZF’ 1+[ai(z,c>+<pi(a,z, olz 19

H() =3 [3az, 0) + F] |

1AC
F(Z) = d3 0 Jf3_z(g) {2(@) dC ,

0
alz, O=0l2) — a8, oL& z, O=0LC, 2) —dLC, ) (i=1, 2).

Note that the functions ¢, ,(&, z, £) describing the three—

dimensional shape of the ray trajectories (16') can be
represented by the recurrent dependence

z

B g2+ afz p) +ofE 2, )
0 (& 2, 0) = g4 tay 2,1+ 0, (& 2, 7) "

4

x Fy' (pdy i =1, 2) (20)

if one takes Eq. (13") into account
Therefore the distribution of intensity over the cross
section of a noncircular beam with its axial intensity IO,

having a symmetric, with respect to the beam axes, initial
profile (8)

1(&) = I, £2)/ 30, 0)

which may be represented by a hyper—Gaussian function

INIE j @

m=0 n=0

P, &) = exp [—

is also described by a hyper—Gaussian distribution

I(r) = I exp |: z Z L2 &%m &%”j| (22)

m=0 n=0

if Eq. (10") is substituted into Eq. (9). Here

1, = =8, 2+ Inf, f,) — (1 = 8 )Ib,, (2) + I, (D] (23)

mn mn mn

(s=m+n and &, is the Kronecker symbol). The latter
coefficients may be represented in terms of the coefficients
from the expansion into a double series over variables if 9

o0 ee}
—2m =20 — 2m g2n
z z e ) z z bnm(Z) X1 a : (24)
m=0 n=0 m=0 n=0

This series is formed of expressions (16') and the expansion
of function (19)
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(EJ2’ E-‘%) = Z Z hmn(Z) Ejm E-‘%" . (19')
m=0 n=0
It should be noted that representation (21) of the

initial profile of the beam is universal in the sense that the
numbers

1 — 3
sO| p 1
B = 9y hlJ g)()() |:J mn T s+ 3y x

m n

ZZ(p+q)(1

mp nq) m—p,n—q B p(/j|
p=0 g=0

(0<s = m + n < ») can always be recurrently found from the

coefficients ‘(]'mn(‘(]'oo = %0, 0)) of the expansion of an

arbitrary continuous function into a double series

()(&10’ &20) Z Z m"&Zm 2n

m=0 n=0

When calculating the coefficients b,,(z) it appears

reasonable to confine oneself to terms up to the sixth
cumulative power in the expansion of the squared
Lagrangian variables (16') over the products of powers of
squared &12, i. e.,

2 2-m

z z Y(m 71)(2) E}'" a2n G=1,2),

m=0 n=0

A

where the functions
n{m 1(z) = 0(i)

- z
8m() - 8m1‘I‘[ A;(Q) - F%(C)] Fg_i(g) dC +

0
+28,az, 0) Fy_(2), m =n,

m

% < @(jn, n) (25)
o ] — oz, OF +———[ = F, (O] +

+ (8,48, + 8;48,,) fAé—z‘(Q)FS—i(Q) dg, m = n
~ 0

are defined for 0< (i, s) <2, s=m +n, and 0(p) is the
Heaviside unit function equal to zero for p < 0

el ™ =5 8(m) + 8,0(n) (i =1, 2) .

Using the designations we find from Eq. (24) that

m n

bl'l?l(z) 7)17! + z z py q! (1 HIP TIq)

p=0 =0

(m—p n—q), (m—p n—q),
xB,, [n o) (2) + nf; (2)] (26)
within the interval of indices 0 <m + n < 3.

The coefficients /,,,(2) of the expansion of function (19)

into series (19') within the same interval of indices
0 <m + n < 3 appear to be equal to
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hy(2) = (1P =3 ) CHHP () 7)

where s =m + n and C? are the binomial coefficients. The
notation k(!) denotes here the index k (k = 1, 2) repeated /
times (/ = m, n) when reproducing the functions
13
HP\ 2, 0 = f e D HMdy (p=1,2,3i=1,2),
0

1Y@ =5 [ T WE + O HOF ] dy
0

H =3 [ [ HY G +
0
+ HOWF) + HP G, Dy () 1dy . (28)

It is assumed that Hi((%(z, z) = Hi((%(z) in Eq. (27), so that

H(;)(z, z) = Hi(z) (i =1, 2), as can be seen from Eq. (28).

It is convenient to ascribe the following form to the
profile of the beam intensity (22) within the employed
approximation (27)

PO
J(.:f, .:é)

I(r) =1

T 90, 0

8_52 5152 9 3 3—m

FEEE | T T mere| o

m=0 n=0
To do that we have to integrate the argument of the
exponential function (19) of the Jacobian (10"). Variables
E,, here are given by Eq. (16') and the functions h(";,)(z)
are given by formulas (27) and (28) in which

H, ,(2)} H(;Z)(z) is replaced by H(1,_2>(Z)’ and

HOG) = oz, 0) 43 [0z, 0) + F] (=1,2) .

It is evident that the expression for the beam intensity in
its last form is a generalization of a similar expression well
known from theory, which accounts for spherical aberrations
of the axially symmetric beams. If all terms in the series (22)
are held at a constant index, while the other index being equal
to zero (or if integration is carried out in Eq. (19) at a,_; , S
o, fy ;=1and A; ; =A,=0) it is reduced to the intensity
distribution for a one—dimensional beam

5, P(g2 0) +5,9(0, E2)
P, 0) "

Ir) =1,

exp (( —82)
“fI+ afz, 0) £

e (i=1,2). (22

The obtained expressions make it possible to find
equations describing the behavior of the sought—after
aberration functions A, ,(z) and A ,(2). To this end, let us

use the parabolic equation for the wave eikonal
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slll | 1

0s
os 2 _ 1
25, (V=T o

[Vllnl + % (vLmI)?] . (29

in which a real nonlinear addition ¢;[/] to the dielectric
constant of the medium (g, being its nonperturbed value) is,

generally speaking, some functional of the beam intensity;
k = 2n/X is the wave number.

Within the approximation of aberrations of the fourth
order it appears sufficient to expand this nonlinear addition
in a series over the even powers of &, (or over the powers
of x, y), only to the terms which have a cumulative power
not exceeding 4, i.e.,

2 2—m

g1’11[11 = z Z 8',Zm,2n(‘2) &%migu . (30)

m=0 n=0

Note that the coefficients of such an expansion &), , (2) are
determined taking into account the specific mechanism of
the medium nonlinearity. For example, if the medium is of
cubic nonlinearity i. e., e ll]= eI

' — (2
€om, 271(2) - 8( ) Imn(z) ’

where

1,,(2) = I(f, 1) exp(—82) D™ "(z)
characterize the expansion of the beam intensity in a doulbe
series and may be expressed in terms of the coefficients (23)
using the recurrent formulas

D(m,n)(z) — 830 +

_ m n
1-35,

S
+S+—630 z z (s— p— q) l;nﬂ), 7171/(2) D (I)(Z) (s=m+n).

p=0g=0

Within the interval of indices 0 <s = m + n < 2 we have
gém, 271(2) = 8(2)1()(/1‘1 f2)1862{650 + (1 - 8.)’0) X

y |:1 — 00m)e(n)

S+o, ©Gml,, + 6(m)y, ) + (BGm — 1) +

+0(n — D}

mn

+ 6(m)6(n) 110101:|) , (30

where [, (2) are calculated using formula (23) taking

Egs. (26) and (27) into account.

As to the medium with a thermal nonlinearity, the
value g/ [I] = (de/dT)[T(r) — T(0, 2)] is determined by the
temperature profile T(r) within the beam cross section, and
the coefficients &), 9,(2) can be determined by solving
the equation of heat conductivity. Assuming that the
Gaussian profile of the beam is conserved, i.e.,
1L, < ULyl 1Ly for m + n > 1, at a moderate ellipticity
of its  cross  section, when |u(2)| <1 and
w(2) = (a3, £ 1o —afy 12 1y) /a5 3 1o+ a3y 7 1)
the calculations of the terms up to the terms containing p(z)

and pXz) yield, within the same interval of indices
O0<s=m+n<2

mn
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, B A3 jexp (—SZ)E
827)1,271(2) - 4k dT X
(€ + CM Cagy [, L + aiy 177 1)
255! (010 f1 )21;—1 (“20 f2)2m—1 Yin

(2), (30

where

o(m) — 0(m) W) T*
Ymn(Z) = (1 - SSO){[ b+ O(m) + e(n) 2

#F100n = D = 00— DI = F00m) 000 122}

« is the coefficient of the medium heat conductivity, and /,(2)
and /j,(2) are set in accordance with Eqs. (23), (26), and (27).

Substitution of Egs. (6), (22), and (30) into Eq. (29)
yields (after the coefficients at the equal powers of éf”ﬁ
(m=0,1,2) and at the product &%&% are equalized) the
equations for the sought—after functions S f1,2’ A1,2’ and A

2
' 2 1()
g =20 1 %o Lo
0 280 2 R(%i fi2 '
i=1
(i) (i))2 (@)
[ = £50 L1 |:(l1lo) +61210+ Ly :|
=T P 7|
Py [ Ral; Ryif; Rysils

PR o U T ST P
i ‘47 2 2 2 - b ’
P eyay Ry Ry f; Rys i f5%

2

2 4 2 1oL +31%
(f 1, AR = + o1 2p1) ' , 3D
fil> 4o g0ty RY4PR'G Ry 17

i=1

; @) = ) = ' '
where lmn 81'1 lmn + 81'2 lnm’ 827)1,271 61’182m,2n i28271,2m ’

the values /, (2) and &), (2) are given by expressions (23)

and (30") or (30"), respectively, and R, = kal% i1=1,2)

are the diffractional lengths of the beam. It is easy to find
that for the case of a circular beam (a,,= a,,= a,)

+ 39

1 ..
€5 = €02 €40 = €04 = 5 €595 and, similarly,

1

Om = E L
where L, =(B, b, h, D),
three equations for the functions s, f, and A, (f=f,=f,

Lmn = an’ Lm() =L m—1,1 } Lm(o sn<m+n< 3) ’

System (31) is then reduced to

A, =A2=A12) which are transformed, after introducing the

relevant nonlinear lengths and taking Egs. (30) or (30”) into
account, to equations obtained elsewhere.”
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The analysis of the system of equations (31) shows
that nonlinear aberrations inevitably develop in the field
of an arbitrary beam of limited geometric size. However,
the development is different in media with different
mechanisms of nonlinearity. For example, if the medium
is cubically nonlinear, the aberrations are predominantly
induced along the coordinate, where the size of the beam
is minimum, and its refraction is the strongest. As to the
medium with thermal blooming, aberrations are, in
contrast, the strongest along the major axis of the beam
cross section, where, depending on the ratio of the two
beam axes, its refraction may be almost three times as
low as that in the plane normal to it. Moreover, higher
beam ellipticity results in stronger perturbations of both
its wavefront and cross section, which become wavy, so
that the beam ellipticity is lost.

A significant difference between the two cases is that
the direction, in which aberrations develop, depends on
the geometric and optical parameters of the beam. As to
the medium with cubic nonlinearity of this or that sign,
the aberrations always develop along the principal axes of
the beam cross section, irregardless of their ratio. The
shape of the initial beam intensity profile only determines
whether these aberrations are of the same or the opposite
signs. During the thermal blooming, however, the signs of
these aberrations in the same mutually normal planes are,
first of all, determined by the ratio of the principal axes
of the beam.

Note also that the wave properties themselves affect
the aberrational distortions of the beam, either hampering
or stimulating their development depending on the
intensity profile. It is interesting to note that the role of
diffraction is the stronger, the larger the beam profile
deviates from the Gaussian.
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