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Analysis of the double exposure technique for recording holograms of a focused image
of a mat screen is presented. The technique enables one to obtain shear interfezograms. It
is shown both theoretically and experimentally, that spatial filtration in the corre-
sponding planes allows one to filter either the shear interferogram characterizing the phase
distortions of the wave illuminating the mat screen and of the reference wave, or the shear
interferogram characterizing the wave aberrations of the lens used to record the hologram.

In Ref. 1 T demonstrated that a doubly exposed
lens-free Fourier hologram produced by a diffusely
scattered radiation field may yield a shear interfero-
gram for the quality control of a spherical wavefront.

The present article considers a technique of dou-
ble-exposure recording of the hologram of a focused
image for the quality control of lenses and objectives by
their image field. The recording scheme is shown in
Fig. 1. A mat screen 7 positioned in the plane (xy, yy) is
illuminated by a coherent plane wave incident normal to
its surface. The lens L; forms a hologram recording of
the focused image of that screen on the photographic
plate 2 projecting the off-axis plane wave 3. This re-
cording takes place during the first exposure of the plate.
In the Fresnel approximation, neglecting the amplitude
and phase factors, which remain constant in any plane,
the complex field amplitude in the plane (x3, y3) of the
photometric plate takes the following from:
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where k is the wave number: ¢(xy, y) is the complex
transmittance of the mat screen, which is a random
function of the running coordinates; ¢(x, y¢) is the
phase function which characterizes the illuminating
wavefront distortions due to aberrations in the optical
system forming it; pi(ay, yo)expipxay, yy) is the
generalized pupil function of the lens L; (focal dis-
tance fi, (see Ref. 2) which accounts for its axial wave
aberrations; [y and [, are, respectively, the distance
between the planes (xy, y1), (X3, y3) and (x9, y»),
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FIG. 1. Optical diagram of vecording and recovery of the doubly exposed hologram of a focused
image: 1) mat screen; 2) photographic-plate-hologram; 3) reference beam; 4) interferogram re-
cording plane; Ly, Ly, Ly — lenses; p1, ps, ps — aperture diaphragms.

Since 1/f; = 1/1; + 1/1,, expression (1) may be
transformed to yield
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where pny = [/, is the scale factor, and ® denotes the
operation of convolution;
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is the Fourier transform of the generalized pupil
function of the lens L. If, prior the second exposure,
the tilt angle of the incident wavefront is changed by
a4 in the (x, z) plane, and the tilt angle of the ref-
erence wavefront in the same plane is changed by ay,
then the complex amplitude of the object field in the
plane of the photographic plate, corresponding to the
second exposure, is given by the expression
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where « is the shift due to the change in the incident
wavefront tilt prior to the second exposure. We rep-
resent the distribution of the complex amplitude of the
reference field in the plane of the photographic plate as
o ~ expilkxssin® + o3(x3, y3)], where 0 is its angle
of incidence on the photographic plate; s(x3, y3) is
the phase function characterizing the distortions of the
reference wavefront due to aberrations in the optical
system forming it. During the second exposure the
complex amplitude of the reference wave at the
photographic plate may then be expressed as
Uy ~ expi[kxssin(0 — ay) + o3(x3 — b, y3)], where
b is the shift due to the change of the reference
wavefront tilt prior to the second exposure.

Let such a doubly exposed hologram of the fo-
cused image of the mat screen be recovered by a copy
of the reference wave with complex amplitude dis-
tribution ug;. Assuming that the lens L; (see Fig. 1) is
positioned in the hologram plane, the complex ampli-
tude of the diffraction field in the (x4, y4) plane in the
“minus first” diffraction order is given by the expression
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where f; is the focal distance of the lens Lywith pupil
function ps(x3, y3), whose diameter depends on the
size of the image of the mat screen; and t¢3 is the
distance between the (x3, y3) and(x4, y4) planes.

Upon substituting expressions (2) and (3) into
expression (4), assuming that the conditions
1/f, = 1/l; + 1/13 and sin® — sin(6 — o) = pysinay
are satisfied, we obtain
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To simplify these expressions, we assume below that
oy = aycosd for small angles. In Eq. (5) uy = I,/I3
is the scale factor. The expressions
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are the Fourier transforms of the corresponding
functions.

As follows from Eq. (5), if the width of the
function ®;(xy, y)@®y(x4, y4) is much less than that
of the function Py(xy, y4) (the latter determines the
speckle size in the (x4, y4) plane), then the speckle
fields of the two exposures coincide within the over-
lapping images of the pupil of lens L. Hence, as
follows from Ref. 3, the interference pattern which,
according to Eq. (5), characterizes the wave aberrations
produced by the lens Ly, is localized in the (x4, y4)
plane. Let the lens L3 be positioned in the (x4, y4) plane.
Then the complex amplitude of the diffracted field in the
detection plane 4 (see Fig. 1) is given by
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where f3 is the focal distance of the lens L3 with pupil
function P3(xy, y,), and 1 is the distance between
(x4, y4) and (x5, ys) planes.

Substituting expression (5) into expression (6),
we assume that the condition @y(—pxs + aslscos8,
—oys) — @o(—poxy, —Hoys) < mis satisfied within the
pupil diameter of lens L3. The latter condition cor-
responds to correlated speckle fields in the space
between the planes (x4, y4) and (x5, y5). In addition,
the following equality is satisfied:
1/fs = 1/ls + 1/1;. We then obtain
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is the Fourier transform of the lens L3 pupil function.
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As follows from Eq. (7), the correlated speckle
fields of the two exposures coincide in the (x5, ys)
plane. If the width of the function Ps(xs, ys), which
determines the size of an individual speckle in the
detection plane 4 (see Fig. 1) is at least an order of
magnitude less than the period of the function
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(see Ref. 4), then that function can be taken outside the
convolution integral in expression (7). The irradiance
distribution in the (x5, ys) plane is then given by
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which describes the speckle structure modulated by
the interference bands. The interference pattern is
essentially the shear interferogram in the bands of
infinite width. It characterizes the phase distortions of
the wave illuminating the mat screen and of the ref-
erence wave. Such distortions appear in the image due
to wave aberrations in the optical systems forming
these waves. It follows from the above analysis that
the interference pattern is localized in the hologram
plane, so that to record it spatial filtration is needed in
the image plane of the pupil of lens L. In addition,
because of the presence of phase factor characterizing
the distribution of the complex amplitude of a di-
vergent spherical wave of a curvature radius 1 in
expressions (2) and (3), a collimating lens L is needed
in the hologram plane to record the interference
pattern in the minus first diffraction order. Such a lens
becomes unnecessary if we record another shear
hologram, characterizing the distortions of the illu-
minating wavefront and of the reference wavefront in
the plus first order of diffraction. Indeed, according to
Fig. 2 the diffraction field in the plus first diffraction
order in the plane (x4, y4), a distance [ from the
hologram, takes the form
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are the Fourier transforms of the corresponding func-
tions.
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FIG. 2. Spatial filtration of the light field of a
doubly exposed hologram in the plus-first order of
diffraction in the image plane of the pupil of lens L.

As follows from Eq. (9), the speckle fields of the
two exposures coincide within the overlapping images of
the pupil of lens L;. Hence the interference pattern
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characterizing the wave aberrations due to lens L; is
localized in that plane. If the lens L is positioned in the
same plane (see Fig. 2) the complex amplitude of the
diffraction field in the detection plane 4 can be deter-
mined from Eq. (6). Substituting expression (9) into
expression (6), we must satisfy the equality
1/f3 = 1/l + 1/1;, and within the pupil diameter of
lens Ls, the inequality
0oy + aplycosd, Y1) — oas, ys) < m, ie., the pupil
diameter of lens L3 should not exceed the interference
bandwidth for the interference pattern localized in the
plane (x4, y4). These conditions lead to the following
distribution of the diffraction field in the detection
plane 4
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where pj =1, /I is the scale factor.

Assuming that the size of the speckle in the de-
tection plane 4 is small in comparison with the period
at which the speckle field phase is modulated, we
obtain from Eq. (10) the irradiance distribution in the
plane (x5, ys)
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From expressions (8) and (11) it follows that if
one disregards the difference in the scales of the
transformations, then the form of the interference
patterns given by expressions (8) and (11) is identical,
with the exception that the irradiance distributions
they describe are 180° out of phase.

Let a doubly exposed hologram be reproduced by
a copy of the reference wave with complex amplitude
distributed according to uy;. Let also the diffraction
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field be spatially filtered in accordance with Fig. 3, on
the optical axis in the hologram plane with the help of
the aperture diaphragm of lens L,. Then the complex
amplitude of the diffraction field immediately behind
the diaphragm take the form
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We may take the function expi[ei(—pxs + a,
—iy3) — @i(—pxs, —yys)] out from inside the con-
volution integral in expression (12), assuming that its
period of variation is much longer that that of the
speckle in the plane (x3, y3) (the latter is determined
by the width of the function Pi(x3, y3)). If within the
diameter of the aperture diaphragm P, the inequality
o113 + a,—uy3) — ei(—puxs, —piys) + ox(xs, y3) —
— @3(x3 — b, y3) < 7 is satisfied, then, assuming that
the condition 1/f, = 1/l, + 1/l3 is satisfied, the
complex amplitude of the diffraction field in the plane
(x4, y4) Ts given by the expression
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The physical meaning of this result is that the diameter
of the aperture diaphragm does not exceed the inter-
ference bandwidth for the interference pattern local-
ized in the hologram plane, so that the two speckle
fields from the two exposures are correlated behind the
diaphragm.
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FIG. 3. Spatial filtration of the light field of a
doubly exposed hologram in the minus-first order
of diffraction in the image plane of the mat screen.
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As follows from Eq. (13), the correlating speckle
fields from the two exposures coincide in the detection
plane 4 within the range of the overlapping images of
the pupil of lens L{. Therefore the interference pattern
characterizing the wave aberrations produced by the
lens L, is localized in the (x4, y4) plane. Indeed, if the
period of the function
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exceeds the size of the speckle in the detection plane by
at least one order of magnitude (the latter determined
by the width of the function Py(x4, y4), that function
may be taken out of the convolution integral in ex-
pression (13). The irradiance distribution in the (x4, 74)
plane is then given by
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which describes the speckle structure modulated by
the interference bands. The interference pattern then
presents a shear interferogram in the bands of infinite
width, characterizing the axial wave aberrations by
lens L;.

In contrast to the presentation given in Ref. 1,
the photographic plate records subjective speckles
described by expressions (2) and (3) (see Fig. 1).
Consider a small spatial element of the image of the
mat screen, its center coincident with the optical axis.
Note that the distribution of the complex amplitude of
the field within each individual speckle results from
diffraction of a divergent spherical wave at the ap-
erture of lens L. This wave comes from the corre-
sponding points in the object plane, located close to
the optical axis. Now let the aperture diaphragm p, be
shifted in the direction of the x axis in the (x3, y3)
plane. Let the speckle be identical within the diameter
of the aperture diaphragm, and the complex amplitude
distribution within each speckle result from the dif-
fraction of a divergent spherical wave coming from the
corresponding points in the object plane. It follows
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from Ref. 5 that the interference pattern in the de-
tection plane 4 (Fig. 1) will then presented a shear
interferogram in bands of infinite width, and that the
interferogram will characterize the combined on-axis
and off-axis wave aberrations due to the lens L;. Now
we perform spatial filtration in the (x4, y4) plane (see
Figs. 1, 2) aimed at separating the two shear inter-
ferograms: one characterizing the phase distortions of
the mat screen wavefront, and the other characterizing
the phase distortions of the reference wavefront.
Apparently, the displacement p3 of the diaphragm of
the optical axis along the x axis will then result in an
alteration of the interference pattern because the lens
L, introduces off-axis wave aberrations into the
overall picture. Besides, for the same reasons, such
spatial filtration in the hologram plane is necessary if
o1(xy, y1) = @3z, y3) = 0.

The range of control of the lens L over the field
is limited by the resolution v, of the holographic
medium and by its physical dimensions. For example,
to observe the interference pattern within the total
pupil of lens Ly, the diameter of the illuminated zone
of the mat screen D must satisfy the condition
D > d/uy, where d is the pupil diameter (for p; < 1),
or D >d (for py > 1). In addition, the maximum
spatial frequency v,, is given by the expression

3 sln[ﬂ + arctg((u,D + d)/21)

where 2 is the wavelength of the coherent source used
to record and reproduce the hologram. To spatially
separate the holographically reproduced fields in the
zeroth and plus and minus first diffraction orders, it is
necessary that 6 > 3arctg((u,D + d)/2l,]. The con-
dition v,, < vq then describes the range of control of
lens Ly over the field for the given dimensions of the
recording medium.

FIG. 4. Shear interferogram characterizing the
aberration of the mat screen wavefront and the
reference wavefront.

During the actual experiment the doubly exposed
holograms were recorded on the Makrat VRL photo-
graphic plates. The required illumination was pro-
duced by a He-Ne laser (A = 0.63 um). The con-
trollable lenses were of 100—160 mm focal length and
15—30 mm diameter. The experimentally obtained
results, which support our theoretical estimates, may
be illustrated by considering, by way of example, a
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lens of f;{ = 120 mm focal length, 30 mm diameter,
which served to record the holograms of the focused
image of the mat screen at unit magnification. The
diameter illuminated spot on the screen was 50 mm.
The angles 0 and a; = ay were respectively 12° + 20,
and 11'30” + 2”. Figure 4 shows the shear interfero-
gram, which primarily characterizes the spatial ab-
erration due to transfocal defocusing of the mat screen
wavefront and of the reference wavefront, which was
recorded during spatial filtration on the optical axis in
the image plane of the pupil of lens L; (see Fig. 1).
Spatial filtration in the hologram plane| was performed
by recovering the hologram using an unopened laser
beam of approximately 2 mm diameter. Figure 5a
shows such a shear interferogram, obtained during
spatial filtration on the optical axis. The interference
pattern characterizes the spherical aberration resulting
from transfocal defocusing by the lens L. Figure 5b
presents another shear interferogram, obtained by
spatial filtration on the x axis, at an edge point of the
screen image (x3,0 = 25 mm). According to Ref. 6 the
corresponding interference pattern combines on-axis
(Fig. 5a) with off-axis aberrations (Fig. 5b).

a b

FIG. 5. Shear interferograms characterizing the
wave aberrations of the controllable lens L re-
corded while conducting the spatial filtration in
the hologram plane: a — on the optical axis;
b — off the optical axis on the edge of the mat
screen image.

It follows fromEq. (5) that if the phase change
Qo —tats, —poy) — @o—poxs + aplocosd, —pyyy)
within the image of the pupil of lens I, does not exceed
n, then the interference pattern, which combines phase
distortions of the illuminating and the reference wave-
fronts, maybe recovered without any spatial filtration.
By way of an example, consider Fig. 6:the interference
pattern in Fig. 6b (for the lens pupil of 3 mm diameter,
Fig. 6a)was recovered without such spatial filtration.
The corresponding shear interferogram mainly describes
the spherical aberration resulting from prefocal defo-
cusing of the illuminating and reference wavefronts.
Prefocal defocusing was achieved by inverting the sign
of their major radii of curvature prior to recording the
double-exposure hologram.

In conclusion, note that in comparison with other
well-known techniques of holographic interferometry
(see Refs. 6 and 7) the considered technique of shear
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hologram recording and filtering of the focused image
of mat screen possesses a higher level of information
content, making possible the quality control of lenses
and objectives by their image fields from just one
single hologram. Moreover, these Interference pattern
are not affected by the possible low optical quality of
the interferometer elements used.

a b

FIG. 6.

Irradiance  distribution  for a
small-diameter aperture diaphragm in the plane of
lens Ly (a), in the hologram plane (b).
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