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Image contrast and ultimate visibility range for Lambertian and 
retroreflecting objects observed through a light scattering medium are compared 
based on the small–angle approximation of the radiation transfer theory. The 
cases of an isolated object and an object against the background of an 
underlying surface are considered.  It is shown, that the account for the signal 
coming from the shadow region of the isolated object can, under certain 
conditions, cause the maximum contrast at increasing optical thickness of the 
medium between an observer and Lambertian or retroreflecting object. The 
second case can also provide the maximum contrast for a retroreflector associated 
with its reflecting pattern and increase it efficient albedo. This peculiarity could 
be considered as one of the hypotheses explaining enhanced visibility of Earth’s 
objects from the space. It is also shown that the dependence of the ultimate 
visibility range on the object albedo has a deep dip.  When the Lambertian 
object albedo falls within a narrow range depending on the optical parameters of 
the medium, the small object becomes invisible over the whole scattering layer of 
a finite thickness because the object image contrast is below the threshold value. 

 
The problem on investigation and optimization 

of the visibility characteristics is peculiar to the 
optics of scattering media and the image transfer 
theory. Many papers which estimate based on general 
criteria the efficiency of every concrete system in 
terms of minimizing optical noises, improving the 
image contrast, operation range and so on are 
devoted to solving this problem (see, for example, 
Refs. 1–4).  Two points should be mentioned in 
connection with a great number of papers.  First, the 
majority of these papers has analyzed the case of 
observation of Lambertian (or diffusely reflecting) 
objects. Second, even in the case of  systems of 
Lambertian objects vision through scattering media 
investigated in detail some interesting in my opinion 
aspects drop out of the investigations.  There are, for 
example, behavior of the object image contrast with 
its position within the layer of a finite optical 
thickness which is at first sight unexpected but can 
be simply explained in physical terms or the 
possibility to deduce simple analytical formulas 
estimating both contrast and visibility range.  

There are precisely the questions to be addressed 
in the present paper. Lambertian objects and 
retroreflectors are chosen for a comparison. It is well 
known that the brightness of Lambertian objects does 
not depend on the observation direction, whereas 
retroreflectors reflect light exactly backwards. This 
choice is caused by at least two reasons. First, 
essential difference of the object reflection properties 
provides peculiarities of visibility characteristics to 

be shown in more detail.  The images of Lambertian 
and retroreflecting objects are easily expressible in an 
analytical form (see Refs. 5 and 8). Second, 
retroreflector are not only convenient for comparison 
but have wide application. The simplest example of a 
retroreflector is well known corner reflector. 
Retroreflectors or light returning (catophoting) films 
and coatings are used in surface measurements of 
distances to artificial satellites and for 
communication with them (see Ref. 7), as passive 
reflectors in the systems of atmospheric pollution 
control by the method of differential absorption (see 
Ref. 8), for making traffic signs, advertisement 
panels, clearance indicators for heavy trucks (see 
Ref. 9), and so on. 

Below we consider the visibility system of the 
“wide-narrow” type (see Ref. 1) which includes a 
radiation sources with a wide directional pattern (for 
example, the Sun at passive observation or diverged 
laser beam coming from a long distance) and a 
photodetector with narrow-angle sensitivity 
diagramm (say, an eye in the case of visual 
observations).  

Let us introduce, as usual, the location image 
contrast (see Refs. 2, 10): 

 
k = (Wo – Wint)/Wint = Wvs/Wint, (1) 
 
where Wo is the signal power when the photoreceiver 
is oriented toward the object, Wvs and Wint are the 
signal power and optical noise, respectively. One can 
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see that conventional estimate of the signal as a 
difference of two signals entering the photodetector 
at its orientation toward the object and the 
background is used in Eq. (1). Necessary condition 
for the object visibility at a reasonably high radiation 
power, or what is the same, when the threshold 
signal-to-noise ratio is exceeded, is as follows: 

⏐k⏐≥ kth,  (2) 

where kth is the threshold contrast. Let us consider two 
examples of observation:  1) observation of an isolated 
object against the background of a scattering medium 
with, as a rule, finite optical thickness and “black” 
bottom; 2) an object against a Lambertian underlying 
surface with the albedo Ab. In the first case 

Wvs = W(τo) + W ′bs(τo, τ1) – Wbs(τ1) and Wint = Wbs(τ1), 
 

where τo and τ1 are the optical thickness of the 
medium before the object on the illuminated side 
and total optical thickness of the light scattering 
layer, respectively (τ = εz, ε is the radiation decay, 
z is the geometric thickness); W is the signal power 

from the object itself, W ′bs is the power of the 
backscatter noise (PBN) when the photodetector is 
oriented toward the object with the account for 
shadowing of a medium portion by the object, Wbs is 
the PBN from the layer unperturbed by the object. In 

the second case Wvs = W(τo) + W 

′b(τo) – Wb(τo), 

where W ′b(τo) and Wb(τo) are the background signal 
power entering the photodetector at its orientation 
toward the object and underlying surface, 
respectively. In this case Eq. (1) takes the 
following form: 

 

k = 
W(τo) – (1 – a) [Wbs(t1) – W ′

bs(τo, τ1)] – a [Wb(τo) – W 

′
b(τo)]

(1 – a) Wbs(τ1) + a [Wb(τo) + Wbs(τo)]
 , (3) 

 
where a = 0 or 1 in the first and second case, 
respectively. 

For the energy values entering into Eq. (3) to be 
calculated let us use the quasi-single scattering 
approximation (see Ref. 2). This means that we take 
into account multiple scattering as the radiation 
propagates from the sources in the forward direction, 
single scattering through high angle and once again 
multiple scattering as the radiation propagates 
backwards to the photodetector. Besides, let us 
identify direct (unscattered) light. Note that here we 
deal with the visibility problem when the medium 
optical thickness is not high, and, hence, 
consideration of the direct light is especially 
appropriate.  

For the final expressions to be simplified and 
written in an analytical form the parameter 
F(τo) ε

2Σ (F(τo) (here F(τo) is the contribution of 
scattered light to the total light flux, Σ is the object 
geometric area) is assumed to be small as compared 
to the variance of the radial beam blooming Dρ(τo) at 
the depth τo. Then designating by the indices «L» 
and «rr» Lambertian  and retroreflecting objects, 
respectively, for the case of normal with respect to 
the layer boundary and the object surface 
illumination and observation in the backward 
direction one can obtain the following expressions 
(see Refs. 6, 11): 

 

WL(τo) = (AL/π) exp [– (1 – Λ) τo] exp [– (1 – Λ) τo] ,  

 (4) 

Wrr(τo) = [β(τo) Arr/π] exp [– (1 – Λ) τo] exp [– (1 – Λ) τo] , 

  (5) 

Wbs(τ) = (Λ P
–

/4π) 
⌡
⌠

0

τ

 

 

S
2
(τ′) dτ′ = 

= (α/π) {1 – exp [– 2τ (1 – Λ)]};  (6) 
 

W ′bs(τo, τ1) = Wbs(τ1) – 

– (ΛP
–

/π) 
⌡
⌠

τo

τ1
 

 

S(τ) S(τ – τo) exp (– τo) dτ ,  (7) 

where AL and Arr  are albedo of the objects; Λ = σ/ε 
is the photon survival probability; σ is the scattering 

coefficient; β(τo) = exp {– δ
2
/[8 Dρθ(τo)]}/[8 Dρθ(τo)] 

is the “coefficient of amplification” for the 
retroreflecting object (see Refs. 5, 6); δ is the angle 
between the optical axis of the source and 
photodetector; Dρθ(τo) is the variance of the angular 
blooming of the beam from narrow-angle source which 

is equivalent to the photodetector (see Refs. 5, 6); P
–

 is 
the average value of the backscattering phase 

function; α = ΛP
–

/[8 (1 – Λ)] is the luminance factor 
of semi-infinite layer; S(τ) = exp [– (1 – Λ) τ] is the 
normalized total radiation flux at optical thickness τ 
in the small-angle approximation (see Ref. 2). Below 
the angle δ is assumed to be small but nonzero, 
which allow us to “tune out” from the retroreflected 
glare in the same manner as specularly reflected 
component or “sun track’ are removed in the case of 
observation of smooth surface of the water. The 
second term in Eq. (7) with sign “–” shows that a 
small object removes from its shadow region both 
unscattered radiation from the narrow-angle fictious 
source and the light which comes to the object 
directly and then would converted into scattered 
radiation in the medium behind the object.  

First we consider the image contrast of isolated 
Lambertian object which is observed against the 
background of the scattering medium layer (a = 0 in 
Eq. (3)). This medium is modeled by Cloud C–1 (see 
Ref. 12) with the following optical parameters:  

Λ = 0.87, P
–

 = 0.64 and mean-square value of the 
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scattering angle β2 = 0.07. As it is usually made in 
the small-angle approximation of the radiation 
transfer theory (see Ref. 2), deviation of Λ from 1 
accounts for the radiation scattered at high angles 
(≥45°) to be assigned to the absorbed one. By 
substituting Eqs. (4), (6) and (7) into Eq.(3) we can 
verify that function k(τo) reaches an extremum at the 
optical depth of: 

 

τ*o = τ1 + 
1

2 (1 – Λ)
 ln ⎣

⎡
⎦
⎤2 – Λ

Λ  (1 – AL/α)  . (8) 

 
This extremum is a maximum located within the layer 
0 < τ*o < τ1 if and only if A*1 < AL < A*2, where A*1 = 

=ΛP
–

/[4 (2 – Λ)], A*2=α {1 – [Λ/(2 – Λ) exp [– 2 τ1 (1 – Λ)]}. 
If AL is close to A*1, maximal contrast kLmax occurs in 
the vicinity of the rear boundary of the layer τ*o  ≈ τ1, 
whereas at AL ≈ A*2 τ*o  ≈ 0, that means that the 
maximum correspondingly shifts within the medium 
(see curves 2 and 3 in Fig. 1). From Eq. (3) and 
Eq. (8) we can derive that 

kLmax = 

2 (1 – Λ)
2 – Λ  

exp [– (2 –
 

Λ) τ1]

1 – exp [– 2 (1 – Λ) τ1]
 X 

–Λ/[2(1–Λ)]
, (9) 

where X = [(2 – Λ)/Λ] (1 – AL/α). It is seen that 
always kLmax > 0. As shown in Fig. 1, the following 
visibility conditions can take place in accordance 
with the object albedo AL and optical thickness τ1 : 

1. If AL > A*2, the contrast k(τo) > 0 within the 
layer at any τ1 and decreases as τo increases (see  
curve 1 in Fig. 1). This is usual behavior of k(τo) . 

2. As mentioned above, if A*1 < AL < A*2, the 
contrast has a maximum within the layer. At small 
τo, contrast k(τo) increases with τo increase, while its 
sign (and, hence, improvement or deterioration of the 
object visibility) depends on the albedo AL and 
optical parameters of the medium. If AL ≥ A*3 = 
= α {1 – exp [– 2 τ1 (1 – Λ)]} > A*1 (the latter 
inequality is equivalent to the following requirement 
τ1 > τ*1 = {1/[2 (1 – Λ)]} ln (2/(Λ – 1)), k(τo) ≥ 0 
and the object visibility improves with τo increase 
during its “sink” into the layer starting at the 
illuminated boundary (see curve 2 in Fig. 1). At 
AL < A*3 contrast is negative at small optical depth. 
Then, the object disappears in the vicinity of  
τ**o  = τ1 + 1/[2 (1 –Λ)] ln (1 – AL/α) because the 
condition (2) does not hold, then it appears again at 
contrast k > 0. The latter has a weak maximum (see 
curve 3 in Fig. 1). From Eq. (9) one can estimate 
ultimate values of the layer optical thickness τ**1  and 
the object albedo A*L when maximum contrast of the 
object is above the threshold level. Substituting 
Eq. (9) into Eq. (2) with the account for AL < A*2 
gives 

τ1 < τ**1  = 
1

2 (1 – Λ)
 ln ⎣

⎡
⎦
⎤1 + 

2 (1 – Λ)
kth (2 – Λ)

 ,  (10) 

AL > A*L = α × 

× 

⎩
⎨
⎧

⎭
⎬
⎫

1 – 

Λ
2 – Λ ⎣

⎡
⎦
⎤2(1 – Λ) exp [– (2 – Λ) τ1]

kth(2 – Λ)(1 – exp [–2τ1 (1 – Λ)])
 

2(1–Λ)/Λ

 . 

 (11) 

This means that if the inequalities (10) and (11) are 
fulfilled simultaneously, we have Eq. (2). 

3. If AL < A*1, contrast increases monotonically 
over the layer and reaches its positive peak at the 
rear boundary of the medium τo = τ1. The sign of k at 
small τo depends on AL and τ1 in the same manner as 
described in Sect 2. As A*3 ≤ AL ≤ A*1, k ≥ 0, 
otherwise contrast is negative and increases with τo. 
In the vicinity of τo = τ**o  and taking into account 
that ⏐k⏐< kth the object is invisible, then it appears 
with positive contrast (see solid curve 4 in Fig. 1).  

 

 
 

FIG. 1. Dependence of k(τo ) in percent in the case of 
observation of an isolated Lambertian object (solid 
curves) and retroreflector (dotted curves) through a 
model scattering medium Cloud C-1 with the 

following optical parameters: Λ = 0.87, P– = 0.64 and 
β2 = 0.07 for AL,rr = 0.3 (curve 1), 0.25 (curve 2), 0.2 
(curve 3), and 0.05 (curve 4), τ1 = 2. 
 

Using Eq. (3) one can estimate the range of 
optical thickness where the object becomes invisible. 
Actually, expanding k(τo) into a Taylor series in the 
vicinity of τo = τ**o  and considering only linear terms 
we can obtain the following expression: 

Δτ = 
kth

a(1 – Λ)
 exp [(2 – Λ) τ1] × 

× {1 – exp [–2τ1 (1 – Λ)]} ⎝
⎛

⎠
⎞a – AL

a

Λ/[2(1–Λ)]

.  (12) 

Unusual behavior of k(τo), namely, the increase 
of the contrast with the medium optical thickness in 
front of the object considered in Sects. 2 and 3, is 
observed not only for Lambertian objects. For 
example, qualitatively similar peculiarities of k(τo) 
can be obtained for retroreflector (see dotted curve 4 
in Fig. 1). In this case in addition to the 
consideration of the signal from the object shadow 
area peculiarities associated with the specific 
radiation reflection from the surface are evident. For 
instance, this causes higher compared to Lambertian 
object contrast increasing at a higher rate with 
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increasing τo, the maximum to be sharper, the range 
of optical thickness where the object becomes 
invisible due to a failure of Eq. (2) to be narrowed 
and so on.  

For retroreflector (and, in general, for the object 
with an arbitrary coefficient of brightness) 
observations substitution Eq. (5) in Eq. (3) could 
give expression similar to Eqs. (8)–(11) and the 
visibility condition of such an object being similar to 
those presented above could be considered. However, 
all parameters (τ*o, A*1 and so on) could be expressed 
by the solutions of corresponding transcendental 
equations or inequalities. Therefore to avoid 
complexity we do not make this procedure. 

In fact, when deriving well-known formula for 
the meteorogical visibility range (MVR)  
Sm = – (1/ε) ln kth = 3.91/ε at kth = 0.02 the 
shadowing of the medium by a small object is also 
considered. For the condition of MVR measurement 
(observation of a black body along a horizontal path 
at τ1 → ∞) when inequality (3) is yet valid the 
following ultimate value of the optical thickness is 
simple to estimate: 

T0 = ε S ′m = [1/(Λ – 2)] ln kth .  (13) 

This expression reduces to a conventional formula for 
MVR at Λ = 1.  The presence of the factor 1/(Λ – 2) 
in Eq. (13) derives from the fact that for the active 
visibility system considered in this paper illuminance 
of the object depends on τo, whereas for the MVR 
measurement scheme illuminance is constant. In our 
case the constancy is achieved at Λ = 1. The 
normalized light flux S(τo) incident on the object is 
in this case equal to 1 at any τo, so that the above 

equality Sm = S ′m. is valid. 
Let us now consider the case when 

retroreflecting object placed on Lambertian 
underlying surface is observed and they both are 
“immersed” into a scattering medium. For instance, 
this situation can be achieved for cataphotic traffic 
sign applied on Lambertian base as the optical 
thickness between the sign and an observer increases. 
As seen from Eq. (5), in that case (see Refs. 5 and 6) 
small retroreflector can be replaced by a Lambertian 
object with the efficient albedo Aef = β(τo) Arr 
increasing with increasing τo when τo is small and which 
value can be significantly greater than 1. Thus, two 
processes influencing the contrast in opposite directions 
are compete during the retroreflector image formation. 
First process is connected with the increase of Aef  at 
small τo and corresponding rise of k, while the second 
one is related to extinction of signal and increase of the 
MVR, causing k to decrease (see Eq. (3)). Joint action 
of these processes determines dependences presented in 
Fig. 2, where the case of normal illumination of a 
small retroreflector and its observation (also normally 
to the common plane of the object and the background 
and to the medium boundary) through the layer of 
scattering medium against the background of 
Lambertian surface with Ab = 0.3. 

Comparison of the dependences presented in 
Figs. 1 and 2 shows that they, not only qualitatively, 
have common characteristics, but significant 
distinctions, as well. For instance, because of the 
above mentioned “tuning off” from the retroreflector 
grazing the retroreflector contrast at the upper 
boundary of the layer is always negative and equal to 
–1. With increasing τo  the object visibility declines, 
then the object disappears as the condition Eq. (2) 
violates and at corresponding albedo Arr can again 
become visible with the positive contrast  (even at  
Arr < Ab) which reaches its peak (see curves 2 and 3). 
In this case there is no upper limit on Arr  as it is for 
an isolated Lambertian object. The range of τo at 
which the object disappears is narrower as compared 
to that presented in Fig. 1. The peak of k(τo) 
presented in Fig. 2 is sharper while its position is 
more stable as compared to those presented in Fig. 1 
and depends only weakly on Arr. Here, as in the 
remark to Fig. 1, all parameters similar to those 
given by Eqs. (8)–(11) can be easily expressed by 
the solution of transcendental equations and 
inequalities. Note also that the image contrast of a 
Lambertian reflector placed on the background of 
underlying surface depends on τo in a usual way. This 
means that ⏐k(τo)⏐ decreases as τo decreases  and the 
object visibility is progressively poorer while the 
values of k themselves are positive at AL > Ab, 
otherwise being negative. 
 

 
 

FIG. 2. Dependence of k(τo) in percent in the case of 
observation of a retroreflector against the background 
of Lambertian surface with Ab = 0.3 through a model 
scattering medium, Cloud C–1 at Arr = 0.05 
(curve 1), 0.1 (curve 2), and 0.2 (curve 3). 
 

Let us consider one more interesting case of the 
observation which is illustrated in Fig. 2. Imagine 
that the image of a surface object is formed through 
the atmosphere with an airborne or a spaceborne 
system flying a different heights. As is evident from 
the data presented in Fig. 2, it may happen that the 
object visibility is better from large height than from 
a low one. Thus the presence of some fraction of 
retroreflected radiation can be proposed as a 
hypothesis for the reason of improving visibility of 
Earth’s objects from the space. Nevertheless, further 
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investigations and extended calculations are needed 
to justify this hypothesis. Note that the specular 
fraction in the reflected light could also cause the 
object image contrast to increase with increasing τo, 
as well. However consideration of this problem is 
beyond the scope of this paper. 

The quantitative dependence of the image 
contrast obtained above allow us to consider ultimate 
range of vision of an object for two cases to be 
investigated here. This problem has been partially 
touched in the above remark concerning the MVR 
measurements. The ultimate visibility range (or 
corresponding ultimate optical thickness T*0 is, by 
definition, the maximum distance between an 
 

observer and an object which yet provides threshold 
(or minimal) contrast kth or, what is the same, gives 
solution to the following equation: ⏐k(T*0)⏐= kth. 
This parameter is frequently considered to be the 
main in a comparison and estimates of the advantages 
and disadvantages of different systems for vision 
through a scattering medium. Dependence of T*0
(AL,rr) for the case of observation of an isolated 
object (a) and an object on the background of 
underlying surface with albedo Ab = 0.3 (b) at 
different optical thickness of a layer τ1 and kth = 0.02 
are presented in Fig. 3. In either case a deep fall in 
T*0(AL,rr) observed within a relatively narrow range of 
the object albedo attracts our attention. 

 

 
        a       b 
FIG. 3. Ultimate optical thickness T*0 versus albedo of an isolated object at τ1 = 4 (curve 1), 5 (curve 2),  
6 (curve 3) and for a semi-infinite layer (curve 4) of the model scattering medium Cloud C–1 (a) and that 
for a Lambertian object (solid curves) and retroreflector (dotted curves) against the background of 
underlying surface with Ab = 0.3 for (b). 

 
First we consider the solid curves presented in 

Fig. 3a, which correspond to a Lambertian reflector. 
As τ1 increases, minimal optical thickness decreases. 
Eventually, beginning with some τ1  the object with 
albedo in a narrow range becomes invisible 
throughout the  whole layer of scattering medium 
starting with its illuminated boundary. Equation (3) 
can make sure that there is the range of albedo AL 
where ⏐k⏐ does not exceed threshold contrast even at 

τo = 0 (as is seen from Eq. (8), in this case W ′bs

(τo, τ1) = 0). T*0(AL) is minimal within a narrow 
region in the vicinity of AL ≈ A*L, whereas position of 
this minimum shifts only slightly as τ1 increases in 
the range from zero to the brightness coefficient α of 
a semi-infinite layer. Such a peculiarity of the 
ultimate visibility range within this layer is quite 
obvious and can be easily examined by direct 
substitution of Eqs. (4), (6) and (7) in Eq. (3) 
keeping in mind that A*L = α. Nevertheless, it is 
rather unexpected for the layer with a finite (and 
moderately high) optical thickness. Dependences of 
T*0(Arr) for a retroreflector (see dotted curves) also 

have a minimum and their position is more stable as 
compared to that for a Lambertian object 
observation. 

The action of the changes in efficient albedo 
itself is well seen in Fig. 3b (dotted line), where only 
optical thickness of the medium before the object and 
its base is of importance while the signal from the 
shadowed region is nil. If for a Lambertian object 
minimal (zero) value of T*0 is apparent  and takes 
place at AL = Ab, in the case of a retroreflector its Aef 
approaches Ab at some depth τo = T*0 corresponding 
to the minimal ultimate visibility range. 

In conclusion it should be pointed out that in 
this paper we have analyzed and quantitatively 
estimated for the case of small Lambertian objects or 
retroreflectors the parameters explaining 
“untraditional” behavior of the object image contrast 
versus optical thickness of the medium through which 
the observations are made. Here increase of the 
contrast with increase τo increase and its peaking is 
considered as “untraditional”. Everyday experience 
makes us to expect that the thicker is the layer of a 
turbid medium against the object, the more bloomed 
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is its image, and, at the first sight, the answer to the 
question of whether k can increase with increasing τo  
should be negative. However, as it follows from the 
above consideration, this is not always true. The 
peculiarities considered in the present paper must be 
taken into account when solving different problems 
on the image analysis and reconstruction of an object 
characteristics from its image.  
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